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PREI<'AC10 


Turn hook, togc'thor with the (‘ompanion l>ook ontitlod “ The 
Kh'otric ('ircuit.,” in int.(>n<l(>(i to Rive* a in electrical 

engineering tin* tlu'orc'tical eleinentH nec'CHHary for the correct 
umlerMtanding of th(! perfortnanee of <lynaino-<‘leetric machinery, 
tranafornu^ra, trananuHaion lin(*a, etc. 'I'lie hook alao contains 
the eaac'titial nunu>rieal rc'lationa naed in the predetermination of 
the jH'rformani't' and in the design of ele<’trieal machinery and 
apparatUH. Tht* whole tr<>atnu'nt ia luwt'd uptai a very few funda- 
mental facta and aaaumptiona. 'I'he atudent muat l)e taught to 
treat every electric itiachiiu^ aa a particular comhination of electric 
and magnetic! cireuita, and to haa«» ita iH*rforman('(! upon the 
fundamental eletitromagnetie. ntationa rather than upon a sepa- 
ratt! “ thtH)ry ” eataldialuHl for (‘ach kind of nmcdiim'ry, aa ia some- 
timea done. 

TIh! lKK)k ia ml intc'ndc'd for a l)c‘ginner, hut for a student 
who haa had an eleimuitary deacriptive eoura*! in cdecttricial engi- 
net‘ring and sonu! simple laboratory (‘xpc'rimenta. The treat- 
ment ia somewhat different from that given in moat other books 
dealing with magnetic phenomena. It is hast'd dirt'ctly upon 
the (circuital relation, or interlinkage, Ix^twt'en an (electric current 
and the itiagnetic flux produced by it. This relation, and 
the law of indueed eh^ctromotive force, are taken to be the 
fumiamental phenomena of electro-magnetism. No use what- 
<!vi*r Is miule of the usual artificial concepts of unit pole, magnetic 
ehargt*, magnetic shell, etc. These concepts of mathematical 
physies, togtither with the law of invtsrstj squares, embody the 
th«H)ry of action at a distance, and are Imth suimrfluous and 
misleading from the motiem point of view of a continuous action 
In the medium itself. 

The ampere-ohm system of units is used throughout, in 
aceordanoo with Profeatror Glorgi’a ideas, as is explained in the 
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appendices. Those familiar with Oliver Heaviside^s writings 
will notice his influence upon the author, in particular with 
regard. to a uniform and rational nomenclature. The author trusts 
that his colleagues will judge his treatment and nomenclature 
upon their own merits, and not condemn them simply because 
they are different from the customary treatment. 

In the first four chapters the student is introduced into the 
fundamental electromagnetic relations, and is made familiar with 
them by means of numerous illustrations taken from engineering 
practice. Chapters V to IX treat of the flux and magneto- 
motive force relations in electrical machinery, first at no load, and 
then under load when there is an armature reaction. The remain- 
ing four chapters are devoted to the phenomena of stored magnetic 
energy, namely inductance and tractive effort. The subject is 
treated entirely from the point of view of an electrical engineer, 
and the important relations and methods are illustrated by 
practical numerical problems, of which there are several hundred 
in the text. All matter of purely historical or theoretical interest 
has been left out, as well as special topics which are of interest 
to a professional designer only. An ambitious student will find 
a more exhaustive treatment in the numerous references given in 
the text. 

Many thanks are due to the author^s friend and colleague, 
Mr. John F. H. Douglas, instructor in electrical engineering in 
Sibley College, who read the manuscript and the proofs, checked 
the answers to the problems, and made many excellent sugges- 
tions for the text. Most of the sketches are original, and are the 
work of Mr. John T. Williams of the Department of Machine 
Design of Sibley College, to whom I am greatly indebted. 

Cornell University, Ithaca, N. Y., 

September, 1911, 
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SUCIGESTIONS TO TEACHERS 


(1) This book is intended to be used as a text in a course 
which comprises lectures, recitations, computing periods, and 
home work. Purely descriptive matter has been omitted or only 
suggested, in order to allow the teacher more freedom in his 
lectures and to permit him to establish his own point of view. 
Some parts of the book are more suitable for recitations, others 
as reference in the computing room, others, again, as a basis for 
discussion in lectures or for brief theses. 

(2) Different parts of the book are made as much as possible 
independent of one another, so that the teacher can schedule 
them as it suits him best. Moreover, most of the chapters are 
written according to the concentric method, so that it is not 
necessary to finish one chapter before starting on the next. One 
can thus cover the subject in an abridged manner, omitting the 
last parts of the chapters. 

(3) The problems given at the end of nearly every article are 
an integral part of the book, and should, under no circumstances, 
be omitted. There is no royal way of obtaining a clear under- 
standing of the underlying physical principles, and of acquiring 
an assurance in their practical application, except by the solution 
of numerical examples. It is convenient to assign each student 
the complete specifications of a machine of each kind, and ask 
him to solve the various problems in the text in application to 
these machines, in proportion as the book is covered. Numer- 
ous specifications and drawings of electrical machines will be 
found in the standard works of E. Arnold, H. M. Hobart, 
Pichelmayer and others, mentioned in the footnotes in the 
text. A first-hand acquaintance with these classical works on 
the part of the student is very desirable, however superficial this 
acquaintance may be. 
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(4) The book contains comparatively few sketches; this gives 
the student an opportunity to illustrate the important relations 
by sketches of his own. Making sketches and drawings of electric 
machines to scale, with their mechanical features, should be one 
of the important features of an advanced course, even though it 
may not be popular with some analytically-inclined students. 
Mechanical drawing develops precision of judgment, and gives 
the student a knowledge of machinery and apparatus that is 
tangible and concrete. 

(5) The author has avoided giving definite numerical data, 
coefficients and standards, except in problems, where the 3 ^ 
indispensable and where no general significance is ascribed to 
such data. His reasons are: (a) Numerical coefficients obscure 
the general exposition, (b) Sufficient numerical coefl&cients and 
design data will be found in good electrical h^nd-books and pocket- 
books, one of which ought to be used in conjunction with this 
text, (c) The student is liable to ascribe too much authority to 
a numerical value given in a text-book, while in reality many 
coeiSicients vary within wide limits, according to the conditions 
of a practical problem and with the progress of the art. (d) 
Most numerical coefficients are obtained in practice by assuming 
that the phenomenon in question occurs according to a definite law, 
and by substituting the available experimental data into the corre- 
sponding formula. This point of view is emphasized throughout 
the book, and gives the student the comforting feeling that he 
will be able to obtain the necessary numerical constants when 
confronted by a definite practical situation. 

(6) The treatment of the magnetic circuit is made as much 
as possible analogous to that of the electrodynamic and electro- 
static circuits treated in the companion book. The teacher will 
find it advisable to make his students perfectly fluent in the use 
of Ohm's law for ordinary electric circuits before starting on the 
magnetic circuit. The student should solve several numerical 
examples involving voltages and voltage gradients, currents and 
current densities, resistances, resistivities, conductances, and 
conductivities. He will then find very little difficulty in master- 
ing the electrostatic circuit, and with these two the transition 
to the magnetic circuit is very simple indeed. The following 
table shows the analogous quantities in the three kinds of cir- 
cuits. 
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Electrodynamic 

r Voltage or e.m.f. 

\ Voltage gradient (or 
L electric intensity) 

/ Electric current 
\ Current density 

r Resistor 
j Resistance 
L Resistivity 

{ Conductor 
Conductance 
Conductivity 


Electrostatic 
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Dielectric flux density 
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Permittivity (dielec- 
tric constant) 


Magnetic 

Magnetomotive force 
M.mi. gradient (or 
magnetic intensity) 

Magnetic flux 
Magnetic flux density 

Reluctor 

Reluctance 

Reluctivity 

Permeator 

Permeance 

Permeability 
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(IHAPTKll I 

THE FUNDAMENTAL RELATION BETWEEN FLUX 
AND MAGNETOMOTIVE FORCE 

1. A Simple Magnetic Circuit. only known of 

inagnntin plu*noinena in an nlt'ctrir currentj or, more generally, 
c^lectririty in moticmJ Hio fnmlanicmtal reflation between an 
eleetrif eurreni and magntdinm can he beat studied with the aimple 
arrangeiiumi nhown in log. I. A eoil, (/(/, of very thin wire ia uni- 
formly wountl in on(^ hiyc^r on a npool made in the ahape of a cireu- 
lar ring (b>roi«l). 'Fhe tubular Hpa>e(^ innidc* of the ring in filled with 
Home ** non-magnet itt mattndal, ho called; for iuHtance, air| wood, 
etc. When a dir(‘ct current in aent tbrougli the c<nl, the Hpaee 
inaiile the ctiil in found to be in a peculiar Mtate, called the rnugnetic 
nUtte. lliiH n»agn<*ti(* ntatc* can l^e experimentally |>roved by 
variouH meana, Huch an a compaan tieedle, iron filings, etc. A 
region in wlucdi a magnetic Htate in numifeHted ia called a magnetic 
Jliid, H'uw, in Fig. I, the tubular Hpace inside the coil is the mag- 
netic field excitcil by the euntait in the coil C(\ 

Nti magnetic* fndd is found in the space outside the coil upon 
expitming it with a magnetic necalle or with iron filings. For 
masons of synunetry, the fiedd inside the ring is the same at all 
tht^ eross-stH’tions. 'rims, a uniformly wound ring eemstitutes 

» Wi^mw V, Blwnens. 4 nn/iltfi, Vol 24. (1885), p, 04; I#ar» 

laor, Eihi^r uml (HKH), p. lOH. The magnetliin of a lainaanaat magnet 

i» probitily clue to rtiolixnilar mrrmtm prcHhicnxl by iome orbital laoticm of 
within the atotme c»f Iron. Tl»e older coneepts of nmpietie ehargi^a 
and fn?ie |Kdeii an^ mmunarily diHmlssfHi in thii \Kwk m l«iidec|uam and 
artififlab 
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the simplest magnetic circuit, because the field is uniform and is 
entirely confined within the winding. 

Iron filings orient themselves within the coil in directions indi- 
cated in Fig. T by the concentric lines with arrow-heads. These 
lines show that the medium is magnetized '' along circles con- 
centric with the ring. Lines which show the directions in which a 
medium is magnetized are generally called magnetic lines of forced 
They are analogous to the lines of electrostatic displacement, 
though their directions and physical nature are entirely different ; 



Fig. 1. — ^A simple magnetic circuit. 


see Chapter XIV on the dielectric circuit, in the author's 
Electric Circuit, 

The positive direction of the lines of force is purely conven- 
tional, and is defined as that in which the north-seeking end of a 
compass moves. Its relation to the current is, by experiment, that 
given by the right-hand screw rule. Namely, if the direction of 
the flow of a current is that of the rotation of a right-hand screw, 
the lines of force point in the direction of the progressive move- 
ment of the screw. Reversing the current reverses the direction 

' For actual photographs, showing iron filings which map out the mapietic 
field inside of cods of various shapes, see Dr. Benischke, Die WuBemchafl^ 
lichen Grwndlagen der Elektrotechnik (1907), p. 126; also Ms TromfoTmatorm 
(1909), pp. 4, 6, and 67. 
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of the field; tliin faci» eau be deniouBtrated by a Bniall eornpaas 
luHHlIe. Tlu^ ponitive din^ction of the linoB of force in indicaitcHl 
ill t'ig'. I by arrow lu'adH, The tlirection of the current in bIiowu 
ill lh(^ (conventional way by dots and crosBeB; namely, a dot 
indi<‘at(‘H that the curn'ut in approaching the obBcrver, while a 
croHH indicakcH that the current is receding. 

The magnetic ntate within the coil (uiu also be explored by a 
Hiuidl t.(‘Ht“(‘oil insei-UHl into the fudd and connected to a galvanom- 
(d.(‘r. W'luai thin coil is propmdy placed with respect to the field 
and f.luai turruHl about its axis by some angle^ the galvanometer 
shows a d(dl(H‘tion, because a (Uirrent is induccHl in the coil by the 
magnetic field. There are also other means for dete(‘.ting a mag- 
matic* (i(*ld, for which the naulcu* is referred to books on physics. 

Tlu' total magmdac fudd produc.ed by a curremt is (*alled a 
mmjndic circuity by analogy with the electric*- and the cdec.trostatic 
(‘ircuits. Idxperimcmt shows that the magnetic lines of forc'e are 
always (‘losed curve's like the stream lines of an (dectric currc'iit, or 
like the line's of elc'ctrostatic disjilacement (when these am com- 
plc'tc'd through the c-onductors). 

Fig. 1 e.xc'mplifit's a fundamcnital law of cdcada’omagnc'tism ; 
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[Art. 2 


as in Fig. 1. When the current in the loop of wire circulates in 
the direction of rotation of a right-hand screw (toward the reader 
on the left), the lines of force vyithin the loop point in the direc- 
tion of the progressive movement of the screw (upward). The 
rule can be reversed by saying that when the direction of the 
lines of force around a wire is that of the rotation of a right-hand 
screw, the current in the wire flows in the direction of the pro- 
gressive movement of the screw. The first statement is con- 
venient in the case of a ring winding, the second in the case of a 
long straight conductor. Both rules can be combined into one 
by considering the exciting electric circuit and the resulting mag- 
netic circuit as two consecutive links of a chain. When the arrow- 
head in one of the links (no matter which) points in the direction 
of rotation of a right-hand screw, the arrow-head in the other link, 
as it passes through the first, must point in the direction of the 
progressive movement of the screw. 

2. Magnetomotive Force. Experiment shows that t he mag- 
netic field within the ring (F ig. 1) dpes not change if the current 
^d the nu mber of turns of the ex^ing^^wlndm^^ th at 

thei r product remains the sam e^ That is to say, 500 turns of 
wire with a current of 2 amperes flowing through each will pro- 
duce the same field as 1000 turns with 1 ampere, or 200 turns with 
5 amperes, because the product is equal to 1000 ampere-turns in 
all cases. Even one turn with 1000 amperes flowing through it 
will produce the same effect, provided that the turn is made of 
a wide sheet of metal spread over the whole surface of the ring, 
so as to make its action uniform throughout. 

The reason for the above can be seen by considering 1000 
separate turns with a current of 1 ampere flowing through each 
turn, and each turn supplied with current from an independent 
electrical source, say a dry cell. Connecting all the cells and all 
the turns in series gives 1000 turns with one ampere flowing 
through each. Connecting the cells and the turns in parallel 
results in one wide turn with 1000 amperes of current in it. 
Such changes in the electrical connections cannot affect the action 
of each current outside the wire, because the value of the current 
and the position of the turn is the same in both cases. Hence, 
the magnetic action depends only upon the number of turns each 
carrying 1 ampere, in other words, it depends upon the num- 
ber of ampere-turns. 
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mn ulH^r of ainpere-turiiH of the CLKcitinp windi iifr is called 

ihc, the niaguc^t-k' diMit, Ixicaiust^ tlieao 

aniiHa‘t‘“turnH an^ tlu^ caune of the inagiudic held. One ampere- 
turn in the logical unit of magnetomotive force. In tlie example 
above, tlu*. luagneitmiolivi^ force iw e<|iml to 1000 amijcre-tunm. 

In ('lc(d,ric machim^H t-lu' held e.xcitation often reacliCB Hcveral 
thoimand amperc-turnH, and the magnetomotive force h for con- 
v{‘iu(‘iuH‘ Hona^tinuss mt'amirixl in kiloampere-turuB, one kilo- 
ampiu’(‘-turn Ixung <x|ual to lOOO ami)ere4urnH. 

3. Magnetic Flux* Tlu^ magnetic dinturbance at each point 
within the ring haa not only a dinuRion, but alxo a magnitude. The 
dinturbaiu’e in naid to be in the form of a Jliix^ for the following 
reanon: One may think of the magnetic* ntate m being due to the 
acttinl dinplacement of Home hypothetical incompreHnible Hub- 
Htnmx^ along ilu^ lincH of f{>rce; in thin cane the (lux reprewmtH the 
amount of thin nulmtanct^ dinplaecHl through each croBH-HCction of 
the ring, and in analogouH to total electrontatic (liHj)lacement, Or, 
an Htnne modern writern think, there in an actual flow of an incom- 
prcHHildi^ etlK»r along the Hiu^h of force. In that cane the flux may 
in* thouglii of an the rate o! flow of the ether tlirougli a <u*oBH-He<> 
tiom Hie viiAvpoinit. etunmon to thene two explanationn gave 
rinc' to thc^ ntunc^ flux which nieann flow. 

Some jiliyHicintH connidc'r the magnetic (nrcuit an cxmniHting 
of infinihdy nubdivided (though clomnl) whirln or vorticcH in the 
ethc'r, the rotatitai being in platu'H pc^rpendicndar to the linen (if 
fcUTi*. Each lim^ of fortx* in conmdenxl, tlam, m tlie geometric 
axin (if an infinitely tlu'n fib(»r or tube of force, and the ether within 
each iulu* in a ntate (if tranavcrHe vortex nuition. The line of 
fciiTii n^prem^ntH the* din'ction of tla^ axia of rotation, and the flux 
may be tliought of an the naimcuitum of the rotating suliatance 
ptu' unit Icaigth of the tub<»a of fciree. Acconling to any of theBC 
threat vi(nvH, the energy of a eurnait iw actually containiHl in the 
rnagn(d.i(^ circuit linked with the (nirrait. 

Wliichcwer view in adoptexi, ttm magnetics flux ciiii aa— 

t he Hum total of rnagnetic (lintuilmnc^^ per- .. 

r>end icmtarlirtl^ ^ 'force" Experiment shows that the total 
lux ii the name tlm>u^hlitt1^^ (^roHB-»(H*tioni of a magnetic 
circuit. Thia (amid have been exjiectol from the point of view 
of II ciiaplacenient or flow along the lines of force; each tube of 
force being like a channel within which the displacement or the 
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flow of an incompressible substance takes place. For this reason 
the magnetic flux is said to be solenoidal (i.e., channel-shaped). 

The familiar law of electromagnetic induction discovered by 
Faraday is used for the definition of the unit of flux. Namely, when 
the total magnetic disturbance or flux within a turn of wire 
changes, an electromotive force is induced in the turn. I^y experi- 
ments in a uniform field, the fact is established that the value of 
the induced electromotive force is exactly proportional to th(^ ratc^ 
of change of the flux linking with the test loop. This fact is 
used in the definition of the unit of flux. 

With the volt and the second as the units of e.m.f, and of 
time respectively, the corresponding unit of flux is called the 
weber^ and is defined as follows: A flux through a turn of tdre 
changes at a uniform rate of one weber per second tiihen the e.m.f 
induced in the turn remains constant and equal to one volt. Huch 
a unit flux can be also properly called the volt-second^ though as 
yet neither name has been recognized by the International lOlectro- 
technical Commission. The weber or the volt-second is too large 
a unit for most practical purposes. Therefore a much smaller 
unit, called the maxwell f is used, which is equal to one ona-hun- 
dred-millionth part of the weber, or 

one maxwell — one weber X 10"®. 

The lines of force in Figs. 1 and 11 can lie made to represent 
not only the direction of the field, but its magnitude as well, if they 
be drawn at suitable distances from each other. That is, sucli 
that the total number of lines passing through any part of a 
cross-section of the ring is equal numerically to the number of 
maxwells in the flux through the same part. With this conven- 
tion, each line stands symbolically for one maxwell; some engi- 
neers and physicists speak of the number of lines of force in a flux 
when they mean maxwells. 

While the weber is too large a unit, the maxwell is too small for 
many practical purposes. Therefore two other intermediate units 

* The origin of the maxwell becomes clear when one r«miemb«s that the 
volt was originally established as 10* electromagaeHc C.G.S. unit of electro* 
motive force. The maxwell is related to the C.G.S. unit of e.m.f. or the so- 
called abvolt in the same way in which the weber is related to the ordinary 
volt. In other words, when the flux within a coil vaii^ at the mte of cm 
maxwell per second, one abvolt is induced in eao*i turn of the winding. 
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are u.s(h 1, thc‘ kil<)-iimx\v(‘ll, (hiuhI to one thousand ma.\- 

wt'li.s, uuti tlu^ nu‘ga-ninxwc‘11, tsjual t.o one million nuixwt^lH. 
'1 lH\se two unitH arc^ sonu'tinuxs calha! tli(‘ kilo-Iin(‘ and tlu^ nu'gu- 
lin(\ (ht‘ word “ lim^ ” hein|!: used for tlu‘ word niaxwtdl, aa 
expiniiua! ahovi^^ 

Prob. 1, I'ht' lluK within Ua'cnil (Kig;. 1) is equal to (iH kilo-inaxwollB. 
A tral roil (jf five' turns i.s wound on the <*Krithig; eoil ho as to he linked 
with llu* total tlux. What voltage is iadured in this test coil wlani the 
eurrent in the luaia (ex<dting) <’oil is redue(‘d t(t />(‘ro at a uniform rate 
in seven hvvoiuW! Aus. (DIo millivolt. 

Prob. 2. At wlint rat(' must th(^ flux Ix^ varied hi ila^ pnxxMling 
ju’ohlem in urd('r to imiuee oiu^ volt iu t,h<‘ test, eoil? 

Aus. 0.2 welxn* (20 mc^galiiu's) per seeoiuk 

Prob. 3, When the flux varies at a iu>n»\nufonu rale, show that the 
voltage* imiueed in the tent eoil at any instant is e<|ual to -n (d0/d^) 
XlO wliero n is the mmiber of turns in Heries, t is iiiia* m HtHH)n(ls, tmd 
0 is the fltix in niaxwellH. Show that the exjKJuent of U) must be —2 
insUmd of “H if the flux is expH'SHtsl in iinu^galines. 

4. The Reluctance of a Magnetic Path. Kxperiment- nhown that 
the total flux witliin the eoil (Fig. 1) is prot>ortional t-o theappliod 
rungnetonKd ivt* fonaq when the* spiuH* inside is filled witli air. 
Therefortq a ndation similar to Ohm’s law holds, namtdy, 

M (m, ........ ( 1 ) 

where M is t!u* nuigiud.omotivT foret* in ampe^re-turns, 0 is the flux 
ill inaxwcdls, and (U is th<^ eoeflieumt of proportionality hetwwn 
the tw«n iudled t in* rduvinnee of the nmgnelit* {dreuit, Heript (H is 
uned to distinguisli relu<’tam*e from eleetrie rc^sistanetn The mag- 
iietoiiiotivt* form* hi is the eauso of the flux; or, with refenmm^ to 
fin elet'trie (dreint, M is analogous to the applied electromotive 
for(*e. 0 is aiialogoim to the resulting cnirrent, and the reluetanc*e 
(U takes plaee of the elt*etne resistaiua*. I'herofora, cxj. (1) is 
known ns Olmds law for the magnetic circuit Of mmvm^ the 

*Thw fKwsihiltty of cumting new unit4i of convenient sir# is & great 
wlvaiiUigi* of the tnetrie or tlwirniil HysUnn of vmits. New units gtsner* 
ally iincler^itwHh by the of I^itln anti tlnatk prt^flxeii, sipiifying their 
ininierieiil rt4at-hai in the fnndainentiU unit. For Ins'tiinee, It is {M'rfect.ly 
ligltifimte to uw such iiniis as dc^eiHinijHtre and hecto-volt, in spite of tln^ 
fM*t tlwit tlH\v are not in genend uma Anyone familiar with tlie agnanl 
prefixes will know thiit the units spoken of are et|ual to eiai-tcaith of oiui 
iintl to one hundml volta. Apiaaidix I on the Amfjere-Ohin 

Syitem. 



8 


THE MAGNETIC CIECUIT 


[Art. 4 


analogy is purely formal, the two sets of phenomena being entirely 
different. An equation similar to (1) can be written for the flow 
of heat, of water, etc. It merely expresses the experimental fact 
that, for a certain class of phenomena, the effect is proportional 
to the cause. 

If the space within the coil be filled with practically any known 
substance, solid, liquid, or gaseous, the reluctance (R remains 
within less than ± 1 per cent of the value which obtains with air. 
The notable exceptions are iron, cobalt, nickel, manganese, chro- 
mium, and some of their oxides and alloys.^ When the circuit 
includes one of these so-called '' ferro-magnetic '' substances, a 
much larger flux is produced with the same m.m.f., that is, the 
reluctance of the circuit is apparently reduced to a considerable 
extent. Moreover, this reluctance is no longer constant, but 
depends upon the value of the flux. The behavior of iron and 
steel in a magnetic circuit is of great practical importance, and is 
treated in detail in Chapters 11 and III. 

The definition of the unit of reluctance follows directly from 
eq. (1) . A magnetic circuit has a unit reluctance when a magneto- 
motive force of one ampere-turn produces in it a flux of one 
maxwell.2 No name has been given to this unit so far. The author 
ventures to suggest the name rel^ and he uses it provisionally in this 
book. Granting that reluctance is a useful quantity in magnetic 
calculations, one must admit that it should be measured in some 
units of its own ; unless one chooses to use the cumbersome nota- 
tion ‘‘ ampere-turns per maxwell.^^ The name rel is simply the 
beginning of the word reluctance. Thus, a magnetic circuit has 
a reluctance of one rel when one ampere-turn produces one 
maxwell of flux in it. The unit rel is analogous to the ohm in the 
electric circuit, and to the daraf in the electrostatic circuit. 

Prob. 4. What is the reluctance of the magnetic circuit in Fig. 1 
if 47,600 ampere-turns produce a flux of 2.3 kilo-maxwells? 

Ans. 47,600/2300 = 20.7 rels. 

Prob. 6 . How many ampere-turns are required to establish a flux 
of 1.7 megalines through a reluctance of 0.0054 rel? Ans. 9180. 

Prob. 6. A wooden ring is temporarily wound with 330 turns of 
wire; when a current of 25 amperes is flowing through the winding the 

^See Dr. C.P. Steinmetz, Magnetic Properties of Materials^ Electrical 
World, Vol. 55 (1910), p. 1209. 

* See Appendix I at the end of the book. 
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flux is found to be equal to 21 kilo-maxwells. The permanent winding 
on the same ring must produce a flux of 65.1 kilolines at a current of 
9.3 amperes. How many turns will be required? Ans. 2750. 

6. The Permeance of a Magnetic Path. In calculations per- 
taining to the electric circuit it is convenient to deal with the recip- 
rocals of resistances when conductors are connected in parallel. 
The reciprocal of a resistance is called a conductance and is meas- 
ured in mhos if resistance is measured in ohms. Similarly, a die- 
lectric is characterized sometimes by its elastance, at other times 
by the reciprocal of its elastance, which is called permittance. 
When permittance is measured in farads, elastance is measured in 
darafs (for the use of these units see Chapter XIV in the author^s 
Electric Circuit), 

Analogously, when two or more magnetic paths are in parallel 
it is convenient to use the reciprocals of the reluctances. The 
reciprocal of the reluctance of a magnetic path is called its 'per- 
meance; eq. (1) becomes then 

<P = (PM, (2) 

where 

CP = l/(R (3) 

A script (P is used for permeance in order to avoid confusing it 
with power. For the unit of permeance corresponding to the 
rel, the author proposes the name perm, A magnetic path has a 
permeance of one perm when one maxwell of flux is produced for 
each ampere-turn of magnetomotive force applied along the path. 

The unit perm has been in use among electrical designers 
for some time, although no name has been given to it. Notably 
Mr. H. M. Hobart has used it extensively in his writings, 
in the calculation of the inductance of windings. He speaks of 

“ magnetic lines per ampere-tum per unit length (of the 

embedded part of a coil) . This is equivalent to perms per unit 
length. 

In the ampere-ohm system the internationally accepted unit 
of permeance is the henry} Therefore, if in eq. (2) M is measured 
in ampere-turns and Q in webers, (P is in henrys, and no new unit 
for permeance is necessary. In this case the reluctance (R in eqs. 

^ Although the henry is defined as the unit of inductance, it is shown in 
Art. 58 below that permeance and inductance are physically of the same 
dimensions and hence measureable in the same units. 
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(1) and (3) is in henrys"^; or spelling the word henry backwards, 
as in the case of mho and daraf, the natural unit of reluctance in 
the ampere-ohm system gets the euphonious name of yT7ieh (to be 
pronounced earney). 

Since, however, the maxwell is used almost exclusively as the 
unit of flux, it seems advisable to introduce the rel and the perm 
as units directly related to it. Should engineers gradually feel 
inclined to use the weber and its submultiples as the units of flux, 
then the henry, the yrneh, and their multiples and submultiples 
would naturally be used as the corresponding units of permeance 
and reluctance. 

We have, therefore, the two following systems of units for 
reluctance and permeance, according to whether the maxwell or 
the weber is used for the unit of flux: 


Unit of m.m.f. 

Unit of flux 

Unit of 
permeance 

Unit of 
reluctance 

Ampere-turn 

Ampere-turn 

Maxwell 

Weber 

Perm 

Henry 

Rel 

Ymeh 


One perm= 10“" ^ henry ; one rel = 10 ® yrnehs. 


Prob. 7. What is the permeance of the magnetic circuit in prob. 4? 

Alls. 0.0483 perm. «=4.83 X 10""^^ henry. 

Prob. 8. What is the permeance of the ring in prob. 6? 

Ans. 2.545 perm. * 0.02545 microhenry. 

Prob. 9. How many ampere-turns are required to maintain a flux 
of 2.7 megalines through a permeance of 750 perms? Ans. 3600. 

6. Reluctivity and Permeability. The reluctance of a magnetic 
path varies with the dimensions of the path according to the same 
law as the resistance of an electric conductor or the elastance of a 
dielectric. That is to say, the reluctance is directly proportional 
to the average length of the lines of force and is inversely propor- 
tional to the cross-section of the path. This relationship can be 
verified by measurements on rings of different dimensions (Fig. 1). 
When the diameter of the ring is increased twice, keeping the same 
cross-section, the length of the path of the flux is also increased 
twice. Experiment shows that the new ring requires twice as 
many ampere-turns as the first one for the same flux; or, only one- 
half of the flux is produced with the same number of ampere- 
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turns. If the diameter of the ring is kept the same but the cross- 
section of the path is increased twice, the flux is doubled with the 
same magnetomotive force. These and similar experiments show 
that the reluctance and the permeance of a uniform magnetic path 
obey the same law as the resistance and the conductance of a con- 
ductor, or the elastance and the permittance of a prismatic slab 
of a dielectric. 

We can therefore put 

(4) 

where I is the mean length of the path, A is its cross-section, and 
V is a physical constant. By analogy with resistivity and elastiv- 
ity, V is called the reluctivity of a magnetic medium. If (R is in rels, 
and the dimensions of the circuit are in centimeters, v is in rels per 
centimeter cube. In other words, the reluctivity of a magnetic 
medium is the reluctance of a unit cube of this medium when the 
lines of force are parallel to one of the edges. For air and all other 
non-magnetic substances the experimental value of v is 0.8 rel per 
centimeter cube,^ or 0.313 rel per inch cube. 

The expression for permeance corresponding to eq. (4) is 

(P-^PlA/I, (5) 

where the coefficient ji is called the permeability of the magnetic 
medium. It corresponds to the electric conductivity y and the 
dielectric permittivity /c. Since the permeance of a path is the 
reciprocal of its reluctance, the permeability of a medium is the 
reciprocal of its reluctivity, or 

/£=l/y. ........ (6) 

When the perm and the centimeter are used for the units of per- 
meance and length, permeability is expressed in perms per centi- 
meter cube. For all non-magnetic materials jj.= 1.25 perms per 
centimeter cube (more accurately 1.257) . With the henry and the 
centimeter as units /jt= 1.257X10”® henries per centimeter cube. 
In the English system /jt=3.19 perms per inch cube for non- 

*More accurately 0.796 rel per centimeter cube. As a rule, magnetic 
calculations are much less accurate than electrical calculations, because there 
is no ^'magnetic insulator^' known, so that there is always some magnetic 
leakage present, which is difficult to take into consideration. For this reason 
the value 0.8 is sufficiently accurate for most practical purposes. 
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magnetic materials. For magnetic materials fi is considerably 
larger than for non-magnetic, and varies with the field strength. 
In calculations either reluctivity or permeability is used, according 
to the conditions of the case and the preference of the engineer. 

The student has probably heard before that the permeability of 
air is assumed equal to imity. The discrepancy between this com- 
monly accepted value and the value 1.25 given above, is due to a 
different unit of magnetomotive force, called the gilbert, which is 
sometimes employed. The author considers the gilbert to be 
of doubtful utility, for reasons stated in Appendix II; hence no 
use is made of it in this book. 

Prob. 10. Assuming the value of = 1.257 to be given, check the 
value of ^=3.19 in the English system, and also the values of v in the 
metric and the English systems, as given above. 

Prob. 11. In prob. 4 the reluctance of a ring was 20.7 rels. If the 
cross-section of the ring is 120 sq. mm., what is the average diameter of 
the ring? Ans. 9.9 cm. 

Prob. 12. How many ampere-turns are required to establish a flux 
of 47 kilolines in a ring of rectangular cross-section, made of non-magnetic 
material; the radial thickness of the ring is 8 cm., the axial width 11 cm. 
and the average radius 16 cm? Ans. About 43 kiloampere-tums. 

Prob. 13. How many ampere-turns would be required in the preced- 
ing problem for the same flux if the ring were made of iron, the relative 
permeability of which (with respect to air) is 500? 

Ans. 86 ampere-turns. 

7. Magnetic Intensity. In order that the student may better 
appreciate the significance of the concept of magnetic intensity, 
it is advisable to. refresh in his mind the corresponding quantity 
used in the electric circuit, viz., the electric intensity. Namely, in 
problems on the electric and the electrostatic circuit it is some- 
times desirable to consider not only the total voltage, but also 
the voltage used up or balanced per unit length of the path along 
which the electricity flows or is displaced. This quantity, the 
rate of change of voltage along the circuit, is known as the electric 
intensity, or the voltage gradient. It is denoted by G (see the 
Electric Circuit)^ and is measured in volts per linear centimeter. 
When the voltage drop is uniform along a conductor or a dielectric, 
G=E/l^ where E is the voltage between the ends of the part of the 
circuit under consideration, and I is the corresponding length. 
When the voltage drop is not uniform, G is different for different 
points along the path, and for each point G==dEJdL 
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In a similar way, the luagnatninotive iorco of a ninA’notic edreuit 
iH UHcd np Lit by bit in the (‘.oTiHCH'Utivc ])artB of tlie (‘ircuit. One 
can apeak not only tlu^ total nmgnetoniotive force of a cloHed 
circuit, but ailno of tlie nuip;netoitiotive force acting upon a certain 
part of tlie circuit, niid of inugnetoinotive force per unit length of 
th(‘ liiiCH of fom\ ThuH, for iuHtance, if lOOO ainpere-tuniH in con- 
huiiuhI in a uniform magnetic circuit I cm. long, the magnetouio- 
tiv(‘ forca‘ p(‘r unit hmgth of path in 200 ampenM anus. 

The ffiagiietomotirr force per luu't length of poth u colled the mag- 
netic intensitg at a pointy or the mjn,f. gradient, and in <U‘noted by 
//. ThuH, if the circuit in unifonn, the magnetic inUamity at any 
point in 

(7) 

wli(‘iT M iH the magnetomotive force atdlng upon the knigth I of 
th<^ circatit. If the magnetic circuit in non-uniform, for inntance, if 
the croHH-Hca*ti«>n of the ring in different at diff(n‘ent ])hiceH, or if the 
pi^rmealulity in differeiit at Home parta of tlic circtat due to the 
prenence of iron, the manff. gradumt in <liffereut at different pointH, 
ami at each point it in exprcHaed by the equation 

H (IM/dl, (8) 

wliere dM in the m.m.f. nect'anary for eatabliBhing the flux in the 
length dl of th(» circuit. If M in in ampere-turna, and I in in centi- 
mebu’H, // in in am|)ere-turnH p<u‘ c('ntim(‘U‘r. 

Kqn. (7) and (H) can he alno written in the form 


Mm, (9) 

and 

A/. - fflidl (10) 


Hiew^ fonniilie, exprc'HHtal in wordn, nimply mean tliat. tlie magneto- 
motive acting u{)on a ctu'tain part of a magnetic circuit in the 
Ime integral of th.e magnetic intcuiHity along the path, or the aiim of 
the m jniH. uhchI up in tlie (dementary partn of the path. The rela- 
tion between M and // will b(*come clearer to the student in tlic 
various applic-atioiw that follow. 

Pmh* 14. What Ih the magnetic Intercity in |>rah. 12? 

Aim. Aknit 425 ain|>cre-turn» per cm. of |)iith. 
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8. Flux Density. It is often of importance to consider the flux 
density j or the value of a flux per xmit of cross-section perpendicular 
to the direction of the lines of force. Flux density is usually 
denoted by B, and is measured in maxwells (or its multiples) per 
square centimeter.^ When the flux is distributed uniformly over 
the cross-section of a path, the flux density 

B^0/A, (11) 

where A is the area of the cross-section of the path. If the flux is 
distributed non-uniformly , an infinitesimal flux passing through 
a cross-section dA must be considered. In the limit, the flux den- 
sity at a point corresponding to dA is 

B=^d0jdA ( 12 ) 

The areas A and dA are understood to be at all points normal 
to the direction of the field. Solving these two equations for the 
flux we find 

0^BA, (13) 

or 

0 = ( 14 ) 

the integration being extended over the whole cross-section of the 
path. Expressed in words, these last two formulse mean that 
the total flux passing through a surface is equal to the sum of the 
fluxes passing through the different parts of that surface. 

Magnetic flux density is analogous to current density f7, and 
to dielectric flux density D treated in the Electric Circuit The 
student will find no difficulty in interpreting eqs. (11) to (14) 
from the point of view of the electric and electrostatic circuits. 

The relation between B and H is obtained from eq. (1) in which 
the value of CR is obtained from eq. (4). Namely, we have 

M^OvljA, 

or 

1 Some writers express flux density in gausses, one gauss being equal to 
one maxwell per square centimeter. The unit kilogauss, equal to one kilo- 
maxwell per square centimeter, is also used. While the terms gauss and 
kilogauss are convenient abbreviations, no use is made of them in this bdok 
in order to keep the relation between a flux and the crossnsection of its path 
explicitly before the student. 
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hiHi exproHHioii, ucrordiiig to (hih. (7) and (1 1), can be written 
g4iinply an 

H lhj, ( 15 ) 

< HN Hiuee y 1/ 

B-/J/ (Id) 

(15) ami (10) Htate OIuiFh law for a unit ma|>;netic> path, for 
inHtanec% a path one rcaitiincdia* loiij^ and one Hcpian^ centimeter in 
cM'tmH-HcH’titm. // in the magii(*totnotive force bcd-ween the t)ppo- 
fne(*H of the cube, ft in tlu^ p(n'uuMUice of the cube, ami H Is tlu‘ 
flux paasing through it. Tlie reader will remeudau' Hiniilar ecpia- 
tioiiH f/ and /b^A'Ofor the unit electrical conductor and the 
tuiit prinin of a dielectrie rc'spectivc'ly. 

luHtcaid of beginning the tlieory of the magmdac circuit with 
€U|. (1) and developing it into <xp (10), it is poHsible to begin it with 
€Hp (10), Namely, tlie known magnetic plamomena bIiow that 
fit caicli point in the medium tlu^re in a itiagmd.ic iutcatsity H which 
iH the* <aiUHe of the magmdie ntaUN effect in maaBured 

l>y the flux daimity li; fi in tla^ phynical cemstant which nhowB thc% 
|in>portionality between // and H, The magmdfc circuit in then 
liHHunted to be built up of iiiOnitc^HimuI tubea of flux in aerieB and 
in parallel, and finally etp (1) in obtained, 

Pfob, 3.8. What In iht^ flux dcnmty in i>roh. 12? 

Atm. 534 inaxwt'llH per Hcpiare centimeter (534 gaujweB). 

Prob, 18, Hew many nmpere»Umm per pole areretpiired to OBtablish 
« flux density of 7 kiUilitu^H per mpiare ^iuaiiimc'ter in the air-gap of a 
iniieldiie, the cdearant*e being 3 mnu? Holutitm: Aceording to eep (15) 
il •*- TtMKI ' 1 ,25 r>fl(K) ampen'-tunm per eentimeter of length. Mancie the 
requinal ni.m.f, k 50(M1X(K3-- lOKO am|wre-tunm. 

9. Rduettnees and Permeances in Series and in Parallel. In 

I'ifactice, one hm to deal numtly witli inagmdic circuits of irregular 
form, for instance, tliose <»f elec’tric macdiines (Fig. 24) in whicdi 
the flux m eatablmlMHl {tartly in air and partly in iron, eiudi of vary- 
ing The circuit ctumints in this ease of several reluc- 

tiiiife« in atuies. (Ine may Sfiy, for instance, that the total mag- 
iic4oitiofiv«! force rec|uired in tins machine, per magnetic circuit, 
m HIKMI ampere-turns, of which (KKK) are used in the air-gap, 1500 
in fht^ lielfl friiitte, ami 5IK) in the armature. This is aniilogoue to 
tlistitiguMiing between the total e,mi. of an electric circuit, and the 
voltage drop in tlit^ various parts of the circuit. 
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In some cases two or more magnetic paths are in parallel, for 
instance, when there is magnetic leakage (see below). In most 
cases the engineer has to consider complicated magnetic circuits 
which consist partly of paths in series, partly of paths in parallel. 
Thus, in the same machine, the m.mi. or the difference of mag- 
netic 'potential between the pole-tips is 6500 ampere-turns. This 
m.mi. maintains a useful flux of say 2.5 megalines through the 
armature, and say 0.5 megaline of leakage or stray flux between 
the pole-tips. Thus the total flux in the field frame is 3 mega- 
lines. 

The fundamental law of the magnetic circuit, as expressed by 
eq. (1), is analogous to Ohm's law for the simple electric circuit. 
Therefore magnetic paths in series and in parallel are combined 
according to the same rule that electrical conductors are combined 
in series and in parallel. Namely, when two or more magnetic 
paths are in series, their reluctances are added; when two or more 
magnetic paths are in parallel their permeances are added. Or, 
for a series combination, 

= (17) 

and for a parallel combination 

(Peg = ^(P (18) 

It will be remembered that similar relations hold also for impe- 
dances and admittances in the alternating current circuit, and 
for elastances and permittances in the electrostatic circuit. 

The proof of formulae (17) and (18) is similar to that usually 
given for the combination of electric resistances in series and in 
parallel. Namely, when reluctances are in series the total mag- 
netomotive force is equal to the sum of component m.m.f.s., or 

(17a) 

Dividing both sides of this equation by the common flux 0 eq. 
(17) is obtained. When permeances are in parallel, the total flux 
is the sum of the component fluxes, or 

....... (18fl) 

Dividing both sides of this equation by the common M, eq. (18) is 
obtained. 
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Ono of the reuHoiiH for which culculaiionH a.re as a nilc more 
iuvolvetl niul less accurate iu the magnet ic than in the electric cir- 
cuit is ihdl there is na rfKujnetie insHlatudi knawn^ and therefore the 
paths of tlie flux in a grcait majority of cases cannot be shaiuHl and 
confined at will* Thi' st inkait will appreciate, ther<‘fore, the reaHon 
for selecting a toroidal ring as the siitipk^st magnetic circuit. If 
the winding is distributcul uniformly there is no Umdcaicy for mag- 
netic leakage, except tor a very small amount in and a,ro\md each 
wirtx Wit h almost any ot lu'r arrang(unent of a magmatic circuit 
tluux* is a dinVrence of magnetic potential, or an m.m.f. Ix^tween 
various parts of tlu‘ circuit, and part of tlu^ flux passt's directly 
through the path of the Ic^nst rt^sistama^, in parallc'l with the useful 
patln A familiar example^ of this is th(» magn(‘tie hatkage^ between 
the adjH<aait pole-tips of an electrical maclune (Kig.29), or between 
the coils of a inimfovimr (Fig. oO). 

The eonditions in a mngiu'tic circuit are similar to those 
in an impiufectly insulnbal <*l(u*tric <*ireuit, when it, t<»gether with 
its semret’H (if txmi., is immerstal iit a conducting licpnd. Fart of 
the eurnmt finds its path through the li(|uid instead of through 
the eemduetors; the' eurnmt is dilTerent in difTtu’ent parts of the 
circuit, and the calculations are much more involved and less 
accurate, liecauHt' tlu^ paths of the current in an unlimited medmm 
can he <*Htimat4‘d only approximately. 

In ord(U’ to pnwent or to minimi7.e leakage the exciting ampere- 
turns slanild be distriluihHl ov<‘r th(i whole magnetic, circuit, to 
each part in proportion to its nhictancc. Then tlie m.m.f. is eon- 
suined wherti it is applied, and mi free m.nuf. is l(*ft for leakage. 
Ifnfcirtimiitely, such an arrangennent is impracticable in most 
cam's, though it ought to he approacdied as nearly as possible (see 
17 bel(iw). 

If tti<*re wt^re a magmdic insulator, that is, a siilistance or a 
eoriibination the fM'nneabiliiy of which was many times lower 
tliiin that of the air, it would l>e a grt'at Ixion to the electrical 
industry. It would tlwui hc‘ possihle to avoid magnetic kxikage 
liy insulating magnetic eircuits im perfectly aa electric circuits 
m* insulated. The al>m'nc<! of kmkagt^ would allow a rtaluctiou 
m dte mm of tla* fa*ki frame's and ('xciting coils of direct- and 
alternating-current tnacdiim's. It would also imnnit us to improve 
the voltages n'gulation of gtuierators and transfonnere, to raise the 
p^wer factor of induction motors, and to increase their overload 
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capacity; it would also eliminate sparking in commutating 
machines. 

Prob. 17. A long iron rod, having a cross-section of 9.3 sq.cm., is 
bent into a circular ring so that the ends almost touch each other. The 
ring is wound with 500 turns of wire, the winding being concentrated 
around the gap to minimize the leakage. When a current of 2.5 amperes 
is sent through the winding a flux of 74.9 kilo-rnaxwells is established 
in the circuit. Assuming the reluctance of the iron to be negligible, 
calculate the clearance between the ends of the rod. 

Ans. Between 1.9 and 2.0 mm. 

Prob. 18. What is the length of the air-gap in the preceding problem 
if the estimated reluctance of the iron part of the circuit is 2 milli-rels? 

Ans. 1.7 mm. 

Prob. 19. A magnetic circuit consists of three parts, the reluctances 
of which are (Ri« 0.004 rel, CR. 2 * 0.005 rel, and (Rg *0.013 rel. The 
paths CR .2 and (Rg are in parallel with each other and are in series witli 
(Ri. What is the total permeance of the circuit? Ans. 131.4 perms. 

ProlJ. 20. In the preceding problem let (Ri be the reluctance of the 
steel frame of an electric machine, (R 2 be that of two air-gaps, and the 
armature, and (Rg the leakage reluctance between two poles. The ratio 
of the total flux in the frame to the useful flux through the armature 
is called the leakage factor of the machine. What is its value in this 
case? Ans. 1.38, 

Prob. 21. Referring to the two preceding problems let the air-gap be 
reduced so as to reduce the leakage factor to 1.2. How many ampere- 
turns will be required to produce a useful flux of 2.1 megaliiies ix\ the 
magnetic circuit under consideration? Ans. 15,540. 

Prob. 22. Let the cross-section of the magnetic circuit in Fig. 1 be 8 
by 11 cm,, and the mean diameter of the ring 32 cm. An iron ring 
having a cross-section of 4 by 5 cm., and the same mean diameter of 
32 cm., is placed centrally (coaxially) within the coil. How many 
ampere-turns are required to produce a total flux of 47 kilolines ((;ount- 
ing that in the air as well as that in the iron), if the estimated relative 
permeability of the iron is 1400? Hint: Let the average flux density in 
the air be Ba, and that in the iron be We have two simultaneous 
equations : 20B,: -1- (88 - 20)Ba 47, and BiJ Ba « 1 400. Ans. 1 34. 

, Prob. 23. What per cent of the total flux in the preceding problem 
is in the air? Ans. 0.24 per cent. 

Prob. 24. Show that in a ring, such as is shown in Fig. 1, the flux 
density, strictly speaking, is not uniform, but varies inversely as the 
distance from the center. Solution: Take an elementary tube of flux 
of a radius x. The magnetic intensity at any point within the tube is 
I 27:x, and the flux density, according to eq. (16), B^ /iM 1 27cx. 

Prob. 25. What is the true p6nnean'*e of a circular ring of rectangular 
cross-section, the outside diameter of which is Bi, the inside diameter Bg, 
and the axial width A? Solution : The permeance of an infinitesimal 
tube of radius a: is d(P — ijhdxl2nx. The permeances of all the tubes 
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art^ in pnralh‘1 aiul should be acklcd; heiu*e, integrating the foregoing 
exprtwiou between the liinitB J/)| and i/lsvveget: CP (/iA/27r)Ln(Di/D2). 

Prob. 26. Hliow that, when the ra<lial thiekncHs b of a ring Ls arnall as 
(‘onipannl to i(.H mean <liaineter />, the <^xa<*t expression for permeanc^e, 
obtaituMi in tlu^ prcMMulitig prol)leui, dilTers but little from the approxi- 
matt' valu(% /(hb/Kl), used before. Solution: Using the expauBion, 
|Ln[(l I .r)/(l ~".r)l ,v I I I . . . and putting 

Ih/1), il) f /d/(/>-/d (1 U/I))/{\ -h/D); 

\v(‘ get (P iHhh/Kl»[l { Ub/I>)^ i h(hll)y b . . .]. When the ratio of 
b to I> is small, all the tta’ms within tlu^. brackets ex(‘ept the first one, 
can be nc'gha'ted. 

Prob. 27. Show that tlu^ a.nswer to prob. 12 is 2.1 [>er cent high on 
account of the density b(*ing aHsumed there as uniform throughout the 
cross Ht'ction of the ring. 



CHAPTER II 


THE MAGNETIC CIRCUIT WITH IRON 

10. The Difference between Iron and Ron-Magnetic Materials. 

Steel and iron differ in their magnetic properties from most other 
known materials in the following respects: 

(1) The permeability of steel and iron is several hundred and 
even thousand times greater than that of non-magnetic materials. 

(2) The permeability of steel and iron is not constant, but 
decreases as the flux density increases. 

(3) Changes in the magnetization of steel and iron are 
accompanied by some sort of molecular friction (hysteresis) with 
the result that the same magnetomotive force produces a different 
flux when the exciting current is increasing than when it is de- 
creasing (Fig. 7) . 

Besides iron, the four adjacent elements in the periodic system, 
viz., cobalt, nickel, manganese, and chromium, are slightly mag- 
netic. Some alloys and oxides of these metals show considerable 
magnetic properties. Heusler succeeded in producing alloys of 
manganese, aluminum, and copper which are strongly magnetic. 
These alloys have not been used in practice so far.i 

11. Magnetization Curves. The magnetic properties of the steel 
and iron used in the construction of electrical machinery are shown 
in Figs. 2 and 3. These curves are called magnetization curves, or 
B — H curves] sometimes also the saturation curves of iron. 
The flux density, in kilolines per square centimeter of cross-sec- 
tion, is plotted, in these curves, against the ampere-tums per 
centimeter length of the magnetic circuit as abscissae. 

The student may conveniently think of these curves as represent- 

^For the preparation and properties of Heusler’s alloys see Guthe and 
Austin, Bulletins of Bureau of Standards, Vol. 2 (1906), No. 2, p. 297; Dr. C. 
P. Steinmetz, Electrical World, Vol. 55 (1910), p. 1209; Knowlton, Physical 
Review, Vol. 32 (1911), p. 54. 
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ing the resTilts of tests on samples of iron in ring form, as in Fig. 
The current in the exciting coil is adjusted to a certain value, and 
the corresponding value of the flux in the iron ring is determined 
by any of the known means, for instance, by a discharge through 



Fig. 2 — Magnetization in steel and iron — castings and forgings. 


‘ For an experimental study of the magnetic circuit with iron and for 
practical testing of the magnetic properties of steel and iron see VoL 1, 
Chapters 6 and 7, of the author’s Experimental Electrical Engineering. 
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a secondary coil connected to a calibrated ballistic galvanometer. 
The exciting ampere-turns divided by the average length, of the 
path give the magnetic intensity H. The total flux divided by the 
cross-section of the iron path gives the value of the flux density 
which is plotted as an ordinate against H for an absissa. Similar 
tests are made for other values of H and B\ the results give the 
magnetization curve of the material. In other words, a magneti- 
zation curve gives the relation between the magnetomotive force 
and the flux for a unit cube of the material. By combining unit 
cubes in series and in parallel a relationship is established 
between flux and ampere-turns for a circuit of any dimensions, 
made of the same material. 

The curves shown in Fig. 2 refer to the following materials: (a) 
Cast iron, which is used as the magnetic material in the stationar}^ 
field frames of direct-current machines, and in the revolving-field 
spiders of low speed alternators. It is evident from the curves 
that cast iron is magnetically much inferior to steel; but it is used 
on account of its lower cost and ease of machining. (6) Cast steel, 
which is used for pole pieces, plungers of electromagnets, etc. 
It is used also for the field frames of such machines in which 
economy of weight or space is desired, for instance, in railway 
and crane motors, and in machines built for export, (c) Forged 
steel, which is used for the revolving fields of turbo-altemators, 
on account of the considerable mechanical stresses developed in 
such high speed machines by the centrifugal force. 

The curves in Fig. 3 refer to carbon-steel laminations and to 
silicon-steel laminations. The former is used in the armatures of 
direct and alternating-current machines, the latter mainly in trans- 
formers. There is not much difference between the two kinds with 
regards to their B — H curves, but silicon steel shows a much lower 
loss of energy due to hysteresis and eddy currents (see Art. 2() 
below). A material of much higher permeability is used for 
armature cores, when it is desired to use very high flux densities 
in the teeth. A magnetization curve for such steel laminations is 
shown in Fig. 28. 

For convenience and accuracy the lower part of each curve m 
Fig. 2 is plotted separately to a larger scale, while the upper 
parts are plotted to a smaller scale, Thus, Fig. 2 contains 

only three complete magnetization curves. The curve for silicon- 
steel laminations in Fig. 3 is also plotted to two different scales, 
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1000 2000 3000 Scale “C” 4000 

100 200 300 Scale “B” 400 

10 20 30 Scale “A” 40 

H=AMPERE.TURNS PER CENTIMETER 


Fia. 3. — ^Magaetization in steel laminations. 
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while three different scales are used for the carbon-steel curve. 
The values of H at very low flux densities are unreliable because 
in reality each curve has a point of inflexion near the origin, not 
shown in Figs. 2 and 3 (see Fig. 7). 

The curves given in Figs. 2 and 3 represent the averages of many 
curves obtained from various sources. The iron used in an indi- 
vidual case may differ considerablyin its magnetic quality from the 
average curve. The value of B obtainable with a given H depends 
to a large degree upon the chemical constitution of the specimen, 
impurities, heat treatment, etc. As a rule, the soft and pure grades 
of steel are magnetically better, that is to say, they give a higher 
flux density for the same magnetizing force, or, what is the same, 
they possess a higher permeability. Annealing improves the 
magnetic quality of iron, while punching, hammering, etc., lowers 
it. Therefore, the laminations used in the construction of elec- 
trical machinery are usually annealed after being punched into 
their final shape. This annealing also reduces hysteresis loss. 

12. Permeability and Saturation. Permeability is defined in 
Chapter I as the permeance of a unit cube, or, according to eq. 
(16), as the ratio of B to H. The two definitions are, of course, 
identical. Therefore, the values of permeability for various values 
of B are easily obtained from the magnetization Curves. For 
instance, for cast steel, at jB = 15 kilolines per sq. cm. the magnetic 
intensity H is 26 ampere-turns per cm., so that /x= 15000/26 ==*577 
perms per cm. cube. This is the value of the absolute 'permeabil- 
ity in the araper e-ohm-maxwell system. In most books the relative 
permeability of iron is employed, referring to that of the air as 
unity. Since in the above-mentioned system /z== 1,25 Jpr _air, 
the relative permeability of cast steel at the selected flux density 
is 577/1.25 = 461. 

In practice, the calculations of magnetic circuits with iron are 
arranged so as to avoid the use of permeability y altogether, using 
the jB — i? curves directly. In some special investigations; how- 
ever, it is convenient to use the values of permeability, and also 
an empirical equation between p and B. For instance, see the 
Standard Handbook for Electrical Engineers] the topic is indexed 
'' permeability— curves,"' and '' permeability — equation."" These 
fx—B curves show that there must be a point of inflection in 
the B’-H curves at low densities, because the values of y reach 
their maximum at a certain definite density instead of being con- 
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stani for the lowco* part of the curvcss. Suc.h would bo the cane if 
tlu^ low<‘r pariH of tho /^ — // curvoH wc^ro Ht.niiglit liues^ an nhown 
in 2 and 2, lH*<‘aUHO thou tiu' ratio of H to 11 would be oou- 

Htaut. Howi‘VO!\ in ordinary cugin(‘(a-inf>: work tho lower partn of 
inagnoti'zat iou ourvi'H an^ UHually aHHunual to be straight hues, and 
thc‘ periueability (‘ouHt-unt, 

TliriH' pariH ran bo diHiinguisluMl in a B—H or uiagiietization 
furvo: tin* lowta* Hirnight part, tlu'; iniddh' part (‘-alUal tho knee of 
tiu' rurv(% and tlu^ upp(‘r part., whi<‘li is luauiy a straight lino. As 
i!n^ inaguetio intcniHity // inoreusc^s, tho {*orres|)onding fltix density 
H inon'HHOH more* and inon‘ slowly, and tho iron is said to approacdi 
mtiuratuin. With very high values of tho inaguetio intensity //, 
say H0V(‘ral thousand ainpcnT-turns per oentiinobn*, the iron is ooin- 
plotoly saturaio<l and the rate of inomiso of flux density with // is 
tho saiuc* as in air or in any other non-inagiudio inaicn’ial. 'riiat is 
to say, th(» flux diaisity H inoroaHos at a rate of 1.257 kilolinos for 
oaoh kihvuunpon'-turn inoreaso in //. Su(‘h is tho sloix^ of tlie upper 
ourve in Fig, 2. 

In view of this phenomenon of saturation the total flux density 
in iron enn be cHmsidenal as consisting of two parts, one due to tho 
presenro of iron, the <dher independent of it, as if ih(» paths of tho 
lines of force wviv in air. Thesi* two parts arc shown separately 
in Fig. b I'hc inirt f>/l, diu» to tlu» iron, approaevhes a limiting 
value /:?«, when! tlu‘ iron is saturaUnl. The part W/, not duo to tho 
iron, inennwes iiidefmibdy in aceordanei' with tho straight line 
law, /I - /i//, when! /i 1.257. The eurv<* ()l> of total flux density 
resembles in shape that of Od, hut approuehes asymptotically 
a wtraiglit line KL parallel to (H\ 

While it is eusioinary to speak of the saturation in iron as bedng 
low, high, or medium, the author is not awan^ of any gcmerally 
reeogni 74 Hl method of expressing t-he dc^grec^ of saturation numeri- 
cally. It wauns reasonable to define per cent saitiraiion in iron with 
rf'S|iect to the flux density /?«, so that, for instance, the pen* cent 
saturation at the |Kunt N is equal to tlie ratio of /W' to This 
method of defining saturation, while correct theoreticidly, pix!- 
supposes that the ordinate is known, which is not always the 
case. 

The percentage saturation of a machine is ciofmed in Art. 58 of 
the Mkmiimimdwn Itulm of the American Institute of Electrical 
l^llgilleers (etliiion of 10ld) as the jx^rcentaga ratio of OQ to /W, 
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QN being a tangent to the saturation curve at the point N under 

as compared to that given above is that it if r, / 

know the value of B,. * necessary to 


B 



TJ« foiiowCptbtahZ bSi d^viei't^f,'t“‘°d 

magnetic circuit of electric machines 

VI. With almost any a^angement ^ ^ 

18 some leakage or spreading of the line! of f ^kere 

to take into account theorftLtlv /T’ 
most of the problems that follow so tLt^^the^* ^ neglected in 
approximately correct. Leakaire is f only 

At...Ohe.o.,thoughpractSTJk— 
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eHthnatiiig it from tlu* n^sultK of j)revious rather than to 

culculate it tluH)r(‘(i(’ully. 


Prob, 1. Snnipk'H of pant Htp(‘l are to ho tentod for their niag;netic 
quality up to a dtnuHity of 19 kilolinoH per Htpiure (‘C'ntimeter. lliey are 
to he in the fonu of 20 eiu. average^ diaUH'ter, and 0.75 Hq.cm. 

eroHH-Heetion. For how many anip(*r('-turns sliould thcu*x<‘itiug wituling 
be dt^Higiunl, and what in the low<\st penneiinct^ of tlu^ <'ireuit, if Home 
HpeeimeiiH are ('X[K‘eted to hHV<' a permeability 10 p('r (aait lower than 
that neeording to the curve In h'ig. 2? 

Ana. lO.'l kiloamp(‘re4unuM; 1.57 perm. 

Prob. 2. Fxplain the reanon for which it is not n(a‘t\ssary to know the 
croHS-stadkHi of tlu^ aptadmenH in order to calculate* the taa’cssury anipcre- 
tunw in the pnaanllng probltan. 

Prob, 3. Home silicon Htt*el laininatiouH are (o la* tested in the form of 
a rectangular bumdi 20 by 2 by I cm., in an apparatus calkal a permeam- 
eter. The net croHs-HC'ction of tin* iron is 90 p('r cemt of that of the 
packet. It is found for a santplc that 55ti amp(*r(‘“ turns are reciuirod to 
prtHiuce a flux of 25.2 kilo-maxwells, iheampt'n^dtiniH for the air-gnpH and 
for the coiinec’ting yoke* of the apparatus being eliminated. How does 
the (|Ualiiy t»f tin' spendmeu comparer with tlu* curve in kdg. 5? 

Atm. The permeability of the sample at is about 5 per cent 

lower than that actau’ding to the* curvtx 

Prob. 4 What the values of the absolute and the relati'^^e |)cr- 
meahillty and redutdivity of the sample in th<* pn*c(Hiitig problem? 

Atm. ;< V 

relative OOH {numeric*) 0.(K)15i (numeric) 

alwohite H55 perms per cm. cul«'^ 0.00120 rcls pc'r (‘in. cnihe. 

Prob. 0. What is tlie maximum p(Tm(ad)ility of camt iron acaairding to 
the curve in Fig. 2? Ans. Alanit (KK) perms per cm. cube, 

Prok 6. Mark In Figs. 2 and 5 vert k*Hl scakw of absolute* and relative 
pemtimbllity, mi that values of permeability could rcanl otT directly by 
laying ii straight mlge hetweesn t-he origin and the dtmlrtai point of tho 
miigrifitliiiitltm curve, 

Prob, In Wluti is the percettiagt^ of saturation in carlion steel laminii- 
tioni at II flux dermity of 20 kilcMnaxw'cllH pe^r mjunre c(‘ntimeter, 
nccciitiitig to iKith dcfmittoim given In Art. 12? Aim. 92.5; SH, 

Prob. 8* An electromagnet has the dimeimloim (in cm.) shown in 
Fig. i; ilic! core is miide of carbon stiHd laminations 4 mm. thic*k, the 
lower yoke Is of cast Iron. The length of eatdi air«gap is 2 mrm; eiich 
excltiiig coll hii« 450 turns. What is the exedting (nirrcnt for a uhc^uI 
flux of 2.2 iiiegiilines In the lower yoke? Neglec’t the* magnetic* Icfikiigo 
lietween t!ic limbs of the ekH*iromagin*i (this leakage is taken into conBid- 
eriiiloii in the next proltlern). Hcilutlon: With laminations 4 mrn. thick 
the apace oc*«*tipi«Hi by insulation bet-wtxm stampings Is idtogcthc^r negligi- 
ble; theridore the flux clensliy in the steid is the same as In the air gap 
and i» «|ual to 17.2 kl/acp cm.; in the cast iron the flux deimliy is 11.5 
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kl/sq. cm. One-half of the average length of the path in the steel is 
37 3 cm., and in the cast iron 20.5 cm. Hence, with reference to the 
magnetization curves, we find for one-half of the magnetic circuit (the 
other half being identical, it is sufficient to calculate for one-halt) : 

amp.-turns for steel core 65 X 37.3 ==2425 

amp .-turns for one air-gap 0.2 X 0.8 X 1 7200 = 2752 

amp.-turns for the cast-iron yoke ISO X 20.5 = 3690 

Total 8867. 

Ans. The exciting current is 8867/450 = 19.7 amperes. 

Prob. 9. In the solution of the preceding problem the effect of leakage 
is disregarded. It is found by experiments on similar electromagnets 



Fig. 5.— An electromagnet (dimensions in centimeters). 


that the leakage factor is equal to about 1.2, that is to say, the flux in the 
upper yoke is 20 per cent higher than that in the lower one. This means 
that out of every 1200 lines of force in the upper yoke 1000 pass through 
the lower yoke as a part of the useful flux, and 200 find their path as a 
leakage through the air between the limbs, as shown by the dotted lines. 
Calculate the exciting current required in the preceding problem, assuming 
(a) that the total leakage flux is concentrated between the two air-gaps 
along the line aa; (6) that it is concentrated along the line 66, at one- 
third of the distance from the bottom of the exciting coil, that is 6.33 
cm. from the air-gaps. 

Ans. (a) 44.2 amperes; (6) 40 amperes. 

Prob. 10. Show that it is more correct in the preceding problem to 
assume the leakage flux concentrated at one-third of the distance from 
the bottom of the exciting coils, than at the center of the coils. 
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Prob. 11. A ring nf forged Bteel han HUch diniensioiiB that the average 
length of the linen of fon‘(^ in 70 enn The ring han an air-gap of 1 .5 nun., and 
in provkled with an exciting winding eoneentrated near the air gap ho uh 
to nuninnze the leakages What is the flux denHity at an in.nnf. of •lOOO 
ainpen^-turnH? Firnt Solution: AHHUine various values of ealeulate tlie 
eorresponding valines of the ampere-turns, until tlu^ value of H is found, for 
which tlu‘ recpannl exeitatuju is 4(KK) ainpertvturns (solution by trials). 
SiHanul solution: lA‘t the unknown density Ih‘ U an<l tlu‘ eorr<‘Hpon<ling 
inagneUe intensity in tine stetd he //. 'Phe napiinHl (^xeitation for the steid 
is then 70//, and for the air-gap 0.15X0.8X1000// 120// ain])ere-turns. 

I'lu'refore, 

70// I 120// - •1(H)(). 

The values of B and // must satisfy this iapiation of a straight line, and 
besides tlu^y must Iw ndated to eiudi otlu^r by the mugmdi nation eurv(^ 
fcjr shad forgings {Fig. 2), Ihaiee, // and // are deka'inimal by tlu' inhirsca*- 
tion of tile straight line and the curve. The straight lini^ is didennim'd by 
two t>f its |K>intH; for instune(% when // *«40, 10; wluni // -24, // 10.3. 

Drawing this Ihu^ in I'dg, 2 we find that the point of intcuseetion (‘orr{‘» 
sponds to //« 10,3d Ans. 10.3 kilolines per s<|. em. 

Prob. 12. Sedve the preetsllng problem, asHuming tlu^ ring to be made 
of silkain sbad luininatiouH: 10 per cent of the space is taken by the 
insulatkin ladwanni the Innunatknm. 

Ans. Flux density in the laminations is 15.2 kl/s<p em. 

Prob. 13, In a complex magnetic eireuit, an air-ga]) 3 nun. long and 
20 s(|. <’m. in eross-seetion is slumbHl by a east-iron rod 14 em. long and 
10 sq, em. In er<»ss«Heetion. What is the number of amp(‘r(‘4urnH ihh’CH- 
sary for |iroilu<diig a hdnl flux of 215 kilolines througli tlu' two paths in 
parallel, and what Is the nduetnn<‘e of th<' ml {ler (‘cntinuder of its kaigth 
under tliese conditions? Ans. 1 100 uinpercvtuniH; 0.033 niillFrcL 

Prob. 14. d1ie magnetic flux in a cIosckI iron (‘on* must imTease and 
deenaim^ acx'onling hi a straight-line law with the tinus tluai reverse and 
inereiise and clecrtaiw! aeeonling to the samc^ law in the opposite* din*(d.lon. 
Hhciw the general shape of the curve of the exedting (nirrtmt, lagkMding 
the elTeci of liytaresis. 

Prob. 18. Hhow that If In the precixling proVdem the flux varies itc*c‘ord» 
ing to the sine law tin* curve of the exciting current is a p(*ak(Hi wa\'(*. 
Hhow tmw to determine the shape of this inirve from a gfveti magnetiza- 
tion curve of the material. This problem lias an applkaition in the cakm- 
liitlon of the exciting current In a transfonner. 

IProb. 16. In the magnetic (drcnilt shown in l^lg. 0 the useful tlux 
ptiines through the air gap betwwn the two sitxd poles; a part of the flux 

*Tht ituclent will from the mdu tion of this problem that in the ease 
of a ieriiii ma^ietie circuit it Is much easier to find thinri.m.f. requinxlfor 
a given itix than nice On the other hand, in tlie case of two mag- 

netic pftthi in imriillid (such as In prob. 13), it is fifiaior to find tlie flux for a 
given m.mi. 
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is shunted through the eastdron part of the rirruit. At knv SHturHtioii?4 a 
conBiderablc part of the total flux Ls HhuuUHl through tlw ea.Ht iron purl, 
but as the flux density inereaHes the east iron Haitiraft^d, ninl a 

larger and larger })ortu>n o( the flux in <lef!eetml into the idr’gu|i. What 
percentageH of the total flux in the yoke are aluniieti through the nisi iron 
when the flux density in the air-gap is I kf/aq, eni. and 7 k!^"Hi|. em, 
reapecdivcly? f^ohition: When the flux deimity in t!ie air gap is I kilo 
line pera(|. em. the in.in.f. aerosHthegap is KKKlXtl.H XCkA-'-diM) aniptu'i- 
turns. The flux density in the st(H*l poles is 2 ki/stp vm., mid tht* rei|thti“d 
in.mi. in then i is about U5 ampere-turns. Thert*f<ire. the total in. fit, I, 
across AC and conseiiuently acro.ss the east«inin part is 4 HI ainpere-turii?n 



or//»24.5 ampenvturns per eentlmeter of leiiglli of llie fiittfi In tlienwi 
iron . This value of // vi irres|KUids on the iniignet-liii tion r urvii Ici II 11 k ! /m | , 
cun. ; henec3, the totid flux in the enat imn Is 72 kl 1ti« flux iii the yoke 
60 +72 « 132 kl,^ and the pereentagti in the emiHlitiii sliunt k 72 HTi *»r 
about 55 per c*ent» Blmilarly, it is found thiit, when the fiin ileiwif >■ lit ih*^ 
air-gap Is 7/kl scp erin, idKUit 25 |ier rent of the Ihix k 
the cuiat-iron part. The fart.^^ilng amingeitieiil llliinlrnlw thr juliirlplt' 
uacxl in some }>raftltml vnmB^ when it k iliwlnxl tii tiiofllfv the irhimu 
between the flux and the rnagnelomfitive forre. Iiy firovidiiig it highly 
saturated magnetie path in |mrall©l with a ferfily aatiiriilixl oiim 

Alls* Si per eent and 2S |ier rent itpproxliiiiifely. 

Prob* 17. Indleat© how tha probkifi ran im «4v«t If llie 

casMron part were provide! with a «r»ll rl^raitrt of mf 1 tiiiin Iflnl: 
See the iecxinci elution to prolilam I L 
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Prob* 18. Wliai in ihc' lengt h of llie yoke in Up;. G if the exciting cur- 
rent iiuTeuBCH 12 tiinoH wIkmi tlie iiux cUuiHity in the air-gap increascB from 
I to 7 kl/mp enu? Hint: If Hiand H, are the known magnetic intonsi- 
tlt*a in tlie yoke^ eorrcHponditig to the two given deuHitieH, and z in the 
unktiown lettgth of tlie y(jke» we have, iwing the values obtained in the 
Bolutiou of problem 15: (ILx •4^4ird12««// x 4-3090. 

A ns. About 1.2 m. 



CHAPTER III 


HYSTERESIS AND EDDY CURRENTS IN IRON 

14. The Hysteresis Loop. Steel and iron possess a property 
of retaining part of their magnetism after the external magnetomo- 
tive force which magnetized them has been removed. Therefore^ 
the magnetization or the B-H curve of a sample depends some- 
what upon the magnetic state of the specimen before the test. This 
property of iron is called hysteresis. The curves shown in Figs. 2 
and 3 refer to the so-called virgin state of the materials, which state 
is obtained by thoroughly demagnetizing the sample before the 
test. A piece of iron can be reduced to the virgin state by placing 
it within a coil through which an alternating current is sent, and 
gradually reducing the current to zero. Instead of changing the 
current, the sample can be removed from the coil. 

Let h sample of steel or iron to be tested be made into a ring 
and provided with an exciting winding, as in Fig. 1. Let it be 
thoroughly demagnetized; in other words, let its residual mag- 
netism be removed; then let the ring be magnetized gradually or in 
steps to a certain value of the flux density. Let OA in Fig. 7 rep- 
resent the virgin magnetization curve, that is to say the relation 
between the calculated values of B and H from this test, and let 
PA be the highest flux density obtained. If now the magnetizing 
current be gradually reduced, the relation between B and H is no 
more represented by the curve OA, but by another curve, such as 
AC] this is because of the above-mentioned property of iron to 
retain part of its magnetism. When the current is reduced to 
zero, the specimen still possesses a residual flux density OC. Let 
the current now be reversed and increased in the opposite direc- 
tion, until H reaches the negative value OF, at which no magnetic 
flux is left in the sample. The value of H^OF is called the cocr- 
cive force. When the magnetic intensity reaches the negative value 
of OP' = OP, experiment shows that the magnetic density P'A^ in 
the sample is equal and opposite to PA, 
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Let now the exciting current be again decreased, reversed and 
increased to its former maximum value corresponding to iI==OP. 
It will be found that the relation between B and H follows a differ- 
ent though symmetrical curve, A'C'F'A^ which connects with the 
upper curve at the point A . The complete closed curve is called 
the hysteresis loop; a sample of iron which has been subjected to a 
varying magnetomotive force as described before, is said to have 
undergone a complete cycle of magnetization. If the same cycle 


B 



be repeated any number of times, the curve between B and H 
remains the same, as long as the physical properties of the sample 
remain unchanged. 

The lower half of the hysteresis loop is identical with the 
inverted upper half, so that the residual flux density OC =OC, 
and the coercive force OF' — OF, The shape of the loop for a 
given sample is completely determined by the maximum ordinate 
AP, or the maximum excitation OP. If the excitation be carried 
further, for instance, to the point D on the virgin curve, the 
hysteresis loop would be larger, beginning at the point Z>, and 
would be similar in its general shape to the loop shown in Fig. 7. 


34 


THE MAGNETIC CIRCUIT 


[Akt. 15 


A piece of iron can also be carried through a hysteresis cycle 
mechanically. Thus, instead of changing the excitation, the 
sample may be moved to a weak field, reversed, and returned to 
its original location. The relation between B and H, however, 
will be the same in either case. 

An important feature of the hysteresis cycle is that it requires 
a certain amount of energy to be supplied by the magnetizing 
current, or by the mechanism which reverses the iron with 
respect to the field. It is proved in Art. 16 below that this energy 
per cubic unit of iron is proportional to the area of the hysteresis 
loop. This energy is converted into heat in the iron, and therefore 
from the point of view of the electromagnetic circuit represents 
a pure loss. If the cycles of magnetization are performed in 
sufficiently rapid succession, for instance by using alternating 
current in the exciting winding, the temperature of the iron rises 
appreciably. 

The phenomenon of hysteresis is irreversible; that is to say, 
it is impossible to make a piece of iron to undergo a cycle of mag- 
netization in the direction opposite to that indicated by arrow- 
heads in Fig. 7. If it were reversible, the loss of energy occasioned 
by performing the cycle in one direction could be regained by 
performing it in the opposite direction. In this respect the 
hysteresis cycle differs materially from the theoretical reversible 
cycles studied in thermodynamics, and reminds one of an irre- 
versible thermodynamic cycle, in which friction or sudden expan- 
sion is present. 

15. An Explanation of Saturation and Hysteresis in Iron. 

While the physical nature of magnetism is at present unknown, 
there is sufficient evidence that the magnetization of iron is 
accompanied by some kind of molecular change. Let us assume, 
in accordance with the modem electronic theory, that there is an 
electric current circulating within each molecule of iron, due to the 
orbital motion of one or more electrons within the molecule. Each 
molecule represents, therefore, a minute electromagnet acted upon 
by other molecular electromagnets. In the neutral state of a piece 
of iron, the grouping of the molecules is such that the currents 
are distributed in all possible planes, and the external magnetic 
action is zero. Under the influence oi an external magnetomotive 
force the molecules are oriented in the same way that smaU mag- 
netic needles are deflected by an external magnetic field. With 
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small intensities of the external field, the molecules of iron return 
into their original stable positions as soon as the external m.m.f. 
is removed; when, however, the external magnetic intensity 
becomes considerable some of the molecules turn violently and 
assume new groupings of stable equilibrium. Therefore, when 
the external m.m.f. is removed, there is some intrinsic magneti- 
zation left, and we have the phenomenon of residual mag- 
netism. 

With an ever-increasing external m.m.f., more and more of the 
molecules are oriented so that their m.m.fs. are in the same direc- 
tion as the external field, the iron then approaching saturation. 
Any further increase in the flux density is then mainly due to the 
flux between the molecules, the same as in any non-magnetic 
medium. 

According to the foregoing theory, an external m.m.f. turns 
the internal m.m.fs. into more or less the same direction; these 
m.m.fs. then help to establish the flux in the intermolecular spaces 
which are much greater than the molecules themselves. There- 
fore, the higher flux density in iron is not due to a greater permea- 
bility of the iron itself, but to an increased m.m.f. It is never- 
theless permissible, for practical purposes, to speak of a higher 
permeability of the iron, disregarding the internal m.m.fs., and 
considering the permeability, according to eq. (16), as the ratio 
of the flux density to the externally applied magnetic intensity. 

The foregoing theory explains also the general character of 
the permeability curve of iron. With very small values of H 
the molecules of a piece of iron are oriented but very little, but 
are rapidly oriented more and more as H is increased. There- 
fore, for small values of H, fx must be expected to increase with H. 
On the other hand, when the saturation is very high, an increase 
in H changes B but little, because practically all of the available 
internal m.m.fs. have been utilized. Therefore, for large values 
of i?, jx decreases with increasing H. Consequently, there is a 
value of H for which is a maximum. This is the actual shape of 
permeability curves (see for instance the reference to the Standard 
Handbook given in Art. 12 above). 

The phenomenon of magnetization is irreversible because the 
changes from one stable grouping of molecules to the next are 
sudden. Each molecule, in changing to a new grouping, acquires 
kinetic energy, and oscillates about its new position of equilib- 
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rium until the energy is dissipated by being converted into heat. 
This heat represents the loss of energy due to hysteresis. 

This theory of saturation and hysteresis is due originally 
to Weber, and has been improved by Ewing, who has shown 
experimentally the possibility of various stable groupings of 
a large number of small magnets in a magnetic field. By varying 
the applied m.m.f. he obtained a curve similar to the hysteresis 
loop of a sample of iron. For further details of this theory see 
Ewing, Magnetic Induction in Iron and other Metals (1892), 
Chapter XI. 

The following analogy is also useful, Let a body Q (Fig. 8), 
rest on a support and be held in its central position by two springs 



Fig. 8. — mechanical analogue to hysteresis. 


S, S, which can work both under tension and under compression. 
Let this body be made to move periodically to the right and to 
the left of its central position, under the influence of an alterna- 
ting external force H. Call B the deflections of the body from 
its middle position. The relation between B and H is then similar 
to the hysteresis loop in Fig. 7, provided that there is some 
friction between the body Q and its support, and provided that 
the springs offer in proportion more resistance when distorted 
greatly than when distorted slightly. 

Starting with the neutral position of the body let a gradually 
increasing force H be applied which moves the body to the right. 
This corresponds to the virgin curve in Fig. 7, except that this 
simple analogy does not account for the inflection in the virgin 
curve near the origin. Let then the force H be gradually reduced, 
allowing the springs to bring Q nearer the center. When the 
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external force is entirely removed, the body is still somewhat to 
the right of its central position, because the friction balances part 
of the tension of the springs. Here we have something analogous 
to residual magnetism and to the part AC of the hysteresis loop. 
A finite force H is required in the negative direction to bring Q 
to the center. This force corresponds to the coercive force of a 
piece of iron. 

By following this analogy through the complete cycle one 
can show that a loop is obtained similar to a hysteresis loop. 
Also, it can be shown that the phenomenon is irreversible, and that 
the total work done by the force H is equal to the work of friction. 
Moreover, there is a periodic interchange of energy between the 
springs and the source of the force JT, and the net loss of energy 
is represented by the area of the loop corresponding to Fig. 7. 

Prob. 1. An iron ring is thoroughly demagnetized, and then the cur- 
rent in the exciting winding is varied in the following manner: It is 
increased gradually from zero to 1 ampere and is then reduced to zero. 
After this, the current is increased to 2 amperes in the same direction, and 
again reduced to zero. Then the current is increased to 3 amperes again in 
the same direction, and reduced to zero, etc. Draw roughly the general 
character of the B-H curve, taking the hysteresis into consideration. 
Hint : First study a similar process on the mechanical analogy shown in 
Fig. 8.^ 

Prob. 2- A piece of iron is made to undergo a magnetization process 
from the point A (Fig. 7) to a point between F and A' such that, when 
subsequently the exciting circuit is opened, the ascending branch of the 
hysteresis curve comes to the origin. Show that such a process does not 
bring the iron into the neutral virgin state, in spite of the fact that B = 0 
for H = 0. Hint : Consider the further behavior of the iron for positive 
and negative values of H. 

Prob. 3. A millivoltmeter is connected to the high-tension terminals 
of a transformer, and the current in the low-tension winding is varied in 
such a way as to keep the voltage constant. Show that the curve of the 
current plotted against time is of the same shape as the hysteresis loop of 
the core. Hint: Since d0/dt is constant, (P is proportional to the time. 

Prob. 4. The magnetic flux density in an iron core is to vary with the 
time according to the sine law. Plot to time as abscissae the instantane- 
ous values of the exciting ampere-turns per centimeter length of the core 
from an available hysteresis loop, and show that the wave of the exciting 
current is not a sine wave and is unsymmetrical. Note: This problem 
has an application in the calculation of the exciting current of a trans- 
former; see Art. 33 below. 

1 A solution of this and of the next problem will be found in Chapter V 
of Ewing’s Magnetic Induction in Iron and other Metals, 1892. 
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16. The Loss of Energy per Cycle of Magnetization. When a 
magnetic flux is maintained constant tlie only energy supplied 
from the source of electric power is that canvortoxl into the i^r 
heat in the exciting winding; no energy is necessary to maintain 
the magnetic flux. This is an experimental fact, fundamental in 
the theory of magnetic phenomena. When, however, the flux 
is made to vary, by varying tlu^ exciting ampere-turns or the 
reluctance of the magnetic circmit, elerRromotive forces are 
induced in the magnetizing, winding by the changing flux. 
A transfer of energy results between the electric and the magnetic 
circuits. 

Begiiming, for instance, at the point ./I of the cycle (Fig. 7), 
and going toward C, the flux is forced to decrease. According 
to Faraday’s law, the e.m.f. induced by this flux in the magnetiz- 
ing winding is such as to resist the change, i.e., it tends to main- 
tain the current. Therefore, during the part AC of the cycle 
energy is supplied from the magnetic to the electric circuit. 
This shows t^t energy is stored in a magnetic field. During the 
part CPA' of the hysteresis loop energy is supplied from the 
electric to the magnetic circuit, because at the point C, the 
current is reversed and becomes opposed to the e.m.f. The 
other half of the cycle being symmetrical, with the flux and the 
current reversed, energy is returned to the electric circuit during 
the part A'C of the cycle, and is again accumulated in the 
magnetic circuit during the part C'F'A . 

If the part AC of the cycle were identical with C'F'A, and the 
part A'C were identical with CFA', the amounts of energy trans- 
ferred both ways would be the same, and there would bo no net 
loss of energy at the end of the cycle. In reality the two parts 
are different; the amounts of energy returned from the magnetic 
circuit to the electric circuit in the parts AC and A'C" are smaller 
than the amounts supplied by the electric circuit in the parts 
CFA' and C'F'A. This is because the last two parts of the curve 
are more steep than the first two, and consequently the induced 
e.m.fs. are larger for the same values of the current. The net 
result is therefore an input of energy from the electric into the 
magnetic circuit, this energy being converted into heat in the iron. 
No such effect is observed with non-magnetic materials, because 
the two branches of a complete B~H cycle coincide with a straight 
line passing through the origin. 
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To prove that the energy lost per cubic unit of iron per cycle 
of magnetization is represented by the area of the hysteresis loop, 
we first write down the expression for the energy returned to the 
electric circuit during an infinitesimal change of flux in the 
part AC of the cycle. Let the flux in the ring at the instant under 
consideration be 0 webers, and the magnetomotive force ni amp- 
ere-turns, where i is the instantaneous value of the current, and n 
is the total number of turns on the exciting winding. The instan- 
taneous induced e.m.f., due to a decrease of the flux by d0 during 
an infinitesimal element of time dt seconds, is e— —nd^/dtvoli. 
The sign minus is necessary because e is positive (in the direction 
of the current) when d0 is negative, that is to say, when the flux 
decreases. The electric energy corresponding to this voltage is 

dW^eidt= —nid0 watt-seconds (joules). 

Hence, the total energy returned to the electric circuit during the 
part AC of the cycle is 

J <*c 

nid0j 

A 

or, interchanging the limits of integration, 

n%d0. 

Since all the parts of the ring undergo the same process, and 
the curve in Fig. 7 is plotted for a unit cube of the material, it is 
of interest to find the loss of energy per cubic centimeter of mate- 
rial. If S is the cross-section and I the mean length of the lines 
of force in the iron, we have that the volume 

V=Sl cubic centimeters. 

Dividing the expression for the energy by this equation, we find 
that the energy in watt-seconds per cubic centimeter of iron is 

W/V=£^(in/l)-(d0/S) = £^HdB, . . , (19) 

where H is in ampere-turns per centimeter, and B is in webers 
per square centimeter. 

But HdB is the area of an infinitesimal strip, such as is shown 
by hatching in Fig. 7. Consequently, the right-hand side of eq. 
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(19) repres6nts the area of the figure ACQ^ which is therefore a 
measure for the energy transferred to the electric circuit, per cubic 
centimeter. In exactly the same way it can be shown that the 
energy supplied to the magnetic circuit during the part C'A of the 
cycle is represented by the area AC'Q, Hence the net energy 
loss for the part of the cycle to the right of the axis of ordinates 
is represented by the area ACC' A, Repeating the same reasoning 
for the left-hand side of the loop it will be seen that the total 
energy loss per cycle of magnetization per cubic centimeter of 
material is represented by the area ACA'C'A of the hysteresis 
loop. For a given material, this area, and consequently the loss, 
is a function of the maximum flux density PA, and increases with 
it according to a rather complicated law. Two empirical formulae 
for the loss of energy as a function of the density are given in Art. 
20 below. 

In the problems that follow the weight of one cubic decimeter 
of solid carbon steel is taken to be 7.8 kg., and that of the alloyed 
or silicon steel 7.5 kg. The weight of one cubic decimeter of 
assembled carbon steel laminations is taken as 0.9 X 7.8 = 7 kg., 
and that of silicon steel laminations as 0.9 X 7.5 = about 6.8 kg. 

Prob. 6. A hysteresis loop is plotted to the following scales : abscissae 
1 cm. = 10 amp .-turns /cm. ; ordinates, 1 cm. = l kilo-maxwell /sq. cm.; the 
area of the loop is found by a planimeter to be 72 sq. cm. What is the 
loss per cycle per cubic decimeter of iron? 

Ans. 7. 2 watt-seconds (joules) . 

Prob. 6. The hysteresis loop mentioned in the preceding problem was 
obtained from an oscillographic record at a frequency of 60 cy., with a sam- 
ple of iron which weighed 9.2 kg. What was the power lost in hysteresis 
in the whole ring? Ans. 510 watts. 

Prob. 7. The stationary coil of a ballistic electro-dynamometer i^ con- 
nected in series with the exciting electric circuit (Fig. 1) ; the moving coil 
is connected through a high resistance to a secondary winding placed on 
the ring. The exciting current is brought to a certain value, and then the 
current is reversed twice in rapid succession, in order that the iron may 
undergo a complete magnetization cycle. Show that the deflection of the 
electro-dynamometer is a measure for the area of the hysteresis loop. 
Hint: HdB =^H{dB/dt) Const. X iedO 

17. Eddy Currents in Iron. Iron is an electrical conductor; 
therefore when a magnetic flux varies in it, electric currents are 

^ ^ Searle, "The Ballistic Measurement of Hysteresis,'* Electrician, Vol. 
49, 1902, p. 100. 
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induced along cIowmI pat.liH of loaHt n^Hisiaiuio linkcnl with tlu^ (lux. 

(uirrcuitH ptuuncjaU^ the whohi bulk of tlio iron and arc^ (‘.ailed 
(Hldy or h'oucault curnuitH. lOddy (UirnnitH cauH(‘! a Iohh of (‘mu*gy 
which inuHt be BUp})li(‘d (‘itluu' eh'ctric.ally or nuM^iunically from 
an outHuh^ Hour<‘(‘. Thert^fore, the iron eort'H umul for variubk^ flux{‘H 
are UHUally built of huninati(mH, ho uk to limit the cHldy currcmtH 
to a Hinall amount by interponing in their i)atIiH the iuHulation 
bt‘tAV(Hm the laminatiouH, Japan, varninh, tinHue pap(‘r, etc., are 
UHtnl for thin purpown In many camm the layer of oxides formed 
on laniinat iouH during tla^ pnxassH of amu‘aling in considered to l )0 
a Huflicicait insulation against (xldy currents. 

4'h(‘ usual thickiH'SH of lamination vari(\s from 0.7 to 0.3 mm., 
according to th(‘ freepumey for which an apparatus is designed, 
the flux density to be uhchI, the provision for (*ooling, (d,c. The 
m(U*e a eorc^ is subdivided th(‘ low(U’ is tlu^ loss due to eddy curnmts, 
but the* more (expensive is the core on account of the higher (‘.ost 
of rolling slmets, and of pumdiing and assembling the laminations. 
Besich's, mon^ space is taktm by insulation witli thinner Btamj)mgB, 
so tliat tlu^ pt*r (‘(‘ut nc*t ert^ss-scadion of iron is rtHlueed. The 
ncd. c*roHS-He(dJou of laminations is usually from 1)5 to Hf) per taint 
of tlie gross cnms-stictiou, depending upon the thiekness of the 
laminations, the kind of insulation used, and the care and pres- 
sure used in nsHCimbling tlu^ core. For preliminaiy calculations 
about ten per t‘ent of tlie gross eross-Hetd-ion is assumed to be 
lost in insulation. 

Fig. f) shows two iron coixm in cross-BtHdion, one tiore solid, 
the oth(*r subdivided into thmi laminations by planes jiarallel 
to tlie dirtadion of tin* lines of force. The lint's of force are showii 
by dots, and the paths of tlie eddy eurreid.s by continuous lint's. 
Eddy currents am linked with tlie lines of fortit^ the same as the 
f urrkit in the exeiting winding. In fact, etldy currents are similar 
to thc^ sottondary currents in a transformtu*, inaBmucli as tliey 
tend to naluce the flux created by the primaiy currtmt. The 
mm must be* laminated in plant's perpentlicular to the lines of 
flow of the eddy currt*ntH, so as to break up their paths and at the 
Sfima time not to interpose air-gaps in the patlis of the lines of 
force. 

An iron core can be further subdivided l)y using thin iron 
win^s in place of laminations. Such cores were used in early 
machines and transformer, b\tt werci aliandoned on actxuuit of 
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expense and poor space factor. Iron-wire cores are used at present 
in only high-frequency apparatus, in which eddy currents must 
be carefully guarded against; for instance in the induction coils 
(transformers) employed in telephone circuits. 

It will be seen by an inspection of Fig. 9 that eddy currents 
are much smaller in the laminated core because the resistance of 
each lamination is increased while the flux per lamination and con- 
sequently the induced e.m.f . is considerably reduced. It is proved 
in Art, 21 below that the power lost in eddy currents per kilogram 
of laminations is proportional to the square of the thickness of 



Fig. 9. — ^Eddy currents in a solid and in a laminated core. 


the laminations, the square of the frequency, and the square of 
the flux density. 

Prob. 8. Show that the armature cores of revolving machinery must 
be laminated in planes perpendicular to the axis of rotation. 

Prob. 9. Show that assuming the temperature-resistance coefficient of 
iron laminations to be 0.0046 per degree Centigrade the eddy current loss of 
a core at 70° C. is only about 82.5 per cent of that at 20° C. 

Prob. 10. Explain the reason for which the hysteresis loss in a given 
core and at a given frequency depends only on the amplitude of the excit- 
ing current, while the eddy-current loss depends also upon the wave-form 
of the current. 

18. The Significance of Iron Loss in Electrical Machinery. 

The power lost in an iron core on account of hysteresis and eddy 
currents, taken together, is called iron loss or core loss. It is of 
importance to understand the effect of this loss in the iron cores 
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of electrical machinerj' and apparatus; First, because they bring 
about a loss of power and hence lower the <;IIicioncy of a 
machine; Secondly, because they heat up the iron and thus 
limit the perniiasiblo flux density, or make extra provisions for 
ventilation and cooling necessary; Thirdly, becaua(; they afTect 
th(j indications of measuring instruments. The effects of hysterci- 
sis ami (uldy currents in the principal types of (dectrical machinery' 
an^ as follows: 

((/) In a transformer an alternating magnetization of the iron 
caus(>H a corci loss in it. The power thus lost must be supplied from 
th(> generating station in the form of an additional energy com- 
ponent. of the primary current. The core is heated by hyst-ei-esis 
ami by eddy curixaits, and the heat must bo dissipated by the 
oil in which the transformer is immersed, or by an air blast. 

(/<) In tv direct-current machine tlu^ revolving armature is 
subjected to a magnetization first in one dinsetion and then in 
the other; tlio heating effect due to the hysteresis and eddy 
eurrc'nts is particularly noticeable in the armaturt? Uwth in which 
the flux density is usually quite high. The core loss, being sup- 
pjitHi mechanically, caumjs an additional resisting torciuo between 
the armature and the field. In a generator tins tortjue is sup- 
plicil by the prime mover; in a motor this torijue reduces the 
available tortjue on the shaft. 

(c) The effect of hysteresis and of (xldy currents in the armature 
of an alternator or of a synchronous motor is similar to that in a 
dir<H't-(!urront machine. 

(d) In wi induction motor the core loss takes place chiefly 
in the stator iron and teeth, where the freciueney of the magnetic 
cycles is Cfiujd to that of the power supply; the fn^piency in the 
rotor corro«i>onds to the per cant slip, so that ev(*n with very 
high flux d«*nsitie« in the rotor tooth the core loss in the rotor is 
companvtivcly small. At speeds below synchronism the necessary 
power for supplying the iron loss is funiishod electrically as part 
of the input into the stator. At speeds above synchronism this 
power is supplied through the rotor from the prime mover. 

(f) In a diraot-emTent ammeter, if it has a piece of iron as 
its moving element, rosidual magnetism in this iron cauwss inac- 
cumcics in its indications. With the same current the indication 
of the instruintsnt is smaller when the current is increasing than 
wIhhv it ta deerwvMng; this can be understood with reference to 
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the hysteresis loop. With alternating current the effect of hystere- 
sis is automatically eliminated by the reversals of the current 
which passes through the instrument. 

From these examples the reader can judge as to the effect of 
hysteresis in other types of electrical apparatus not considered 
above. 

Prob. 11. Show that in an 8-pole direct-current motor running at a 
speed of 525 r.p.m. the armature core and teeth undergo 35 complete 
hysteresis cycles per second. 

Prob. 12. Show that for two points in an armature stamping, taken 
on the same radius, one in a tooth, the other near the inner periphery of 
the armature, the hysteresis loops are displaced in time by one-quarter 
of a cycle. 

19. The Total Core Loss. In practical calculations on electrical 
machineiy the total core loss is of interest, rather than the hystere- 
sis and the eddy current losses separately. For such computations 
empirical curves are used, obtained from tests on steel of the same 
quality and thickness. The curves of total core loss given in 
Fig. 10 have been compiled from various sources, and give a 
fair idea of the order of magnitude of core loss in various grades 
of 'commercial steel laminations. The specimens were tested in 
the Epstein apparatus, which is a miniature transformer (sec 
the author’s Experimental Electrical Engineering j Vol. 1, p. 197), 
and the values given can be used for estimating the core loss in 
transformers and in other stationary apparatus with a simple 
magnetic circuit. 

In using the curves one should note that the ordinates are watts 
per cubic decimeter of laminations, hence the gross volume and 
not the volume of the iron itself is represented. On the other hand, 
the abscissae are the true flux densities in the iron. In choosing a 
material the following points are worthy of note: (1) Silicon steel 
is now used for 60-cycle transformers, almost to the exclusion of 
any other, on account of its lower core loss; it is sometimes used 
for 25-cycle transformers also. (2) The material called “ Good 
carbon steel ” is that which is used for induction motor stators, 
and in general for the armatures of alternating and direct- 
current machinery ; also, sometimes for the cores oMow frequency 
transformers. (3) The material called Ordinary carbon steel ” 
should be used only in those cases for which the core loss is of 
small importance. 
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KILOLINES PER SQUARE CENTIMETER KILOLINES PER SQUARE CENTIMETER 

Fig. 10. — Curves of core loss per cubic decimeter of laminations, including insulation. 
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The thickness of lamination to be used in each particular 
case is a matter of judgment based on previous experience, and 
no general rule can be laid down, except what is said in Art. 17 
above, in regard to the factors upon which the eddy-current loss 
depends. The gauges 26 to 29 are representative of the usual 
practice. If it should be necessary to estimate the core loss for a 
different thickness and at another frequency than those given in 
Fig. 10, the method explained in Art. 22 below may be used. 

The core loss in the armatures and teeth of revolving machinery 
is found from tests to be considerably above that calculated from 
the curves of loss on the same material when tested in stationary 
strips. This is probably due in part to the fact that the conditions 
of magnetization are different in the two cases. In the one case 
the cycles of magnetization are due to a pulsating m.m.f., which 
simply changes its magnitude; in the other case to a gliding m.m.f., 
with which the magnetic intensity at a point changes its direction 
as well. Besides, the distribution of flux densities in teeth and in 
armature cores is very far from being uniform. Therefore, 
when using the curves given in Fig. 10, for the calculation of iron 
loss in generators and motors, it is necessary to multiply the results 
by certain empirical coefficients obtained from the results of tests 
made on similar machines. Mr. I. E. Hanssen recommends add- 
ing 30, 35, and 40 per cent to the loss calculated from the curves 
obtained on stationary samples when estimating the iron loss in 
an armature back of its teeth, at 25, 40, and 60 cycles respectively. 
For teeth he recommends adding 30, 60, and 80 per cent, at the 
same frequencies.^ These values are quoted here merely to give 
a general idea of the magnitude of the excess of core loss in revolv- 
ing machinery; a responsible designer should compile the values 
of such coefficients from actual tests made on the particular class 
of machines which he is designing. 

Some engineers do not use for revolving machinery values of 
core loss obtained on stationary samples, but plot the curves of core 
loss obtained directly from tests on machines of a particular kind, 
for various frequencies and flux densities. This is a reliable and 
convenient method provided that sufficient data are available to 
separate the core loss in the teeth from that in the core itself. Mr. 
H. M. Hobart advocates this method, and curves of core loss 

^Hanssen, “Calculation of Iron Losses in Dynamo-electric 
Tram. Amer. Inst. Blec. Eng., Vol. 28 (1909), Part II, p. 993. 
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obtained directly from actual machines will be found in his several 
books on electric machine design. 

It is customary now to characterize a lot of steel laminations 
with respect to its core loss by the co-called of loss (Verlust- 

ziffer), which is the total core loss in watts per unit of weight, at a 
standard frequency and flux density. In Europe the figure of loss 
is understood to be the watts loss per kilogram of laminations, at 
50 cycles and at a flux density of 10 kilolines per square centimeter; 
the test to be performed in an Epstein apparatus under definitely 
prescribed conditions.^ Sometimes a second figure of loss is 
required, referring to a density of 15 kilolines per square centi- 
meter, when the laminations are to be used at high flux densities. 
In this country a figure of loss is sometimes used which gives the 
watts loss per pound of material at 60 cycles and at a flux density 
of 60 kilolines per square inch (or else at 10 kilolines per square 
centimeter; see the paper mentioned in problem 20 below). 

In some cases it is required to estimate the hysteresis and the 
eddy current losses separately ; also it is sometimes necessary to 
separate the two losses knowing a curve of the total loss. These 
calculations are explained in the articles that follow. 

Prob. 13. The core of a 60-cycle transformer weighs 89 kg.; the 
gross cross-section of the core is 8 by 10 cm., of which 10 per cent is taken 
by the insulation between the laminations. The total flux alternates 
betw^een the values of ±0.49 megaline. If the core is made of gauge 26 
good carbon steel, what is the total core loss according to the curves in 
Fig. 10? Solution: The flux density is 490/(8x10x0.9) ==6.8 kl/sq. cm. 
The core loss per cubic decimeter at this density and at 60 cycles is, 
according to the curve, equal 13 watts. The volume of the laminations, 
including the insulation, is 89/7 =12.7 cu. dm. The total loss is 13 X 
12.7 = 165 watts. 

Prob. 14. What flux density could be used in the preceding problem 
if the core were made of silicon-steel laminations, gauge 29, provided that 
the total core loss be kept the same in both cases? 

Ans. About 9 kl/sq. cm. 

Prob. 16. Calculate the core loss in the stationary armature of a 60- 
cycle 450-r.p.m. alternator of the following dimensions: bore 180 cm.; 
gross axial length 24 cm.; two air-ducts 0.8 cm. each; radial width of 
stampings back of the teeth, 15 cm.; the machine has 144 slots, 2 cm. 
wide and 4.5 cm. deep. The core is made of 26-gauge good carbon steel; 
the useful flux per pole is 4.65 megalines, and two-thirds of the total num- 
ber of teeth carry the flux simultaneously. Use Mr. Hanssen^s coefflcients. 

1 See Elektrotechnische Zeitschrift, Vol. 24 (1903), p. 684. 
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Note: All parts of the core and all the teeth are subjected to complete 
cycles of magnetization in succession; therefore, in calculating the core 
loss the total volume of the core and of the teeth must be multiplied by 
the loss per cubic decimeter, corresponding to the maximum magnetic 
density in each part. *The density in a tooth varies along its length, 
being a maximum at the tip. The average density may be assumed to be 
equal to that at the middle of the teeth. Ans. About 9 kw. 

20. Practical Data on Hysteresis Loss. The energy lost in 
hysteresis per cycle per kilogram of a given material depends only 
upon the maximum values of B and and does not depend upon 
the manner in which the magnetizing current is varied with the time 
between its positive and negative maxima. It is only at very high 
frequencies, such as are used in wireless telegraphy, that the par- 
ticles of iron do not seem to be able to follow in their grouping the 
corresponding changes in the exciting current. With such high 
frequencies iron cores are not only useless, but positively harmful. 
However, at ordinary commercial frequencies the loss of power 
Ph due to hysteresis is proportional to the number of cycles per 
second and can be expressed as 

Ph=f'V'F(B) watt., 

where /is the number of magnetic cycles per second, V is the vol- 
ume of the iron, and F(B) is a function of the maximum flux den- 
sity B. FiB) represents the loss per cycle per cubic unit of 
material, and is therefore equal to the area of the hysteresis loop 
in Eig. 7. 

One can assume empirically that the unit loss per cycle, F (B ) , 
increases as a certain power n of jB, this power to be determined 
from tests. The preceding formula becomes then 

Ph=y]fVB‘^ wM., (20) 

where rj is an empirical coefficient which depends upon the quality 
of the iron and upon the units used. Dr. Steinmetz found from 
numerous experiments that the exponent n varies between 1.5 and 
1.7, and proposed for practical use the formula 

Ph^r)fVB^-^XlO~'^ W2ittj .... ( 21 ) 

where the factor is introduced in order to obtain convenient 
values for r} when B is in maxwells per square centimeter, and V 
is in cubic centimeters. It is more convenient for practical calcula- 
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tions to use B in kilolines per square centimeter, and V in cubic 
decimeters. In this case the constant 10“'^ is not necessary (see 
Prob. 17 below) ; but the student must now remember to multiply 
by 6.31 the values of found in the various pocketbooks. 

Hysteresis loss carxnot be represented always with sufficient 
accuracy by formula (21) or (20) over a wide range of values of J5, 
because the exponent n itself seems to increase with B. Where 
greater accuracy is required at medium and high flux densities the 
following formula may be used: 

P;,=/7(7^'5 + V'R2) (21a) 

In this formula the term with automatically becomes of more 
and more importance as B increases. By selecting proper values 
for rf and a given experimental curve of loss can be approxi- 
mated more closely than by means of formula (21). On the other 
hand, formula (21) is more convenient for comparison and analysis. 

Curves of hysteresis loss and values of the constant t] will be 
found in various handbooks and pocketbooks. It is hardly worth 
while giving them here, because hysteresis loss varies greatly with 
the quality of iron and with the treatment it is given before use. 
Moreover, the quality of the iron used in electrical machinery is 
being improved all the time, so that a value of t) given now may 
be too large a few years from now. 

Considerable effort is being constantly made to improve the 
quality of the iron used in electrical machinery so as to reduce its 
hysteresis loss. The latest achievement in this respect is the pro- 
duction of the so-called silicon steely also called alloyed steely which 
contains from 2.5 to 4 per cent of silicon. This steel shows a much 
lower hysteresis loss than ordinary carbon steel. Incidentally, 
the electric resistivity of silicon steel is about three times higher 
than that of ordinary steel, so that the eddy-current loss is reduced 
about three times. The advantage that silicon steel has over car- 
bon steel is clearly seen in Fig. 10. Silicon steel is largely used 
for transformer cores because it permits the use of higher flux 
densities, and therefore the reduction of the weight and cost of a 
transformer, in spite of the fact that silicon steel itself costs more 
per kilogram than carbon steel. 

Another great advantage of silicon steel is that it is practically 
non-aging] this means that the hysteresis loss does not increase 
with time. An increase in the hysteresis loss of a transformer 
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during the first few years of its operation used to be a serious 
matter in the design and operation of transformers, because of the 
subsequent overheating of the core and of the coils. Silicon steel 
shows practically no increase in its hysteresis loss after several 
years of operation. Moderate heating, which considerably in- 
creases the hysteresis loss in ordinary steel, has no effect on silicon 
steel. 

Impurities which are of such a nature as to produce a softer 
iron or steel and a material of higher permeability, are as a rule 
favorable to the reduction of the hysteresis loss, and vice versa. 
Mechanical treatment and heating are also very important in their 
effects on hysteresis loss. In particular, punching and hammering 
increases hysteresis loss, while annealing reduces it. Therefore 
laminations are always annealed carefully after being punched 
into their final shape. 

The requirements for the steel used in permanent magnets are 
entirely different from those for the cores of electrical machinery. 
In permanent magnets a large and wide hysteresis loop is desired, 
because it means a high percentage of residual magnetism (ratio 
of CO to AP, Fig. 7) and a large coercive force, OF. Both are 
favorable for obtaining strong permanent magnets of lasting 
strength. Combined carbon is particularly important for obtain- 
ing these qualities, as is also the proper heat treatment after mag- 
netization. 

Prob. 16. In the 60-cycle transformer given in prob. 13, the core 
weighs 89 kg. and is made of 26 gauge good carbon steel. The maxi- 
mum flux density is 6.8 kl,/sq. cm. What is the hysteresis loss assuming 
rj to be equal to 0.0012? Ans. About 124 watt. 

Prob. 17. What is the constant in formula (21) in place of 10-^, if, 
with the same t], the density R is m kilo-maxwells per sq. cm., and the 
volume is in cubic decimeters? Ans. 6.31. 

Prob. 18. Show how to determine the values of r) and n in eq. (20), 
knowing the values Wi and Wz of the energy lost per cycle at two ^ven 
values of maximum flux density, Bi and Bz- 

Ans. n«(log IFs-log TFi)/(log Rjr-log BO- 

Prob. 19. The following values of hysteresis loss per cu. decimeter 
have been determined from a test at 25 cycles (after eliminating the eddy 
current loss) ; 

Flux density in M/sq.cm., B*«5.0 I 6.5 8. 0 110.0 

Hysteresis loss in watts, P^«*1.30 1 2.00 2.88 1 

What are the values of 77 and n in formula (20)? Suggestion; 
Use logarithmic paper to determine the most probable value of by 
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drawing the straight line log Pk = n log R+log Const. See the author’s 
Experimental Electrical Engineering, VoL, 1, p. 202. 

Ans. = 0.00368 

21. Eddy Current Loss in Iron. With the thin laminations 
used in the cores of electrical machinery the eddy-current loss in 
watts can be represented by the formula 

Pe=sV{tfB)^, ( 22 ) 

where £ is a constant which depends upon the electrical resistivity 
of the iron, its temperature, the distribution of the flux, the wave 
form of the exciting current, and the units used. V is the volume 
or the weight of the core for which the loss is to be computed; t is 
the thickness of laminations, / the frequency of the supply, and B 
the maximum flux density during a cycle. If B is different at 
different places in the same core, the average of these should 
be taken, (B is the time maximum but the space average). 
Sometimes formula (22) contains also 10 to some negative power 
in order to obtain a convenient value of £. 

Formula (22) can be proved as follows: The loss of power in a 
lamination can be represented as a sum of the i^r losses for the 
small filaments of eddy current in it. But i^r^e^jr; it can be 
shown that the expression in parentheses in formula (22) is pro- 
portional to the sum of e^/r per unit volume. When the frequency 
/ increases say n times, the rate of change of the flux, d(P/dt, and 
consequently the e.m.fs. induced in the iron are also increased n 
times. Therefore, the loss which is proportional to increases 
times. In other words, the loss is proportional to the square of 
the frequency. Similarly, the induced voltage is proportional to 
the flux density and consequently, the loss is proportional to B^. 

To prove that the loss is proportional to the square of the 
thickness of laminations one must remember that increasing the 
thickness n times increases the flux and the induced e.m.f. within 
any filament of eddy current also n times. But the resistance of 
each path is reduced n times (neglecting the short sides of the rect- 
angle), Consequently, the expression e^/r is increased times. 
However, inasmuch as the volume of the lamination is also 
creased n times, the loss per unit volume is only times larger. In 
other words, the loss per unit volume increases as P'. A more 
rigid proof of this proposition is given in problem 21 below. 
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For values of e the reader is referred to pocketbooks; the 
• numerical values given there must, however, be used cautiously, 
because the eddy-current loss depends on some factors such as the 
care exercised in assembling, and the actual distribution of the 
flux, which factors can hardly be taken into account in a formula. 
As a matter of fact, formula (22) is used now less and less in prac- 
tical calculations, the engineer relying more upon experimental 
curves of total core loss (Fig. 10) . 

Prob. 20. According to the experiments of Lloyd and Fischer [Trans- 
Amer. Inst. Elec. Engs. ^ Vol. 28 (1909), p. 465] the eddy-current loss in 
silicon-steel laminations of gauge 29 (0.357 mm. thick) is from 0.12 to 0.18 
watts per pound at 60 cycles and at R = 1 0,000 maxwells per sq. cm. What 
is the value of the coefficient e in formula (22) if P is in microwatts, V is 
the weight of the core in kg. (not the volume, as before) ; if also t is in mm., 
and J5 is in kilolines per sq. cm.? 

Ans. From 5.78 to 8.67 ; 7.2 is a good practical average. 

Prob. 21. Prove that the loss of power caused by eddy currents, per 
unit volume of thin laminations, is proportional to the square of the thick- 
ness of the laminations. Solution : The thickness t of the sheet (Fig. 9) 
being by assumption very small as compared with its width a, the paths 
of the eddy current may be considered to be rectangles of the length a and 
of different widths, ranging from t to zero. Consider one of the tubes of 
flow of current, of a width 2x, thickness dx, and length I in the direction 
of the lines of magnetic force. Let the flux density vary with the time 
between the limits ±B. Then the maximum flux linking with the tube 
of current under consideration is approximately equal to 2axB] therefore, 
the effective value of the voltage induced in the tube can be written in the 
form e^CaxBfj where C is a constant, the value of which we are not con- 
cerned with here. The resistance of the tube is p{2a +4:x)/(ldx)j or very 
nearly 2ap/{ldx). Thus we have that the Pr loss, or the value of e^/r 
for the tube under consideration, is dPe^C’^ax^B^pidx/2p. Integrat- 
ing this expression between the limits 0 and t/2 we get Pe=C^at^B'^pl / 4Sp. 
But the volume of the lamination is V =atl. Dividing P by F we find 
that the loss per unit volume is proportional to {tfBy.^ 

Prob. 22. Prove that the loss of power by eddy currents per unit 
volume in round iron wires is proportional to the square of the diameter of 
the wire. The flux is supposed to pulsate in the direction of the axes of 
the wires,' and the lines of flow of the eddy currents are concentric circles 
Hint : Use the method employed in the preceding problem. 

22. The Separation of Hysteresis from Eddy Currents. It is 

sometimes required to estimate the total core loss for a thickness 

^For a complete solution of this and the following problem, including 
the numerical values of C, see Steinmetz, Alternating Current Phenomena 
(1908), Chap. XIV. 
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of steel laminations other than those given in Fig. 10, or at a differ- 
ent frequency. For this purpose, it is necessary to separate the 
loss due to hysteresis from that due to eddy currents, because the 
two losses follow different laws, expressed by eqs. (20) and (22) 
respectively. 

In order to separate these losses at a certain flux density it is 
necessary to know the value of the total core loss at this density, 
and at two different frequencies. For a given sample of lamina- 
tions, the total core loss P at a constant flux density and at a 
variable frequency /, can be represented in the form 

P = iJ/+F/2, (23a) 

where Hf represents the hysteresis loss, and Pp the eddy or Fou- 
cault current loss. H is the hysteresis loss per cycle, and F is the 
eddy-current loss when / is equal to one cycle per second. Writing 
this equation for two known frequencies, two simultaneous equa- 
tions are obtained for H and P, from which H and F can be deter- 
mined. 

In practice the preceding equation is usually divided by /, be- 
cause in the form 

P/f^HfFf, (23&) 

it represents the equation of a straight line between P/f and /. 
This form is particularly convenient when the values of P are 
known for more than two frequencies. In this case the values of 
P/f are plotted against / as abscissae, and the most probable 
straight line is drawn through the points thus obtained. The 
intersection of this straight line with the axis of ordinates gives 
directly the value of H, After this, F is found from eq. (236). 

Knowing H and P at a certain flux density, the separate losses 
Hf and Fp can be calculated for any desired frequency. For the 
same material, but of a different thickness, the hysteresis loss per 
kilogram weight is the same, while the eddy-current constant P 
varies as the square of the thickness, according to eq. (22). Thus, 
knowing the eddy loss at one thickness it can be estimated for any 
other thickness. 

It is sometimes required to estimate the iron loss at a flux den- 
sity higher than the range of the available curves; in other words, 
the problem is sometimes put to extrapolate a curve like one of 
those in Fig. 10. There are two cases to be considered. 
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(A) If two or more curves for the same material are available, 
taken at different frequencies, the hysteresis is first separated from 
the eddy-current loss as is explained before, for several flux densi- 
ties within the range of the curves. Then the exponent, according 
to which the hysteresis loss varies with the flux density is found, 
by plotting the hysteresis loss to a logarithmic scale (see problems 
18 and 19 above). Finally the two losses are extrapolated. In 
extrapolating, the hysteresis loss is assumed to vary according to 
the same law, and the eddy current loss is assumed to vary as the 
square of the flux density; see eq. (22). 

(B) Should only one curve of the total loss be available for 
extrapolation, this curve may be assumed to be a parabola of the 
form P=aB+bB^. Dividing the equation throughout by B we 
get 

P/B^a + bB (24) 

This is the equation of a straight line between P/B and B, Plot- 
ting P/B against the values of B as abscissse, a straight line is 
obtained which can be easily extrapolated. In some cases the 
values of P/B thus plotted give a line with a perceptible curva- 
ture. Nevertheless, the curvature is much smaller than that of 
the original P curve, so that the P/B curve can be extrapolated 
with more certainty, especially if the lower points be disregarded A 

Prob. 23. From the curves in Fig. 10 calculate the core loss per cubic 
decimeter of 29-gauge silicon-steel laminations, at a flux density of 10 
kl/sq.cm. and at 40 cycles. Ans. About 10 watts. 

Prob. 24. Using the data obtained in the solution of the preceding 
problem calculate the figure of loss of 26-gauge laminations at 60 cycles. 

^ Ans. 2.7 watt /kg. 

Prob. 26. Check fhe curve of total core loss for the ordinary carbon 
steel at 40 cycles with the curves for 25 and 60 cycles. 

Prob. 26. Extrapolate the curve of core loss for the silicon steel at 25 
cycles up to the density of 20 kl. /sq.cm. Which of the two methods is 
preferable? Ans. ' 21 watts per cu.dm, at P«20. 

Prob. 27. Show that the core loss curve for ordinary carbon steel, at 
60 cycles, follows closely eq, (24). 

I If the P/B curve should prove to be a straight line, then it is probable 
that the hysteresis loss follows eq. 21a more nearly than eq. 20. In this case, 
even if we had data for two frequencies, method (B) would be both more 
accurate, and more simple than method (A). , 
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INDUCED E.M.F. IN ELECTRICAL MACHINERY 

23. Methods of Inducing E.M.F. The following are the prin- 
cipal cases of induced e.m.f. in electrical machinery and apparatus: 

(а) In a transformer, an alternating magnetizing current in the 
primary winding produces an alternating flux which links with 
both windings and induces in them alternating e.m.fs. A similar 
case is that of a variable current in a transmission line which 
induces a voltage in a telephone line which runs parallel to it. 

(б) In a direct-current machine, in a rotary converter, and in 
a homopolar machine electromotive forces are induced in the 
armature conductors by moving them across a stationary magnetic 
field. 

(c) In an alternator and in a synchronous motor, with a sta- 
tionary armature and a revolving field, electromotive forces are 
induced by making the magnetic flux travel past the armature 
conductors. 

(d) In a polyphase induction motor the currents in the stator 
and in the rotor produce together a resultant magnetomotive force 
which moves along the air-gap and excites a gliding (revolving) 
flux. This flux induces voltages in both the primary and the sec- 
ondary windings. 

(e) In a single-phase motor, with or without a commutator, the 
e.m.fs. induced in the armature are partly due to the transformer 
action,^’ as under (a), and partly to the '^generator action,"' as 
under (6). 

(/) In an inductor-type alternator both the exciting and the 
armature windings are stationary; the pole pieces alone revolve. 
The flux linked with the armature coils varies periodically, due to 
the varying reluctance of the magnetic circuit, because of the 
motion of the pole pieces. This, varying flux induces an alternating 
e.m.f. in the armature winding. Or else, one may say that the 
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flux travels along the air-gap with the projecting poles, and cuts 
the armature conductors. 

(g) Whenever the current varies in a conductor, e.m.fs. arc 
induced not only in surrounding conductors but also in the con- 
ductor itself. This e.m.f. is called the e.ni.f. of self-induction. 
Such e.m.fs. are present in alternating-current transmission lines, 
in the armature windings of alternating-current machinery, etc. 
While the e.m.f. of self-induction does not differ fundamentally 
from the transformer action mentioned above, its practical aspect 
is such as to make a somewhat different treatment desirable. 
Inductance and its effects are therefore considered separately in 
chapters X to XII below. 

All of the foregoing cases can be reduced to the following two 
fundamental modes of action of a magnetic flux upon an electrical 
conductor: 

(1) The exciting magnetomotive force and the winding in which 
an e.m.f. is to be induced are both stationary, relatively to one 
another; in this case the voltage is induced by a varying magnetic 
flux. Changes in the flux are produced by varying either the 
magnitude of the m.m.f., or the reluctance of the magnetic circuit. 
This method of inducing an e.m.f. is usually called the transformer 
action. 

(2) The exciting magnetomotive force and the winding in whic^h 
the e.m.f. is to be induced are made to move relatively to each 
other, so that the armature conductors cut across the lines of the 
flux. This method of inducing an e.m.f. is conventionally referred 
to as the generator action. 

By analyzing the transformer action more closely it can be 
reduced to the generator action, that is to say to the cutting ’’ of 
the secondary conductor by lines of magnetic flux or force. Tins is 
so, because in reality the magnetic disturbance spreads out in all 
directions from the exciting winding, and when the current in the 
exciting winding varies the magnetic disturbance travels to or 
from the winding in directions perpendicular to the lines of force 
(Fig. 11). This traveling flux cuts the secondary conductor and 
induces in it an e.m.f. However, the question as to whether an 
e.m.f. is induced by a change in the total flux within a loop, or by 
the cutting of a conductor by a magnetic flux is still in a somewhat 
controversial state although Hering's experiment is a strong 

^ Carl Hering, Imperfection in the Usual Statement of the Funda- 
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argument in favor of the theory of cutting of lines of force. 
He showed that no e.m.f. is induced in an electric circuit when a 
flux is brought in or out of it without actually cutting any of the 
conductors of the electric circuit. For practical purposes it is 
convenient to distinguish the transformer action from the genera- 
tor action, so that the matter of unifying the statements (1) and 
(2) into one more general law is of no immediate importance. 

24. The Formulae for Induced E.M.F. In accordance with the 

definition of the weber given in Art. 3, we have 

e^^dOjdt, (25) 

where e is the instantaneous e.m.f. in volts, induced by the trans- 



Fig. 11, — E.M.F. induced by transformer action. 


former action in a turn of wire which at the time t is linked with a 
flux of 0 webers. The value of e is determined not by the value of 
0 but by the rate at which 0 varies with the time. In the case of the 
generator action dd^ in formula (25) represents the flux which the 
conductor under consideration cuts during the interval of time dt. 

It can be shown that the two interpretations of d0 lead to the 
same result. Namely , in the case of the transformer action (Fig. 11) , 
the new flux, d(?, is brought within the secondary turn by cutting 
through the conductor of this turn. Therefore, in the case of the 

mental Law of Electromagnetic Induction, Trans. Amer. Inst Elec. Engs., 
Vol. 27 (1908), Part. 2, p. 1341. Fritz Emde, Das Induktionsgesetz, Elek- 
trotechnik und Maschinenbau, Vol. 26 (1908); Zum Induktionsgesetz, ibid., 
Vol. 27 (1909) ; De Baillehache, Sur la Loi de ITnduction, Bull. SocieU Inter-- 
nationale des Electriciens, Vol. 10 (1910), pp. 89 and 288. 
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traiKsfoniier action d0 can als<» Ix^ consitltn't'd as tiu^ liux wiiich cuts 
tlvc loop during the iinu^ <i(^ the sanu^ us in tlu‘ giaua'utor act ion. 
On the other hand, the moving condu<*tor in a generator is a part 
of a turn of wire, and any Ihix wiucli it cuts (‘it Ian- in(‘ivasc‘s or 
decreases the total flux linking with 1 h(‘ loop. ( ’ons(‘(|U(‘nt ly ^ in th(‘ 
case of the generator action (i(P can 1 h‘ intt‘rpri‘t(‘d us th(‘ change^ of 
flux within the loop, the sanu‘ as in tlu' Iranslornuu' action, Thus, 
the mathematical expiTssion for the imluc(*d (‘.ni.f. is th(‘ Hnnu‘ 
in both cases, providcal that the prop(‘r iutiu'protatiou is given to 
the value of (l(P. 

The sign minus in formula (26) is luuhu'stood with ndercau'c^ to 
the right-hand screw rule (Art. 1), i.(n, with n'h'rmua* to thi‘ dirt'c- 
tion of the current which would flow ns a n^sult of th(‘ indiuaxl 
electromotive force. Namely, the law of tlu' eonscu'vat i<m (d' 
energy requires that this indueed current must oppose* any change 
in the flux linking with the secondary circuit . If this were other- 
wise, a slight incmase in the flux would remult in a further indefinite 
increase in the flux, and any slight motion of a conduettu* across a 
magnetic field would lielp furtluu’ itiotion. 

The positive direction of the indueed e.tn.f. is unth*rstood to he 
that of the primary curremt which excit(*H the flux at tin* rnornemt 
under consideration. If the (lux linked with tin* stToiulary eiinniit 
increases, (W/dt in formula (26) is positive*, hut tin* s(*condary 
current must be opposite to the primary in or(h*r f(^ opp<»w* the 
increase. Thus, the secondary current is negative, and by assump- 
tion the induced e.rn.f. e is also negative. l'lu*n*fore, tin* sign 
minus is necessary in the formula. U’hen the (lux de(ut*aHC‘s, 
d^/dt is negative, hut the secondary curr(*nt is positive, hecauw^ it 
must oppose the reduction in (lux. Hence, in order to !nake e a 
positive quantity, the sign minus is again necessniy. 

The following two special cases of formula (26) are exuivenient 
in applications. Formula (26) . gives the instantaneous value of 
the induced e.mi.; it is in some .ciwes it*quir<Hi to know the 
average e.rn.f. induced during a finite change of the flux from #| 
to 02 - % definition, the average e.mi. is 



where h is the initial moment and ^2 the final moment of the 
interval of time during which the change in the flux takes place. 
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Substituting in this equation the value of e from (25), and integ- 
rating, we get 

eave=={^l-^2)/{t2-ti) (26) 

This shows that the average value of an induced e.m.f. does 
not depend upon the law according to which the flux changes with 
the time, and is simply proportional to the average rate of change 
of the flux. 

As another special form of eq, (25) consider a straight con- 
ductor of a length Z centimeters moving at a velocity of v centi- 
meters per second across a uniform magnetic field of a density of B 
webers per sq. cm. Let B, Z, and v be in three mutually perpendic- 
ular directions. The flux d0 cut by the conductor during an infini- 
tesimal element of time dt is equal to Blvdt. Substituting this 
value into eq. (25) we get, apart from the sign minus, 

e=^Blv (27) 

Should the three directions, B, Z, and be not perpendicular to 
each other, Z in eq. (27) is understood to mean the projection of 
the actual length of the conductor, perpendicular to the field, and 

V is the component of the velocity normal to B and Z. Both B and 

V may vary with the position of the conductor, in which case eq. 
(27) gives the value of the instantaneous voltage. If, at a cer- 
tain moment, the various parts of the conductor cut across a field 
of different density, eq. (27) must be written for an infinitesimal 
length of the conductor, thus: de=Bv-dlj and integrated over 
the whole length of the conductor. 

Besides the rule given above, the direction of the e.m.f. induced 
by the generator action can also be determined by the familiar 
three-finger rule, due to Fleming, and given in handbooks and ele- 
mentary books on electricity. This rule is useful beause it empha- 
sizes the three mutually perpendicular directions, those of the 
flux, the conductor, and the relative motion. In applying this 
rule to a machine with a stationary armature one must remember 
that the direction of the motion in Fleming's rule is that of the 
conductor, and therefore is opposite to the direction of the actual 
motion of the magnetic field. 

Problem 1. A secondary winding is placed on the ring (Fig. 1) and is 
connected to a ballistic galvanometer. Let the number of turns in the 
secondary winding be n, the flux linking with each turn be 0 webers, and 
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the total resistance of the secondary circmt be r ohms. Show th, 
the current in the primary winding is reversed, the discharge 
tne galvanometer is equal to 2n0/r, in coulombs. 

Prob. 2. A telephone line runs parallel to a direct-current 
feeder for 20 kilometers. When a current of 100 amperes flows 
the feeder a flux of 2 kilo-maxwells threads through the telepho 
per meter of its length. What is the average voltage induced in ■ 
phone line when the current in the trolley feeder drops from 600 to 
within 0.1 sec.? Ans. 22 

Prob. 3. Determine the number of armature conductors in se: 
550 volt homopolar generator of the axial type, running at a pe 
speed of about 100 meters per sec., when the length of the armat 
is 50 centimeters, and the flux density in the air-gap is between 1^ 
kilolines per sq. cm. Note: For the construction of the machine 
Standard Handbook, index, under “ Generators, homopolar.^^ 

An 

Prob. 4. Draw schematically the armature and the field windi; 
shunt-wound direct-current generator, select a direction of rotati 
show how to connect the field leads to the brushes so that the i 
will excite itself in the proper direction. 

Prob. 6, From a given drawing of a direct-current motor pre 
direction of rotation. 

Prob. 6. In an interpole machine the average reactance volt 
commutator segment during the reversal of the current is calculate 
equal to 34 volts. What is the required net axial length of the c 
tating pole to compensate for this voltage if the peripheral speed 
machine is 65 meters per second, and the flux density under the 
6 kl. /sq.cm.? The armature winding has two turns per commuta 
ment. Ans. 22 

26. The Induced E.M.F. in a Transformer. The three 
of transformers used in practice are shown in Figs. 12, 13, a 
Considering the iron core as a magnetic link, and a set of p] 
and secondary coils as an electric link, one may say that th< 
type transformer has one magnetic link and two electric 
the shell-type has one electric link and two magnetic link, 
combination or cruciform type has one electric and four ma 
links. Still another type, not used in practice, can be ob' 
from the core-type by adding two or more electric links to th< 
magnetic link. Each electric link is understood to consist < 
windings: the primary and the secondary. 

When the primary winding is connected to a source of con 
potential alternating voltage and the secondary winding i; 
nected to a load, alternating currents flow in both windings a 
alternating magnetic flux is established in the iron core. 
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primaiy electric circuit, that is, the one connected to the source of 
power, were perfect, that is, if it possessed no resistance and no 
reactance, the alternating magnetic flux in the core would be the 
same at all loads. It would have such a magnitude that at any 
instant the counter-e.m.f. induced by it in the primary wind- 
ing would be practically equal and opposite to the impressed 
voltage. In reality the resistance and the leakage reactance of 
ordinary commercial transformers are so low that for the purposes 
of calculating the magnetic circuit the primary impedance drop may 
be disregarded, and the mag- 
netic flux considered constant \ 

and independent of the load. ^ ] 

If the primary applied volt- I \ I ^ — i i r -L 

age varies according to the sine 
law, which condition is nearly 
fulfilled in ordinary cases, the 
counter-e.m.f ., which is practi- 
cally equal and opposite to it, 
also follows the same law. 

Hence, according to eq. (25), 

the magnetic flux must vary A 

according to the cosine law, ^ 
because the derivative of the ^ 
cosine is minus the sine. In ^ 

other words, both the flux and _ 

the induced e.m.f. vary accord- Fig. 12. — A core-type transformer, 
ing to the sine law, but the two 

sine waves are in time quadrature with each other. When the 
flux reaches its maximum its rate of change is zero, and therefore 
the counter-e.m.f. is zero. When the flux passes through zero its 
rate of change with the time is a maximum, and therefore the 
induced voltage at this instant is a maximum. 

Letd^mbe the maximum value of the flux in the core, in webers, 
and let / be the frequency of the supply in cycles per second. 
Then the flux at any instant t is 0==0rn<^OB 27: ft, and the e.m.f. 
induced at this moment, per turn of the primary or secondary 
winding is 

e== —d0/dt=27:f0,n sin 2?: ft. 

Thus, the maximum value of the induced voltage per turn is 
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2T:f0rn; hence the effective value in -^A-Spn. U't 

there be Ni primary turns in series; the total prinnuy voltage is 
then equal to Ni times the preceding value. Exprt^ssing the flux 
in megalines we therefore obtain the following practical formula 
for the induced voltage in a transformer: 

£:i=4.44/iVi(2>„10-2 (28) 



Fig. 13. — shell-type 
transfomier. 


Fia, 14.—A ernelform-type 
tmtisfowaiir. 


In practice, Ei is assumed to be equal and opposite to the applied 
voltage (for calculating the flux only, but not for determining the 
voltage regulation of the transformer). Formula ( 28 ) holds also 
for the secondary induced voltage E2 if the number of secondary 
turns in series N2 be substituted for Ni. The voltage per turn is 
the same in the primary and in the secondary winding; therefore, 
the ratio of the induced voltages is equal to that of the number 
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of turns in the primary and secondary windings: that is, we 
have iJi : jE '2 = iVi : iV 2 . 

Prob. 7. A 60-cycle transformer is to be designed so as to have a flux 
density in the core of about 9 kl./sq.cm.; the difference of potential 
between consecutive turns must not exceed 5 volts. What is the required 
cross-section of the iron? Ans. 210 sq.cm. 

Prob. 8 . The transformer in the preceding problem is to be wound for 
6600 V. primary, and 440 v, secondary. What are the required numbers 
of turns? Ans. 1320 and 8S. 

Prob. 9. Referring to the transformer in the preceding problem, what 
are the required numbers of turns if three such transformers are to be used 
Y-connected on a three-phase system, for which the line voltages are 6600 
and 440 respectively? Ans. 765 and 51. 

Prob. 10. In a 110-kilovolt, 25-cycle transformer for Y-connection the 
net cross-section of the iron is about 820 sq.cm, and the permissible maxi- 
mum flux density is about 10.7 kl/sq.cm. What is the number of turns 
in the high-tension winding? Ans. 6500. 

Prob. 11. The secondary of the transformer in the preceding problem 
is to be wound for 6600 v., delta connection, with taps for varying the 
secondary voltage within ±5 per cent. Specify the winding. 

Ans. 709 turns; taps taken after the 34th and 68th turn. 

Prob. 12. Explain the reason for which a 60-cycle transformer usually 
runs hot even at no load, when connected to a 25-cycle circuit of the same 
voltage. Show from the core-loss curves that the voltage must be 
reduced to from 75 to 85 per cent of its rated value in order to have the 
normal temperature rise in the transformer, at the rated current. 

Prob. 13. Show graphically that the wave of the flux, within a trans- 
former, becomes more and more peaked when the wave of the applied e.m.f . 
becomes more and more flat, and vice versa. Hint : The instantaneous 
values of e.m.f. are proportional to the values of the slope of the curve of 
flux. 

Prob. 14. The wave of the voltage impressed upon a transformer has 
a 15 per cent third harmonic which flattens the wave symmetrically. Show^ 
analytically that the corresponding flux wave has a 5 per cent third har- 
monic in such a phase position as to make the flux wave peaked. 

26. The Induced E.M.F. in an Alternator and in an Induction 
Motor. Part of a revolving field alternator is shown in Fig. 15. 
The armature core is stationary and has a winding placed, in slots, 
which may be either open or half closed. The pole pieces are 
moimted on a spider and are provided with an exciting winding. 
When the spider is driven by a prime mover the magnetic flux 
sweeps past the armature conductors and induces alternating 
voltages in them.i in order to obtain an e.m.f. approaching a sine 

■> For details concerning the different types of armature windings see the 
author’s Experimental Electrical Eimineering, Vol. 2, Chap. 30. 
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wave as nearly as possible the pole shoes are shnpetl as 
in the sketch, that is to say, so as to lunke a variahh* ait'-fjj 
thus grade the flux density from the I'enter of t he pole to t la- 
in high-speed turho-idteruators the field stnteture often 
smooth surface, without projecting pt>les tl-'ig. tkil. m <ir 
reduce the noise and the windage loss. Sta-h a struelun- 
stronger mechanically flum one with projecting pole.s. 1 la 
ing of the flux is secured hy di.sf rihuting the th-ld winding ii 
so that the whole m.m.f. acts on only part of the pole pitch, 
Consider a comluctor at u tluring the iitterval of time i 
which the flux moves by one pole pitch r. 'I'lie average 
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induced in the conductur in, acctutiing !<* ri|. l.’illK In 

where 0 iB the total flux jn‘r i»tdc» in iiiicI I* ii^ flit* t 

one complete cycle, coiTeHptnuling to 2r the wjmre of fw- 
pitchen. But m> that the average vtitiiige iiniure 

conductor in 




The value of thus dmw not depeml upon the distriluif itm 
flux 0 in the air-gap. 

If the polo-pieces arc Kha{>cd so as to give an up{»mxit 
sinusoidal distribution of flux in the air-gap, the inchn-ed e, 
also approximately a sine wave, and the ratio Is-iwis-n the 
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ive and the average vahu^n of the voltagen is equal to i 7 tfV 2 
or l.l Id If ilu' nhape of the induced (Mu.f. de|)arti^ widely from the 
wav(‘ t-lu^ curve must be plotted and its foian factor 

(k'Uu’iuinc'd by one* of tlu^ known methods (see the Electric Cir- 
cuit), L(‘t the' form factor in ^>;ciu‘ral be x ^^^^d let the machine 
have' N armature' t urns in se'rie's pe'r phase', eyr what is the same, 
2N condue*tors in se'ric's. The' teytal induce'd e.mi. in effeedive 
ve)ltH is tiu'n 

E^2fx02N (30) 

This fornuha pre'HUppe)S('H that, there is but eyne sleyt per pole per 
|)has(', se) that the' e.nt.fs. induce'd in the se'parate ceynelueitors are all 
in phases wit h each other, and that thehr value's are simply addend 
teygetlu'r. In reality, there' is usually meyre than eyne sleyt per pole 
per phase!, feyr practical reasons discusse'd in the next artieJe. It 
will be se'C'U freym the! figure that the e.m.fs. indueted in adjacent 
slots are seymewhat out of phase with e'ue^h other, because the crest 
e)f the! flux reache's dilTeremt slots at dilTerent times. Therefore, 
tlie n'Hult.ant voltage' of the machine is somewhat smaller than that 
ac'cording to the jyree'C'ding fontuila. The indueme^c of the dis- 
tributieyn of the' winding in the slots is taken into acceyunt by mul- 
tiplying tlie value! eyf E in the preceding fcyrmula by a ceyefficient 
whic'h is smalle'r than unity and which is called tlu! breadth factor. 
Intreydueing this factor, and assuming which is accurate 

c'nough for good commercial alternators, we obtain 

IC^^4A4kfN0\{)-^, (31) 

wli(!rc! 0 is now in megalines. Values of are given in the articles 
that follow. 

Formula (31) applies equally well to the polyphase induction 
rtieytor or ge'in'rator, lliei*e we also have a uniformly revolving 
(lux in the' air-gap, tlie flux density being distrilnited in space, 
according to the sine law. This gliding flux induces e .mis. in the 
stator and rotor windings. The only difTeren(!e between the two 
kinds of maehines is that in the synchronous alternator the field is 
made to revolve by mechanical means, while in an induction 
machine the fic'ld is excited by the polyphase currents flowing in 

^ For the proportions of a ixile^hoe which very nearly pve a sine wave 
see Arnold, Werfmditnm^tmhnikt Vol, 3, p, 247. 
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the stator and rotor windings. The formula of lids ohiipitn* a!, 
apply without change to t lie synchronous motor, bemuse the c*un 
striiction and the operation of the latter art* identicul with llios«‘ 
an alternat(u*; the only difTerence htnng iliat an alteniator tniiis 
forma mechanical energy into electrical energy, while a s\ ncliro 
nous motor transforms (uuu-gy in the nwersi' iiireciitui. In nil 
cases the inclueed voltage is undersUHnl and not the line vulf iige 
The latter may dilTer considerably from the f(»rmei\ due to the 
impedance drop in the stator wintling. 

Prob. 15. A delta-connected, 2a(K) v., tH) cvido, ILtS.o r.p.in. nlfrrnafor 
is estimated to have a useful Ilux of about :i\> mcgnlines prr poll*. If tlir 
machine has one slot per pole per phase how tiiiuiy contlm-tor^ per an^ 
needed? 

Prob. 16. A UK),CKK) cycle alternator for windeiis work bus <»fHM*onilta* 
tor per pole and (UK) i)oles. The ratinl voltage at tui kind Is 1 10 v. WItal 
is the flux per polo atid the Bpmi of the inaehine? 

Aim. H2.5 maxwells; 2CMMMI r.p.m. 

Prob. 17. It is desircxl to dc^sign a line of indiietk»n nuit4}ri4 for ii per* 
ipheral speed of 50 met, [>er man, the niaximum deiiKity In the nlr gup in 
about () kilolincH per scpcm. What will Im the maximum voltngt* indueixl 
per meter of active length of the stator coiidurtors? Hint: hiriiiulii 

(27). Aim. :i'0v«df. 

Prob. 18. Formula (31) is dcxiucixl under the lu^sumpt ion ihat ew h 
armature conductor is subjectiHl tc^ the “cutting iiction of the whole 
flux. In reality, almost the whole flux pasm^s thnnigh the betwi^m 
the conductors, so that it may mxun U|wjii a superfieiitt Insperfiius fhitl 
little voltage could Ihj inducixl in the eonduetcu>« which are emla^ltlril in 
slots. Show that Hindi is not the easi*, and Iliat tdm same iiveriige volliige 
is induced in the (‘oiuiuctors plnml in eompletidy clow! tiJ4 $ii the 

conductors jdaced on the surfaee of a atinMith-lwwly lirritiifure. Ilinl 
When the flux moves, the same amount of iiiitgiielie disturlianeti 
pass in the tangential direction through the slots im tlirougli the 

Prob. 19. Deduce eq. (31) dirf'ctly from tH|. (271. C jiii «|. 1*111 
derived considering the e.rn.f. to lx* iiuiuettd by tlie immtumwf itelion? 

27. The Breadth Factor. Arrnatiut^ eoficlurtcirfi an* iwiiiilly 
placed in more than one slot pc^r jmle fK»r phiise, for i!t<» ffiHowirii 
reasons : 

(а) The distribution of the magnetie field in iticiri' iiiiiftiriri, 
there being less bunching of the flux under thii teeth ; 

(б) The induced e.m.f, has a In^tter wave form; 

(c) The leakage reactance of the winding is reditred; 

(d) The same armature punching can teu«d for riiarliiiitw with 
different numbers of poles and phi^s; 
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ie) The mechanical arrangement and cooling of the coils is 
somewhat simplified. 

The disadvantage of a large number of slots is that more space 
is taken up by insulation, and the machine becomes more expen- 
sive, especially if it is wound for a high voltage. The electromo- 
tive force is also somewhat reduced because the voltages induced 
in different slots are somewhat out of phase with one another. 
The advantages of a distributed winding generally outweigh its dis- 
advantages, and such windings are used almost entirely. Thus, 
it is of importance to know how to calculate the value of the 
breadth factor kh for a given winding. 



□ « 3 

Fig. 16. — h. fractional-pitch winding. 

In the winding shown in Fig. 15 each conductor is connected 
with another conductor situated at a distance exactly equal to the 
pole pitch. It is possible, however, to connect one armature con- 
ductor to another at a distance somewhat smaller than the pole 
pitch (Fig. 16). Such a winding is called 2 i fractional-pitch wind- 
ing, in distinction to the winding shown in Fig. 15; the latter 
winding is called a full-pitch or hundred-per cent pitch winding. 
It will be seen from Fig. 16 that, with a two-layer fractional-pitch 
winding, some slots are occupied by coils belonging to two different 
phases. The advantages of the fractional-pitch winding are: 

(а) The end-connections of the winding are shortened, so that 
there is some saving in armature copper. 

(б) The end-connections occupy less space in the axial direc- 
tion of the machine, so that the whole machine is shorter. 
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(c) In a two-pole or four-pole machine it is necessary to use a 
fractional-pitch winding in order to be able to place machine- 
wound coils into the slots. 

A disadvantage of the fractional-pitch winding is that the 
e.m.fs. induced on both sides of the same coils are not exactly in 
phase with each other, so that for a given voltage a larger number 
of turns or a larger flux is required than with a full-pitch winding. 
Fractional-pitch windings are used to a considerable extent both 
in direct- and in alternating-current machinery. 

Thus, the induced e.m.f . in an alternator or an induction motor 
is reduced by the distribution of the winding in more than one 
slot, and also by the use of a fractional-winding pitch. It is 
therefore convenient to consider the breadth factor ki^ as being 
equal to the product of two factors, one taking into account the 
number of slots, and the other the influence of the winding pitch. 
We thus put 


h-KK (32) 

where is called the slot factor and kw the tvinding-pitch factor . 

For a full-pitch winding A;w>=l, and ki^ — k^; for a fractional- 
pitch unislot winding ^^=1, and ki^kw. The factors k^ and kw 
are independent of one another, and their values are calculated 
in the next two articles. 

28. The Slot Factor k^. Let the stator of an alternator (or 
induction motor) have two slots per pole per phase, and lot the 
centers of the adjacent slots be displaced by an angle of, in electri- 
cal degrees, the pole pitch, r, corresponding to 180 electrical 
degrees. If E (Fig. 17) is the vector of the effective voltage 
induced in the conductors in one slot, the voltage i?' due to tlie 
conductors in both slots is represented graphically as the geometric^ 
sum of two vectors E relatively displaced by the angle a. We sec 
from the figure that iE'^E cos ^a, or = cos ^cx. If both sets 
of conductors were bunched in the same slot we would then have 
J5J'= 2E. Hence, in this case the coefficient of reduction in 
voltage, or the slot factor, = cosier . 

Let now the armature stamping have S slots per pole per phase, 
the angle between adjacent slots being again equal to a electrical 
degrees. Let the vectors marked E in Fig. 18 be the voltages 
induced in each slot; the resultant voltage E' is found as the geo- 
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metric sum of the JEJ’s. The radius of the circle r-=iE/smia, and 
= r sin J5a: . Therefore, 

ks = Ey SE= (sin iSa) / (S sin .... (33) 

When S==2, the formula (33) becomes identical with the expres- 
sion given before. 



Fig. 17. — diagram illustrating the slot Fig. 18. — A diagram illustrating 
factor with two slots. the slot factor with several slots. 


The angle a depends upon the number of slots and the number 
of phases. Let there be m phases; then aSm= 180 degrees, and 

a^lSOyiSm) (34) 

The values of kg in the table below are calculated by using the for- 
mulae (33) and (34). 

VALUES OF THE SLOT FACTOR kg 


Slots per Phase 
per Pole. 

Single-phase 

Winding, 

Two-phase 

Winding. 

Three-phase 

Winding. 

1 

1.000 

1.000 

1.000 

2 

0.707 

0.924 

0.966 

3 

0.667 

0.911 

0.960 

4 

0.653 

0.907 

0.958 

5 

0.647 

0.904 

0.957 

6 

0.643 

0.903 

0.956 

Infinity 

0.637 

0.900 

0.955 


In single-phase alternators part of the slots are often left empty 
so as to reduce the breadth of the winding and therefore increase 
the value of kg. For instance, if a punching is used with six slots 
per pole, perhaps only three or four adjacent slots are occupied. 
In this case, it would be wrong to take the values of kg from the 
first column of the table. If, for instance, three slots out of six 
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are occupied, the value of is the same as for a two-phaso wind- 
ing with three slots per polo per phase. 

Prob. 20. Check some of the values of given in the tal)lc above. 

Prob. 21. The armature core of a single-phase alternator is built of 
stampings having three slots per pole; two slots per pole are utiliz(ul. 
What is the value of A;,? Ans. 0.<St)(). 

Prob. 22. A single-phase machine has 8 uniformly distributed .slots per 
pole, of which only S' are used for the winding. What is the value <)f k„‘! 

Ans. Use S' in eq. (3:i) instead of S; preserve S in (np (;M). 

Prob. 23. A six-pole, 6600 v., Y-connected, 50-cyele turl) 0 -ulternator is 
to be built, using an armature with 90 slots. The estimatcHl llu.x per pole 
is about 6 megalines. How many conductors are rc(iuir(!<l per slot? 

Aim. 20. 

Prob. 24. What is the value of when the winding is distributed uni- 
formly on the surface of a smooth-body annature, ea(‘h phase covering fl 
electrical degrees? Solution: Referring to Fig. hS, is in this case eciual 
to the ratio of the chord F' to the arc of the circle which it subtemds. The 
central angle is /?, and we have k^ =* (sin§^)/(47?7r/18()®). In a three-phase 
machine ^ = 60 degrees, and therefore 0.955. This is the value given 
in the last column of the table above. 

Prob. 26. Deduce the expression for k^ given in the preceding problem 
directly from formula (33). Solution: Substituting S-eoand 

a =0, an indeterminate expression, O.oo, is obtained. But when the 
angle <x approaches zero its sine is nearly equal to the an*, so tliat the 
denominator of the right-hand side of eq. (33) approaedres the valm 
where is in radians. Changing p to degrees, the reejuired 
formula is obtained. 

29. The Winding-pitch Factor Let the distance between 
the two opposite sides of a coil (Fig. 16) be 180— 7* degrees, where 
Y is the angle by which the winding-pitch is shortened. The volt- 
ages induced in the two sides of the coil are out of phase with 
each other by the angle 7-, so that if the voltage induced in each 
side is e, the total voltage is equal to 26 Cosi) (Fig. 17). Fig. 17 
will apply to this case if we read y for the angle cv. Hence, we 
have that 


kro^ cos ly . (35) 

In practice, the winding-pitch is measured in per cent, or as a frac- 
tion of the pole pitch r. For instance, if there are nine slots per 
pole and the coil lies in slots 1 and 8, the winding-pitch is 7/9, or 
77.8 per cent. If the coil were placed in slots 1 and 10 we would 
have a full-pitch, or a 100 per cent pitch winding. Let in gen- 
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era! the winding-pitch be expressed as a fraction. Then 
f= (1 — Q180°. Substituting this value of j- into formula (35) we 
obtain 

A:„=cos [90°(l-i;)] (36) 


The values of ky, given in Fig. 19 have been calculated according 
to this formula. 



In applications, one takes the value of k, from the table, assum- 
ing the winding pitch to be one hundred per cent, and multiplies it 
by the value of k^ taken from the curve (Fig. 19). With frac- 
tional-pitch two-layer windings the value of k, corresponds to the 
number of slots per layer per pole per phase, and not to the total 
number of slots per pole per phase. This is clear from the explana- 
tion given iu the preceding paragraph. Thus, for instance, in Fig. 
16, k, must be taken for three slots and not for five slots. If one 
has to calculate the values of h often, it is advisable to plot a set 
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of curves, like the one in Fig. 19, each curve giving the values of 
for a certain number of slots per pole per phase, against per cent 
winding pitch as abscissae. 

Prob. 26. In a 4-pole, 72-slot, turbo-alternator the coils lie in slots 1 
and 13. What is the per cent winding-pitch and by what percentage is 
the e.m.f. reduced by making the pitch short instead of 100%? 

Axis. 66.7 per cent; 1 —kw = ISA per cent. 

Prob. 27. What is the flux per pole at no load in a 6600 -volt, 25-cy('le, 
500-r.p.m., Y-connected induction motor which has 90 slots, 36 conduc- 
tors per slot, and a winding-pitch of about 73 per cent? 

Ans. 7.26 megalines. 

Prob. 28. Show that for a chain winding kw is always equal to unity, 
in spite of the fact that some of the coils are narrower than the pole pitch. 

Prob. 29. Draw a sketch of a single-layer, fractional-pitch winding, 
using alternate slots for the overlapping phases. Show what values of k^ 
and ky) should be used for such a winding. 

30. Non-sinusoidal Voltages. In the foregoing calculations 
the supposition is made that the flux density in the air-gap is dis- 
tributed according to the sine law so that sinusoidal voltages are 
induced in each conductor. Under these circumstances the 
resultant voltage also follows the sine law, no matter what the 
winding-pitch and the number of slots are. The flux is practically 
sinusoidal in induction motors because the higher harmonics of 
the flux are wiped out by the secondary currents induced in the 
low-resistance rotor. But in synchronous alternators and motors 
with projecting poles the distribution of the flux in the air-gap is 
usually different from a pure sine wave. For instance, when the 
pole shoe is shaped by a cylindrical surface concentric with that of 
the armature, the air-gap length and consequently the flux density 
are constant over the larger portion of the pole; therefore, the 
curve of the field distribution is a flat one. This shape is improved 
to some extent by chamfering the pole-tips or by shaping the pole 
shoes to a circle of a smaller radius, so that the length of the air-gap 
increases gradually toward the pole-tips. 

When a machine revolves at a uniform speed, the e.m.f. induced 
in a single armature conductor has exactly the shape of the field- 
distribution curve, because in this case the rate of cutting the flux 
is proportional to the flux density (see eq. 27 above). There- 
fore, when a machine has but one slot per po-le per phase (which 
condition is undesirable, but unavoidable in low-speed alternators, 
or in those designed for extremely high frequencies), the shape of 
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the pole-pieces must be worked out very careiully in order to have 
an e.m.f. approaching the true sine wave. With a larger number 
of slots this is not so necessary because the. em.fs. induced in differ- 
ent slots are added out of phase with each other, and the undesir- 
able higher harmonics partly cancel each other. The voltage 
wave is further improved by a judicious use of a fractional-pitch 
winding. These facts are made clearer in the solution of the prob- 
lems that follow.! 

Prob. 30. The flux density in the air-gap under the poles of an alterna- 
tor is constant for 50 per cent of the pole pitch, and then it drops to zero, 
according to the straight-line law, on each side in a space of 15 per cent 
of the pole pitch. Draw to scale the curves of induced e.m.f. for the fol- 
lowing windings: (a) Single-phase, one slot per pole; (b) Single-phase, 
nine slots per pole, five slots being occupied by a one-hundred per cent 
pitch winding ; (c) The same as in (b) only the winding-pitch is equal to 
7/0; (d) Three-phase, Y-connected full-pitch winding, two slots per pole 
per phase ; in the latter case give curves of both the phase voltage and the 
line voltage. On all the curves indicate roughly the equivalent sine wave, 
in order to see the influence of the number of slots and of the fractional 
pitch in improving the wave form. 

Prob. 31. A three-phase, Y-connected alternator has three slots per 
pole per phase, and a full-pitch winding. The field curve has an 8 per 
cent fifth harmonic, that is to say, the amplitude of the fifth harmonic is 
0.08 of that of the fundamental sine wave. What is the magnitude of the 
fifth harmonic in the phase voltage and in the line voltage. Solution: In 
formula (33) the angle a between the adjacent slots is 20 electrical degrees 
for the fundamental wave. For the fifth harmonic the same distance 
between the slots corresponds to 100 electrical degrees. Hence, for the 
fundamental wave 

/c«-sin 30^/(3 sin 10'^)-0.96; 
while for the fifth harmonic 

/c, 5 «sin 150V(3 sin 50°) =0.217. 

This means that, due to the distribution in three slots, the fundamental 
wave of the voltage is reduced to 0.96 of its value in a unislot machine, 
while the fifth harmonic is reduced to only 0.217 of its corresponding value. 
Therefore, the relative magnitude of the fifth harmonic in the phase 
voltage is 8 X 21.7/96 = 1.8 per cent, which means that the fifth harmonic 
is reduced to less than one-fourth of its value in the field curve. In 
calculating the line voltage the vectors of the fundamental waves in a 
three-phase machine are combined at an angle of 120 degrees. Conse- 

^ For further details see Professor C. A. Adams’ paper on “ Electromotive 
Force Wave-shape in Alternators,” Trans, Amer. Inst. Elec. Engs., Vol. 
28 (1909), Part II, p. 1053. 



74 


THE MAGNETIC CIRCUIT 


[Aut. 31 


quently, the vectors of the fifth harmonic are combined at an angle 
of 120X5=600 degrees, or what is the same, — 120 degrees. Therefore 
the proportion of the fifth harmonic in the line voltage is the same as 
that in the phase voltage. 

Prob. 32. Solve the foregoing problem when the winding pitcdi is 7/9. 

Ans. 0.33 per cent. This shows that by properly selecting the 
winding pitch an objectionable higher harmonica can be 
reduced to a negligible amount. 

Prob. 33. Show that the line voltage of a Y-(‘onnected nuudiine can 
have no 3d, 9th, 15th, etc. harmonics, that is to say, liarmonics the num- 
bers of which are multiples of 3, no matter to what extent Hindi hannonicH 
are present in the induced e.m.fs. in each phase. 

Prob. 34. Prove that in order to have even harmonics in the indu(‘ed 
e.m.f. of an alternator two conditions are necicssary: (a) the flux distribu- 
tion under the alternate poles must be different; (h) the distribution of 
the armature conductors under the alternate poles must also be different 
from one another. Indicate pole shapes and aii arrangement of the arma- 
ture winding particularly favorable for the production of the second har- 
monic. Note: In spite of a different distribution of flux densitieH the 
total flux is the same under all the poles. Therefore, the averag(^ voltages 
for both half cycles are equal (see Art, 24), though the shape of the two 
halves of the curve may be different, due to the preseruH^ of even har- 
monics. This shows that there is no “ continuous- voltage (*omponent ” 
in the wave, or rather that the voltage is in no sense unidire(‘tit)nal, and 
tl\at a direi't-current machine cannot be built with alternate jiolcs without 
the use of some kind of a commutating device. 

31. The Induced E.M.F. in a Direct-current Machine. The 

e.m.f. induced in the armature coils of a direct-current machine 
(Fig. 20) is alternating, but due to the commutator, the voltage 
between the brushes of opposite polarity remainB constant. 
This voltage is equal at any instant to the sum of tlie instantaneous 
e.m.fs. induced in the coils which are connected in series betwcMui 
the brushes. When a coil is transferred from one circuit to 
another, a new coil in the same electromagnetic position is intro- 
duced into the first circuit, and in this wise the voltage l)etween 
the blushes is maintained practically constant, except for the small 
variations which occur while the armature is coming back to a 
symmetrical position. These variations are due to the coils short- 
circuited by the brushes and to the fac;t that the number of 
commutator segments is finite. 

Thus, to obtain the value of the voltage between the brushes, 
it is necessary to find the sum of the e.m.fs. induced at some 
instant in the individual armature coils which are connected in 
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series between the brushes. Each e.m.f. represents an instanta- 
neous value of an alternating e.m.f.; the e.m.fs. induced in different 
coils differing in phase from one another, because they occupy 
different positions with respect to the poles. The voltages induced 
in the extreme coils of an armature circuit differ from one another 
by one-half of a cycle. 

Instead of adding the actual instantaneous voltages, it is suffi- 
cient to calculate the average voltage per coil, and to multiply it 
by the number of coils in series, because the wave form of the 
e.m.fs. induced in all the coils is the same, and their phase differ- 



ence is distributed uniformly over one-half of a cycle. According 
to eq. (26) the average voltage per turn per half a cycle is WI\T, 
where if is the time during which the coil moves by one pole 
pitch, and 0 is the flux per pole, in webers. Substituting 1// for 
T, the average voltage per turn is equal to 4/(P. Let there be N 
turns in series between the brushes of opposite polarity ; then the 
induced voltage of the machine is 

J^ = 4/iV(^XlO"2, ...... (37) 

where 0 is now in megalines. Thus, in a direct-current machine 
the induced voltage between the brushes depends only upon the 
total useful flux per pole, and not upon its distribution in the air- 

gap. 


76 


THE MAGNETIC CIRCUIT 


[Aut. 31 


The relation between the number of turns in scries and the t-otal 
number of turns on the armature depends upon the kind of the 
armature winding.^ If the armature has a multiple winding N is 
equal to the total number of tuziis on the armature divided by th(^ 
number of poles. For a two-circuit winding the numlxu’ of turns 
in series is equal to one-half of the total number of turns. Tlu' num- 
ber of poles and the speed of the machine do not enter expli(utly 
into formula (37), but are contained in the value of /. 

Prob. 36. A OO-slot armature is to be used for a (i-pole, r)iS()-r.p.m., 250- 
V., direct-current machine with a multiple winding. How many eondue.- 
tors per slot are necessary if the permissible flux per pole is al)out 3 mega- 
lines? H). 

Prob. 36. A 550-v., 4-pole railway motor has a two-cdnniit armature 
winding which consists of 59 coils, 8 turns per (‘oil. The total resistaiKH) 
of the motor is 0.235 ohm. When the motor runs at (>75 r.p.m. it takes in 
81 amp. What is the flux per pole at this load? Ans. 2.5 ml. 

Prob. 37. Show that in a direct-current macdiinc the use of a fractional- 
pitch winding has no effect whatever upon the value of the imluecHl e.mi., 
as long as the winding-pitch somewhat exceeds the width of the pole shoe. 

Prob. 38. Prove that formula (37) is identical with the expression 

E « ip/f) (r.p.m./60)C^^ X CiS) 

where C is the total number of armature condindors, p is the number of 
poles, and p' is the numlzer of circuits in parallel. 

Prob. 39. Show that the induced e.m.f. is the same when the armature 
conductors are placed in open or in closed slots as when they are on the 
surface of a smooth-body armature. See Prob. 18, Art. 26. 

Prob. 40- Considerable effort has been made to produ(‘e a dircKd-cur- 
rent generator with alternate poles, and without any commutator. One of 
the proposals which is sometimes urged by a beginner is to use an ordinary 
alternator, and to supply the exciting winding with an alternating current 
of the synchronous frequency. The apparent reasoning is that the field 
being reversed at the completion of one alternation the next half wave of 
the induced e.m.f. must be in the same diro<‘tion as the prec'cding one, tit us 
giving a unidirectional voltage. Show that such a machiiie in reality 
would give an ordinary alternating voltage of double the frequency. 
Hint: Make use of the fact that an alternating field can be replaces! hy two 
constant fields revolving in opposite directions. Or else give a rigid 
mathematical proof by considering the actual rate at which the armatuit^ 
conductors are cut by the field, which field is at the same time imlsating 
and revolving. 

^For details concerning the direct-current annature windinp Bm the 
author’s Experimental Electrical Engineeringj VoL 2, Chapter 30. 
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Prob. 41. Prove that if in the preceding problem the frequency of the 
rotation of the poles is /i, and the frequency of the alternating current in 
the exciting winding is/ 2 , that the voltage induced in the armature is a com- 
bination of two waves having frequencies of/i -h /2 and/i — /2 respectively. 

32. The Ratio of A.C. to D.C. Voltage in a Rotary Converter. 

A rotary converter resembles in its general construction a direct- 
current machine; except that the armature winding is connected 
not only to the commutator, but also to two or more slip rings.^ 
When such a machine is driven mechanically it can supply a direct 
current through its commutator, and at the same time an alter- 
nating current through its slip rings. It is then called a double- 
current generator. But if the same machine is connected to a 
source of alternating voltage and brought up to synchronous 
speed it runs as a synchronous motor and can supply direct current 
through its commutator. It is then called a rotary converter. It 
is also sometimes used for converting direct current into alter- 
nating current, and is then called an inverted rotary. 

Both the direct and the alternating voltages are induced in the 
armature of a rotary converter by the same field, and our problem 
is to find the ratio between the two voltages for a given arrange- 
ment of the slip rings. Consider first the simplest case of a single- 
phase converter with two collector rings connected to the arma- 
ture winding, at some two points 180 electrical degrees apart. If 
the armature has a multiple winding each slip ring is connected 
to the armature in as many places as there are pairs of poles. In 
the case of a two-circuit winding each collector ring is connected 
to the armature in one place only. 

If the machine has p poles then p times during each revolution 
the direct-current brushes make a connection with the same arma- 
ture conductors to which the slip rings are connected. At these 
moments the alternating voltage is a maximum, because the direct- 
current brushes are placed in the position where the induced volt- 
age in the armature is a maximum. Thus, with two slip rings, 
connected 180 electrical degrees apart, the maximum value of the 
alternating voltage is equal to the voltage on the direct-current 
side. If the pole shoes are shaped so that the alternating voltage 
is approximately sinusoidal, the effective value of the voltage 
between the slip rings is 1/ v^=70.7 per cent of that between the 

1 See the author’s Experimental Electrical Engineering, Vol. 2, Chapter 28. 
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directKJurrent brushes. The same ratio holds true for a two- 
phase rotary, for the voltages induced in each phase. 

Let now two slip rings be connected at two points of the arma- 
ture winding, a electrical degrees apart. In order to obtain the 

value of the alternating 
voltage the vectors of the 
voltages inducicd in the 
individual coils must be 
added, geometrically, as in 
Fig. 18. With a larg(uium- 
ber of coils the chords can ho 
replaced by the arc, and in 
this way Fig. 21 is ol)tained. 
The diameter of the 

semicircle represents the vector of the alternating voltage when 
the points of connection to the slip rings are displaced by ISO 
electrical degrees, while the chord MP=^e^ gives the voltage 
between two slip rings when the taps are distant by a electrical 
degrees. It will thus be seen that 

sin Jn (89) 

But we have seen ))efore that ei^0,7Q7Ej where E is the voltage 
on the direct-current side of the machine. Hence, for sinusoidal 
voltages, 

0.707^ sin ia (40) 

The following table has been calculated, using this formula. 

Number of slip rings 2 3 4 5 

Angle between the adjacent taps in electrical 

degrees ISO 120 90 72 60 

Ratio of alternating to continuous voltage, in 

percent 70.7 61,2 50 41.5 35.3 

The foregoing theory shows that the ratio of the continuous to 
the alternating voltage is fixed in a given converter, and in order 
to raise the value of the direct voltage it is necessary to raise the 
applied alternating voltage. This is dope in practice either by 
means of various voltage regulators separate from the converter, 
or by means of a booster built as a part of the converter. Another 
method of varying the voltage is by using the so-called split-pole 
converter. In this machine the distribution of the fiux density in 



Fig. 21. — ^Relation between the alternating 
voltages in a rotary converter. 
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the air-gap can be varied within wide limits, and consequently 
that component of the field which is sinusoidal can be varied. The 
result is that the ratio of the direct to the alternating voltage is 
also variable. Namely, we have seen before that the value of the 
continuous voltage does not depend upon the distribution of the 
flux, but only upon its total value, while the effective value of the 
alternating voltage depends upon the sine wave or fundamental 
component of the flux distribution.^ 

Prob. 42. Check some of the values given in the table above. 

Prob. 43. A three-phase rotary converter must deliver direct current 
at 550 V. What is the voltage on the alternating-current side? 

•Ans. 337 v. 

Prob. 44. The same rotary is to be tapped in three additional places so 
as to get two-phase current also. How many different voltages are on 
the alternating-current side and what are they? 

Ans. 389, 337, 275, 195, 100. 

Prob. 46. The table given above holds true only when the flux density 
is distributed approximately according to the sine law. Show how to 
determine the ratio of alternating to continuous voltage in the case of two 
collector rings connected to taps 180 electrical degrees apart, when the 
curve of field distribution is given graphically. Solution : Divide the pole 
pitch into a sufficient number of equal parts and mark them on a strip of 
paper. Place the strip along the axis of abscissae. The sum of the ordi- 
nates of the flux-density curve, corresponding to the points of division, at 
a certain position of the strip, gives the instantaneous value of the alter- 
nating voltage. Having performed the summation for a sufficient number 
of positions of the strip, the wave of the induced e.m.f. is plotted. The 
scale of the curve is determined by the condition that the maximum ordi- 
nate is ec^ual to the value of the continuous voltage. The effective value is 
found in the well-known way, either in rectangular or in polar coordinates 
(see tne Electric Circuity Arts. 17 and 18). 

Prob. 46. Apply the solution of the preceding problem to the field dis- 
tribution specified in Prob. 30, Art. 30. Ans. 81.5 per cent. 

Prob. 47. Extend the method described in Prob. 45 to the case when 
the distance between the taps connected to the slip rings is less than 
180 degrees. Show how to find the scale of voltage. 

Prob. 48. How does a fractional pitch affect the values given in the 
table above, and the solution outlined in Prob. 45? 

Prob. 49. Show how to solve problems 45 to 48 when the field curve 
is given analytically, as B~F{a), for instance in the form of a Fourier 
series. Hint: See C. A. Adams, Voltage Ratio in Synchronous Conver- 
ters with Special Reference to the Split-pole Converter,"' Trans. Amer. 
Inst. Elec. Engs., Vol. 27 (1908), part II, p. 959. 

' See C. W. Stone, Some Developments in Synchronous Converters,” 
Trans. Amer. Inst. Elec. Engs., Vol. 27 (1908), p. 181. 



CHAPTER V. 


THE EXCITING AMPERE-TURNS IN ELECTRICAL 
MACHINERY 

33. The Exciting Current in a Transformer. The magnetic 
flux in the core of a constant-potential transformer is deternuncd 
essentially by the primary applied voltage, and is practically 
independent of the load (see Art. 25). When the terminal 
voltage is given, the flux becomes definite as well. The ampere- 
turns necessary for producing the flux are called the mag- 
netizing or the exciting ampere-turns. When the secondaiy cir- 
cuit is open the only current which flows through the primary 
winding is that necessary for producing the flux. This current is 
called the no-load, exciting, or magnetizing current of the trans- 
former. When the transformer is loaded, the vector difference 
between the primary and the secondary ampere-turns is practi- 
cally equal to the exciting ampere-turns at no-load. 

The exciting current is partly reactive, being due to the 
periodic transfer of energy between the electric and the magnetic, 
circuits (see Art. 16 above), partly it represents a loss of energy 
due to hysteresis and eddy currents in the core. Some writers call 
the reactive component of the no-load current the magnetizing 
current, and the total no-load current the exciting current. 
Generally, however, the words magnetizing and exciting are used 
interchangeably to denote the total no-load current. The 
components of the current in phase and in quadrature with the 
induced voltage are called the energy and the reactive components 
respectively. 

The no-load or exciting current in a transformer must usually 
not exceed a specified percentage of the rated full-load current; 
it is therefore of importance to know how to calculate the 
exciting current from the given dimensions of a transformer. 
Knowing the applied voltage and the number of turns, the maxi- 
mum value of the flux is calculated from eq. (28). We shall 

SO 
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asHunie firni that tin* maxiimun flux (loiiKily in the core Ls m 
low, thnt it lit‘H prit(»tically on the Ht.raifj:ht part of the imig- 
lu^tiy.atiini curvt^ of tlu^ niaterial (Fig. H). The taine of higli Ilux 
thniHiiu^H in conaidertHi in tlu^ m^xt article. 

Hince hy HHHuniptiini the iuHtauianeouH inagiud.oniotive forc(\s 
are proptnlioiuil to tlu'correHponding flux deiisitu'H, the luagiu'tlz- 
iug curnati luuat vary according to the nine law. It in Huflicient, 
therefiire, tt> calctdaU‘ tlu' maxiimun value of the magnetomotive' 
force, correnpeaullng to tlu' maximum flux. Knowing the ampli- 
tude' of tli(‘ flux ami tlu' iH't croHH-Hcction of the core', .i, tlu* 
flux dennity in't'ornen known; from the magiu'tization curves of 
ilu' matt'ria! (Fig. d) tiu' corri'Hpomling vahu'of //,„, or the ampe'rev 
turuH pc'r unit length tif path, in found, dlie nuuin h'ugt.h I of the 
liiH'H (»f force' is de'tt'rmim'd freun thc^ drawing of the con*, ho that 
the iota! magnt'tiziug nmpere-turuH HtJ he calculated. 
The* me*nn magm*tic path arenmd the cornern in Homewhat Hhurter 
than the mt'iin gtHunc'trie' path. 

U't at he the numher eif turuK in the junmary wintling, and 
i\\v vjftvtiir vnhw tif the* reactive compomait of the exciting cur- 
rent, Wi^ have* tht'ii 

ioaiV'2-d/,„. ....... (41) 

From thin ee|Uiiti<m the* epuintity which in unknown can Ik* calcu- 
lated. 

It in prcHUppowMl in the above* eleahiction that the* jointH 
iH'tweem the* lamina! tona e>fT(*r no reluctamx'. In r(*ality, 
the contact reluctance^ in apjireciahle; itn value de*pe'ndH upon 
tlie charartt'r *»f the JointH, and the care <*xe*rciH(Hl in the 
aHWunliling e>f thi^ core*. Tliia reductance of tlie jointH can he 
expre*Hml In* tlu* length of an e*c|uivaleni air-gap liaving the aame 
reluctance. Thun, expt*nmentH ahovv iimt e*ach ovt*rlapjnng joint 
IH eapiivalent to an air-ga|) Ch(14 mm. long. A l)Utt jennt, with 
very eari'fut wcirkiiianahip, in e<|uivalent to an air-gap oi about 
O.CIo mm.; in priietiee, a butt joint may ofTc*r a reluctanee of from 
fjO t(» ItM) jier cent higher than the foregoing value. ^ Knowing the 

* IL lIcihle/^Miigfietle Itidiietaami of Joints la Trtmifennmg Iron/' 
(llrltkh) ln»L Elmir. EngM.. Vol. 41 , p. 527. It b convenient to 

tfitirriiite ilni iiifliietiec of the jolntii in at a standard flux 

diuwity. For tmeli lap |<»lnt antpt^rtvtums must added at a elansity 
of ICI klloliiiifi fier eeiitlmetar. while a butt joint roqiiirt» at the same 
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Icngthrtof tlio ('(luivalcnt nir-gap, tha munlu'r nf aililitimial aiupcrc'- 
turUH is calculaUHl ucconUiig to llu' rdruiula (//».„, niul then is 
nmitiplied by iho imtuln'r of joints in si-rics (usually four). This 
uiiiulHir of aniiH'rt'-lAirns must bo atlilo<l to .1/,,, oaloulatoil abovo. 

Tim onorgy c.omponont i| of tho <-\oiting muT<-nl is .lotiTininoil 
from tlm power lost in hysteresis and eddy ourronts in tho ooro. 
Having eahnilated this power /’as is explained in .\rtiele It), we 
find wlu're A’l is tlu- primary applied voltage. Knowing 

i„ and/], tho total no-load eurrent is fouml as their gt-omet ri<- sum, 

W+ir). 

Tho watts (xxpeiuled in core lo.ss depend oid\ upon the volume 
of tho iron, the fnapieney, and the flux di-nsity used. It ean b(> 
also shown that the reaetive volt-amperes reipiinal for the exeita- 
tion of the magnetie eireuit of a transformer ilepemt only upon the 
volume of tho iron, the fre<iueney, and the liux density. Namely, 
neglecting the influenee of the joints, eip HU ean Im written in the 
form 

Eq. (2S) in Art. 25 ean bt- writ U-n as 

/■;, .|..t4n,/.l/f,„X 10 

where A is tin' ei'oss-s('etion of the iron, and li,„ is the maximum 
flux density, in kilolines per sipiare centimeter. Multiplying tlaxse 
two equations togc'tlam, term by t(‘rm, and eaneelling «i we get, 
after reduction, 

A’.uM' If) •• (42) 

w'horo is the volume of the iron, in eitbie ei-ntimeters, 

'Pho left-hand side, of eq. (42) represents the reaetive magnetizing 
volt-amperes per unit volume of iron; the right -hand side is a 
function of/ and //,„ only, lieeuus«- //„ ean !te expressi'd thnuigh 
Ii„i from tlie magnetization curve of tlie material. 

Formula (42) (uui he plotted as a si-t <if curves, om- bu' eai-h 
commercial frecpioncy. 'Phesc* curves are <juite eoiivenieiit in the 
design of transformers, Va’cause they enable one tti estimate 
directly either the pennissible volume of iron, or the jM*rmissible 
flux density, when the reactive coin|Kmeut of the eseiting eur- 

density from 60 to 80 ainptmKumH. At other flux ■iwiHiiios the inmase 
is proportional. 
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rent is limited to a certain percentage of the full-load current. In 
practice, such curves are sometimes plotted directly from the 
results of tests on previously built transformers. These experi- 
mental curves are the most secure guide for predicting the exciting 
current in transformers; formula (42) shows their rational basis. 

Prob. 1. Prove that if there were no core loss the exciting current 
would be purely reactive, that is to say, in a leading phase quadrature 
with the induced voltage. 

Prob. 2. The core of a 22-kv. 25-cycle transformer, like the one 
shown in Fig. 12, has a gross cross-section of 4500 sq.cm.; the mean 
path of the lines of force is 420 cm.; the material is silicon steel; the 
maximum flux is 36 megalines. The expected reluctance of each of the 
four butt joints is estimated to be equivalent to an 0.08 mm. air-gap. 
What are the two components of the exciting current, and what is the 
total no-load current? Ans. 1.8; 0.4; 1.85. 

Prob. 3. In what respects does the calculation of the magnetizing 
current in a shell-type or cruciform-type transformer differ from that 
in a core-type transformer? 

Prob. 4. Show that for flux densities up to 10 kl. /sq.cm, the mag- 
netizing volt-amperes per kilogram of carbon steel at 60 cycles are 
approximately equal to 7.3(Rm/10)^ 

Prob. 6. Show that the influence of the joints can be taken into 
account in formula (42) by adding to the actual volume of the iron 
the volume of the air-gaps multiplied by the relative permeability of 
the iron. 

Prob. 6. A shell-type lOOO kva., 60-cycle transformer is to have a 
core made of silicon-steel punchings of a width io = ll cm. (Fig. 13); 
the ayerage length of the magnetic path in iron is 180 cm.; the reactive 
component of the no-load current must not exceed 2 per cent of the 
full-load current. Draw curves of the required height of the core per 
link, and of the total core loss in per cent of the rated kva., for flux 
densities up to 10 kl. /sq.cm. 

Ans. J5*A=5200; at P==0.51 per cent. 

34. The Exciting Current in a Transformer with a Saturated 
Core. In the preceding article the flux density in the core is 
supposed to be within the range of the straight part of the satura- 
tion curves (Fig. 3), so that, when the flux varies according to the 
sine law, the magnetizing current also follows a sine wave. We 
shall now consider the case when the flux density rises to a value 
on or beyond the knee of the magnetization curve. Such high flux 
densities are used with silicon steel cores, especially at low frequen- 
cies. In this case the magnetizing current does not vary according 
to the sine law, but is a peaked wave, because at the moments when 
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the flux is approaching its maximum, the current is increasing 
faster than the flux, on account of saturation. The amplitude 
factor of the current wave, or the ratio of the amplitude to the 
effective value is no more equal to V2, but is larger. Let this 
ratio be denotedby Then eq. (41) becomes 

("^ 3 ) 

where io is as before the effective value of the reactive component 
of the exciting current. The value of Xa is obtained by actually 



Fig. 22. — Ratio of the amplitude to the effective value of the magnetizing 

current. 


plotting the curve of the magnetizing current from point to point 
and calculating its effective value. Since the procedure is rather 
long, it is convenient to calculate the values of Xa once for all for 
the working range of values 8^.. This has been done for the mate- 
rials represented in Fig. 3, and the results are plotted in Fig. 22. 

Strictly speaking, the exciting current is unsymmetrical, due 
to the effect of hysteresis^ and the values of Xa ought to be cal- 
culated, using the hysteresis loops of the steel. However, it is very 
nearly correct to calculate Xa from the magnetization curve, and to 
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calculate the energy component of the exciting current separately, 
from the core loss curves (Fig. 10). The magnetizing current 
required for the joints is calculated separately, using /a =*^2, 
according to eq. (41). The total effective magnetizing current is 
found by adding together the values of fo for the iron and for the 
joints. The loss component, -ii, is added to this value in quadra- 
ture, to get the total no-load current. As is mentioned above, it 
is preferred in practice to estimate the total exciting current of new 
transformers from the curves of no-load volt-amperes per kilogram 
of iron, the values being obtained from tests on similar trans- 
formers. 

Prob. 7. The core of a 25-cycle cruciform type transformer (Fig. 14) 
weighs 265 kg.; the mean length of the magnetic path is 170 cm.; the 
material is silicon steel. The 4400-v. winding of the transformer has 
1100 turns in series. What is the reactive component of the no-load 
current? Ans. 8.4 amperes. 

Prob. 8. Check a few points on the curves in Fig. 22. 

Prob. 9. Show that in formula (42) the coefficient tt is a special 
case of the more general factor 4.44/;^a; when the magnetizing current 
does not follow the sine wave. 

Prob. 10. What are the reactive volt-amperes per kilogram of carbon 
steel at 40 cycles and at a flux density of 16 kl. /sq.cm.? Ans. 56.4. 

Prob. 11. Show how to calculate the exciting ampere-turns required 
for a given flux in a thick and short core in which the flux density is 
different along different paths. 

35. The Types of Magnetic Circuit Occurring in Revolving 
Machinery. The remainder of this chapter and the next chapter 
have for their object the calculation of the exciting ampere-turns 
necessary for producing a certain useful flux in the principal types 
of electric generators and motors. In direct-current machines, 
in alternators, and in rotary convertors it is necessary to know the 
exciting or field ampere-tums in order to plot the no-load satura- 
tion curve, to predict the performance of the machine under vari- 
ous loads, and to design the field coils. In an induction motor one 
wants to know the required excitation in order to determine the 
no-load current, or to calculate the number of turns in the stator 
winding, when the limiting value of the no-load current is pre- 
scribed. The general procedure in determining the required 
number of ampere-tums for a given flux is in many respects the 
same in all the types of electrical machinery, so that it is possible 
to outline the general method before going into details. 
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III dirct*t~(*\irrt‘n t inu(‘hiiu*s untl in syiu'hronnus ^(‘lunutors, 
motors, Jind rotary conv(Ml(*rs, tlu‘ lua^iu^tir flu\ 1.> ami 20) 

from a fi(‘ld pok' passers into th<* air-jil‘ap and tiu* uiniatiuo tia'th. 
In the arnuituro (‘oro tlu‘ flux iv^ dividt'd into two liulvi‘H, oatdi hall 
goin^- to one of the adjanait pok‘s. inagmUir paths are etun- 

pleted througli the field franaa rari of the flux passes dircTtly 
from one pole to the two adjacamt pok*s through tlie air, without 
going througli the arinatunx d'his part ot the flux is known as 
the leahigejlux. The (‘losial magm^tie paths and ihv field (huIs of a 
nuudiinc may he thought of as the* eonse<*utivt* links of a eloscnl 
chain. While in a transformer the chain is optan in gtuierators 



Fio. 23. — iiaths of the main flux and of iht' fiuxrw iu na 

induction motor (or Konmitor). 


and motors tlie chain must he closi'd on iu‘nnnit of the rontinuous 
rotation. 

In induction nuudiinixs, both gemu'utors niul motors (Fig. 2dl, 
the flux at no load is jiroduccal hy the* curnnitH in the stator wind- 
ings only. Wlien the macliine is loaded, flat flux is prodtieeil hy 
the (‘.omhined action of the stator ami ro!<U' eiirrents, t he rotor etir- 
rents oiiposing those in the stator, the same m in a transformer. 
Then'fore, the flux in tlu* loaded machine may he regarded as tin* 
resultant of the following three eomponent fhi\t*s: ' Hie niidii or 
useful flux, (P, whicdi links witli both the primary iiml the seenitdary 
windings; the primaiy leakage flux, #|, which links with tlit^ stator 
winding only; and the secondary leakage Ihix, #-i which is liiikcnt 
with the rotor windixig aloiun The leakage fluxes not only dii not 
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contribute to the useful torque of the machine, but actually reduce 
it. In reality, there is of course but one flux, the resultant of the 
three, but for the purposes of theor}^ and computations the three 
component fluxes can be considered as if they had a real separate 
existence. In this and in the following chapter the main flux 
only will be discussed for this type of machinery. Considera- 
tion of the leakage flux will be reserved to Art. 66. 

The total magnetomotive force per magnetic circuit is equal 
to the sum of the m.m.fs. necessary for establishing the required 
flux in the separate parts of the circuit which are in series, viz., the 
pole-pieces, the air-gap, the teeth, and the armature core. All the 
necessary elements for the solution of this problem have been dis- 
cussed in the first two chapters. It remains here to establish some 
semi-empirical short-cut rules and formulse for the irregular 
parts of the circuit, for which, although close approximations can 
be made, the exact solution is either impossible or too complicated 
for the purposes of this text. The following topics are considered 
more in detail in the subsequent articles of this and of the follow- 
ing chapter. 

(a) The ampere-turns necessary for the air-gap when it is 
limited on one side or on both sides by teeth, so that the flux den- 
sity in the air-gap is not uniform. 

(b) The ampere-turns necessary for the armature teeth when 
they are so highly saturated that an appreciable paiii of the flux 
passes through the slots between the teeth. 

(c) The ampere-turns necessary for the highly saturated cores 
in which the lengths of the individual paths differ considerably 
from one another, with a consequent lack of uniformity in the flux 
density. 

(d) The leakage coefficient and the value of the leakage flux 
which passes directly from pole to pole. This leakage flux 
increases the flux density in the poles and in the field frame of the 
machine, and consequently increases the required number of 
ampere-turns. 

All of the m.m.f. calculations that follow are per pole of the 
machine, or what is the same, for one-half of a complete magnetic 
circuit {cdfg in Figs. 15, 20, and 23), the two halves being identical. 
This fact must be borne in mind when comparing the formulse with 
those given in other books, in which the required ampere-turns are 
sometimes calculated for a complete magnetic circuit. 
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Prob. 12. Inspect working drawings of electrical machines found 
in various books and magazine articles; indicate the paths of the main 
and of the leakage fluxes; and make clear to youmelf the reasons for the 
use of different kinds of steel and iron in the frame, the core, the pole- 
pieces, and the pole shoes. 

Prob. 13. Make sketches of the magnetic circuit of a turbo-alternator 
with a distributed field winding, of a homopolar machine, of an inductor- 
type alternator, and of a single-phase commutator motor. Indicate the 
paths of the useful and of the leakage fluxes. 

36. The Air-gap Ampere Turns. The general character of tlic 
distribution of the magnetic flux in the air-gap of a synchronous 
and of a direct-current machine is shown in Fig. 24, the curvature 
of the armature being disregarded. The principal features of this 
flux distribution are as follows : 



Fig. 24. — ^The cross-section of a direct-current or synchronous machine, 
showing the flux in the air-gap. 


(а) The flux per tooth pitch X is practically the same under all 
the teeth in the middle part of the pole, where the air-gap has a 
constant length, and is smaller for the teeth near the pole-tips 
where the air-gap is larger. 

(б) On the armature surface the flux is concentrated mainly 
at the tooth-tips; very few lines of force enter the armature 
through the sides and the bottom of the slots. 

(c) There is a considerable spreading, or fringing, of the lines 
of force at the pole-tips. 

(d) In the planes passing through the axis of the shaft of the 
machine there is also some spreading or fringing of the lines of 
force at the flank surfaces of the armature and the pole, and in 
the ventilating ducts. 
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This picture of the flux distribution follows directly from the 
fundamental law of the magnetic circuit, the flux density being 
higher at the places where the permeance of the path is higher. 
The actual flux distribution is such that the total permeance of all 
the paths is a maximum, as compared to any other possible distri- 
bution. In other other words, the flux distributes itself in such a 
way, that with a given m.m.f . the total flux is a maximum, or with 
a given flux the required m.m.f. is a minimum. This is confirmed 
by the beautiful experiments of Professor Hele-Shaw and his col- 
laborators, ^ who have obtained photographs of the stream lines of a 
fluid flowing through an arrangement which imitated the shape 
and the relative permeances of the air-gap and of the teeth in an 
electric machine. 

Let (Pa be the total permeance in perms of the air-gap between 
the surface of the pole shoe and the teeth, and let 0 be the useful 
flux per pole, in maxwells, which is supposed to be given. Then, 
according to eq. (2), Art. 5, the number of ampere-turns required 
for the air-gap is 

Ma^0/(Pa (44) 

The problem is to calculate the permeance of the gap from the 
drawing of the machine. 

One of the usual practical methods is to calculate (P under cer- 
tain simplifying assumptions and then multiply the result by' an 
empirical coefficient determined from tests on similar machines. 
The simplest assumptions are (Fig. 25) : (a) that the armature has 
a smooth surface, the slots being filled with iron of the same per- 
meability as that of the teeth; (6) that the external surface of the 
pole shoes is concentric with that of the armature; (c) that the 
equivalent air-gap agq is equal to two-thirds of the minimum air- 
gap plus one-third of the maximum air-gap of the actual machine; 
(d) that the ventilating ducts are filled with iron ; {e) that the paths 
of the fringing flux at the edges of the pole shoe are straight lines, 
and extend longitudinally to the edge of the armature surface and 
laterally for a distance equal to the equivalent air-gap on each 
side. 

^ For a detailed account of the experimental and theoreljical investigations 
on this subject, with numerous references, see Hawkins and Wallin, The 
Dynamo (1909), Vol. 1, Chapter XV. 
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With these assumptions, the permeance of the “ simplified ” 


air-gap is 


(P s — \.2i5Wq1q/ C leQ} 


(45) 


where Ws is the average width of the flux, and Is is its average 
axial length. Or 

Ws = i(wa-\-Wp) =^Wp-^a' ; 

Q'a 4* ^2>) 1 


Cisq = ^dmin + ^Clmax. 


The lateral spread a' of the lines of force at each pole-tip is 
taken to be approximately equal to 
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Fig. 25. — Magnetic flux in the simplified air-gap. 


The permeance of the actual air-gap is smaller than that of the 
simplified gap, so that we have 

^a=^aAa, (46) 

where is a coefficient larger than unity, called the air-gap factor. 
Substituting the value of (P from eq. (46) into (44) gives 


Ma^kJ/(Ps 


(47) 


so that ka is the factor, by which the ampere-turns for the simplified 
air-gap must be multiplied in order to obtain the ampere-tums 
required for the actual air-gap. The value of ka usually varies 
between 1.1 and 1.3, depending on the relative proportions of the 
teeth, the slots, and the air-gap, and on the shape of the poles. 

The numerical values of fcaare calculated from the results of tests 
on machines of proportions similar to that being computed. Let 
the no-load saturation curve of a machine be available from test; 
this is a curve which gives the relation between the induced voltage 
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and the field current of the machine. From the known specifica- 
tions of the machine this curve can be easily converted into one 
which gives the useful flux per pole against the ampere-turns per 
pole as abscissae. The lower part of such a curve is always a 
straight line, there being then practically no saturation in the iron. 
On this part of the curve, practically the whole m.mi . is consumed 
in the air-gap, so that the actual permeance of the air-gap is found 
by dividing one of the ordinates by the corresponding abscissa' 
The permeance of the simplified air-gap is calculated from eq. (45), 
and the ratio of the two gives the value of the coefficient ka. This 
value is then used in the design and calculation of the performance 
of new machines with similar proportions. Engineering judg- 
ment and practical experience are factors of considerable impor- 
tance in estimating the values of ka for new machines. 

The same method of calculating the air-gap ampere-turns is 
applicable to induction machines (Fig. 23). The ampere-turns 
are computed, assuming both the rotor and the stator to have 
smooth iron surfaces, without slots; the result is then multiplied 
by a factor ka larger than unity, determined from tests upon 
machines of similar proportions. 

A more accurate, though more elaborate, method for calcula- 
ting the air-gap ampere-turns is explained in the next article. 

Prob. 14. Calculate the air-gap ampere-turns per pole for a 6600 v., 
25-cycle, 375-r.p.m. alternator to be built according to the following 
specifications: The bore 2.4 m.; the gross axial length of the armature 
core 55 cm.; seven air ducts 9 mm. each; the minimum air gap is 15 
mm. ; the maximum air gap is 24 mm. The poles cover 66 per cent of 
the periphery; the axial length of the pole shoes is 53 cm. The useful 
flux per pole at no-load and at the rated voltage is 19.1 megalines. The 
air-gap factor is estimated to be about 1.15. Ans. 9100 

Prob. 16. The no-load characteristic obtained from the test upon 
the machine specified in the preceding problem has a straight part such 
that at a field current of 45 amp. the line voltage is 4000 v. Each field 
coil has 120 turns. What is the true value of the air-gap factor? 

Ans. 1.125. 

Prob. 16. A pole shoe is so shaped that the minimum air-gap is Uo 
and the maximum air-gap is ai=ao+^o, the increase in the length being 
proportional to the square of the distance from the center of the pole. 
What is the length a^g of the equivalent uniform air-gap such that its 
total permeance is the same as that of the given air-gap? Assume a 
smooth-body armature, and neglect the fringing at the pole-tips. Solu- 
tion: Let the peripheral width of the pole be 2w; then the length of 
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the air-gap at a distance x from the center is ax = aQ-jrJa(x/wy. The per- 
meance of an inhnitesimal path of the width dx is proportional to dx/ax- 
Hence we have the relation 


from which 


J ^w 

dx/[ao+Jaix/wy]= 

n 


w/aei 


acq = V a^Aa / tan ^ (V" M/ a ^) . 


Prob. 17. What is the length of the equivalent air-gap in the preced- 
ing problem if the clearance at the pole-tips is twice the clearance at 
the center of the pole? Ans. 1 .273ao. 

Prob. 18. Show that, when the air-gap is non-uniform, the length 
of the equivalent uniform gap can be determined approximately, accord- 
ing to Simpson Rule, from the equation 

Cieq~ ^ ‘ ^ + ar 0 ; 

where ao, cq, and am are the lengths of the gap at the center, at the tip of 
the pole, and midway respectively. If the air-gap is uniform under the 
major portion of the pole, but the pole shoe is chamfered, more terms 
must be taken in Simpson's formula in order to obtain aQ^ with a 
sufficient accuracy. 

Prob. 19. What is the length of the air-gap required in problems 
16 and 17, according to the formula given in problem 18? 

Ans. 1.276ao. 


37. The Method of Equivalent Permeances for the Calculation 
of Air-gap Ampere-turns. An inspection of Fig. 24 will show that 
the total permeance of the air-gap is made up of a number of per- 
meances in parallel. It is equal therefore to the sum of these 
permeances. For the purpose of calculation two kinds of per- 
meances are considered separately: those from the teeth to 
the pole surface proper, and those from the teeth to the pole-tips. 
The former can be calculated quite accurately, the latter are to 
some extent estimated. 

The permeance per tooth pitch in the part of the air-gap near 
the center of the pole can be divided into two parts, that under the 
tooth-tip, and the fringe from the sides of the slots and in the ven- 
tilating ducts. The permeance of the paths which proceed from 
the tooth-tip constitutes the larger portion and is made up of 
nearly parallel lines; this permeance is therefore easily computed. 
The values of the permeance of the fringe from the flank of the 
tooth to the perpendicular surface of the pole have been deter- 
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mined tlieoi’etically by Mr. F. W. Carter.^ Only the numerical 
results are given here, in a somewhat simplified practical form; 
the solution itself presupposing a knowledge of the properties of 
conjugate functions.^ 

Consider the permeance of two tooth fringes, such as ojpqr and 
o'f'q'r' (Fig. 24), perpendicular to the plane of the paper. This 
permeance depends only upon the ratio of the slot width s to the 
length a of the air-gap, for let both s and a be increased say twice : 
The length and the cross-section of each elementary tube of force 
is also increased twice, hence its permeance remains the same. 

The permeance of each fringe can be replaced by the permeance 
of an equivalent rectangular path of the length a and of a width 
^At (Fig. 26). This is the same as increasing the width of the 
tooth by the amount At and assuming all the lines of force to be 
parallel to each other in the air-gap. The permeance of the path 
which replaces the two fringes is equal to ixAt/a. From what has 
been said above follows that the ratio At/ a depends only upon the 
ratio of s/a; the relationship between the two ratios is plotted in 
Fig. 26, from Carter^s calculations. For the sake of convenience 
and accuracy, the curve is drawn to two different scales, one for 
large the other for small values of s/ a. 

The curve in Fig. 26 may be interpreted in two ways: It may 
be said to represent the '^geometric permeance of the fringe (for 
/x= 1) ; or else it may be said to give the correspondings sets of 
values of s and At, measured in the lengths of the air-gap as the 
unit. With a given a, At increases with s, because the maximum 
width of the actual fringe is Js. With a given s the width At 
increases toward the pole-tip (if the air-gap is variable), because 
with a longer air-gap the fringing lines of flux fill a larger part of 
the air-gap under the slot. 

The corrected width of the tooth is i'==i+ and the permeance 
of the air-gap, in perms per tooth pitch, is 

(P^e=1.25(ii/a^-|-i/a<c)Ieff, .... (48) 

^Note on Air-gap Induction, Joum. Inst. Electr. Eng. (British), Vol. 20, 
(1899-1900), p. 929; Air-gap Induction, Electrical World, Vol. 38, (1901) 
p. 884; See also Hawkins and Wallis, The j[) 2 /namo (1909), Vol. 1, p. 446; 
E. Arnold, Die Gl&ichstrorrmaschine (1906), Vol. 1, p. 266. 

2 J. C. Maxwell, Electricity and Magnetism, Vol. 1, p. 284; J. J. Thomson, 
Recent Researches in Electricity and Magnetism, Chapter III; Horace Lamb, 
Hydrodynamics (1895), Chapter IV. 
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where is the length of the air-gap at the center of the tooth, and 
leff is the effective axial length of the machine (see below). 'Tlu^ 
value of M/ax must be taken from Fig. 26 for the corresponding 
ratio s/a^. 

The permeance of the pole fringe, hmn in Fig. 24, cannot he cal- 
culated by the foregoing method, because this permeance d('p(Muls 
upon the irregular shape of the pole-tip. The pole-fringe pernuMUuu^ 
is usually estimated graphically by drawing lines of force, taking 
Fig. 24 as a guide^; the permeance of each tube of flux betwecui 
pole and the armature is julA/1, where A is the mean croBS-setd ion, 
and I is the mean length of the tube. The fringe permeance' is of 
the order of magnitude of 10 per cent of the total permeances of 
the air-gap, so that some error in its estimation does not seriously 
affect the total required ampere-turns. Careful designers some- 
times calculate the air-gap permeance for two positions of the 
pole, differing from each other by one-half of the tooth pitch, and 
take the average of the two results. 

Carter^s curve could be used directly for calculating the pole- 
fringe permeance, if the pole waist were of the same width as 
the pole shoe (line mm' in Fig. 24), and if the armature had no 
slots. In this case the space between the adjacent poles c-oxild be 
considered as a big slot, and the curve in Fig. 26 could be directly 
applied to it. On account of a smaller width of the pole core and 
because of the armature slots the mean length of the lines of forc.c^ 
in the fringe is increased, so that the actual permeance of the pole- 
fringe is somewhat smaller than that according to Oarter^s curve. 
By practice and experience one can acquire a judgment as to what 
fraction of Carter's permeance to take in a given case. 

The length l^ff is a sum of the parts such as lu 1% etc. (Fig. 24), 
on which the lines of force are parallel, and of small additional 
lengths which take account of the fringing in the air-ducts and at 
the pole flanks. These additional lengths are again estimated 
from Carter's curve (Fig. 26). The fringe Ad in an air-duct of 
the width d is practically the same as that in a slot of the width 
s == d. The additional length if for the pole flanks is found by con- 
sidering the two fringes as due to a slot of the width /, When the 
stationary and the revolving parts are of the same axial length so 
that /=0, there still remains some fringe permeance between the 

^ See Art. 41 below in regard to the drawing of the lines of force hS' the 
judgment of the eye. 
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M M Md < arc the dim®a*Son« at the armature 
the ovMfhwg. 


0^ IjOO 1 

Fm. 26. — Equivalent widtii of 1»otli frin^ (Carter). 
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Hank surfaces of the two Iron st ruetiires. Hliis innnnvimcv is, how- 
ever, very »sinall, and has to 1 h‘ estinuittal einpiriealiy , if at all. 

Strictly speaking, /,.// is (lin\‘r<*nt f<»r t‘aeh fotuh, if i\w air-gap 
is variable, Ixa^atisc^ th{‘ amount of fringing in flu‘ nir-ilucHs and at 
the Hanks is dillenait.. How(‘V(‘r, it is hardly wtuih th(M‘fTort 
in ordinary (‘as('s to (‘aletilaU^ /,// for taieli tooth. It is .suHieiiait to 
take an average' /<.// for some intermediate' valm* of tlu‘ air-gap. 

In some high-spe'C'd alternateu's, juid usually in induct itin 
motors, air-duets are' provid(*d in both the statitmarv and the* 
revolving parts, in tlu' sanu' plain's. 'Fin' tlu.\ fringe in an airahiet 
is then of such a shape that tlu' lint's td foret* are parallt*! to ont' 
anotlu'r in tin' middlt' of the air-gap, htUween tla* stator and tln^ 
rotor. Th('refor(‘, wht'n using tht' eiirvt' in Idg. for such a caist*, 
the eylindri(‘u! surfaet' midway In'twt't'ii thc' stator and tin* rtjfcn* 
must be taken to eorrt'spond to that t»f tlie soHtl inm surfaet' 
assumed in the dt'duet ion of the eurvt', Ht'net', .Ju r must bt' ustnl 
instead of in determining Ji, 

Having ealeulated tlie permt'anet's of tin* st'Vt'rul paths per pole 
pitch the total permeance of tlie air-gap is found as tlndr sum, ar 


(P 




(* 19 ) 


Then, the required nurnht'r of ampert'-turns is th'ft'rmimal from 
etp (44). Th(' nu'thotl givt's tpiite eorreet rt'sulls. t'spet'ially with 
some experienet' in t'stimating tin* pt'rnu'ama*s td irri'gular pailm. 
Each designer usually modifies slightly tin' t'mpirienl fat'ttu’s wliieh 
arc indispenHahle in this method, and tli'vises slnu1 ruts gotid ftu* 
the particular kind of machine in wliieli In* is intert'stt'd. 

Instead of calculating the td eacli t<Hit h si'paratc'ly, 

some engineers replace tln^ atdiial variable air-gap by an ecptivii’* 
lent constant air-gap ('ithcr by the judgment of the ey«% or as 
in prob. 18 aliove. The actual periplieral length of tlie pole arc is 
imu’cased by from one to om* and one-hiilf tm ench side to take 
into a(‘, count tin* fringing at the j>olc'-tips. This gives the iiuinl>er 
of t('(d.li under tin* pole. The iiermennce of I'lich pHith is calcm- 
latcd from eep (4S) for and is then multiplied hy the rumi- 

her of teeth. With some practice, one can oldairi in this riiiinner 
(piite atnairatc result s at. a considerahlc saving in time. 

The metbod outlined above is not directly iipplicable to induc*- 
tion machines which have slotitKl cores on Imtli sides of the air- 
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gap (Fig. 2.H) : At- vtwh iimt-ani. houk' atator teeth arc opposite rotor 
t(‘(‘(h, <»thers britlgt^ over some rotor alota, and vice verm. The 
amount <»f overlap varies from instant to instant, causing pcuiodic 
fluctuat ions in t lu' air-gap r(‘luctan<*(\ 

Ahhuuh^ tirst t hat both tlu^ stator and the rotor have smooth 
surfa(H‘H facing t lu‘ air-gap, I;(d the permeance of such a machine' 
b(‘ If now the armature be slotb'd, the cross-section of 

tlu' paths in the' air-gap (negk'cting the fringe) is n'ducc'd in tlu' 
ratio /t/Jj wlu're* b and art' the' stator tooth width and tooth 
pitch n'spt'ctiv('Iy. d'lu' ix'rnu'ance (f\ is also n'diua'd in tlu^ sanuj 
ratio. I^'t th(' r(»tor be' als(» pre)viele‘el with sle)ts; tlie avenuje 
crosS“S(‘e‘tion of the' path is tiu're'ljy further reulue'cel in the ratio 
whc're' /-j nnd are' the tooth wielt h anel the te)(>th pitch e)n 
thc' Htirfacc' of the' re)t(U\ Thus, disre‘ga,reling the spread of the' 
flux, tlii' avt'rage' air-gap pe'nne'ance' of an induction motor is 

the' Hyndad Ix'irtg put in pareaithe'se's te) inelicate that a furtlier 
(uuTe'e'tion for the' tooth fringe' is ne'eu'SHary.^ 

In order to take' the' fringe' into e'.onsieh'ration, an empirical c.or- 
rection is made' in tliis feu’mula, Nanu'ly, it. is assemuHl that the 
actual pe'rfu(*ane‘e' <»f the' fringe's of the stator tt'ed.h is the same as 
if ilu' rector had a smooth ce)re', anel vivv rmsu. Accejrdingly, in tiie 
prc't'e'ding fenunuln, tiie' valnes b of the toe)th widths are 

ceu*r(‘('ti'cl for the’ fringe', using CarU'.r*s curve (Fig. 2G). The 
feniuula he'conu'H then 

(ti7^l)ik7k)(f\. (oO) 

when* /d b/ tlu* (MUW'te'd widths of tlu^ Htate)r anel rotor 
tex't h re'spe'c'f ive'ly. 11 uh formula has hc'(*n found to be in a satis- 
factory agre'ement with e'xperimeutal results.^ 

* For a more rigorenjH |mH>f <»f this formula too (I A. Atlarui, “A Btuely 
ia the UcHlgii of Iialuction Motors,** Tram. Amer. InsL Ekeir. Engn., VoL 2-1 
(ii«)aj, |i. mth 

*T. F. Wiilh The lieductaaco of thes Air-gap in Dynamo-machincB, Journ. 
InM, Eketr. Engn, (British), Vol. 40 (BK)7»8), p. 568, F. Arnold ia his 
WcrhMddromUrhnik, Vol. 5, I*art 1, pp. 42, 42, calculates thee valuer of A*,, 
for im induction iniichiuc in a m)nmwhat diffcnait way. With o|wn slots 
in thc stator, AriioIel*8 nicthcal gives lower values of ka than they am in remlity, 
Bi» HotK?k and llellmimd, Ikiitmg ifur Bereohnung dos MaipiotMenmgs- 
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to Art. «9>, o({. (oO) nmy bt‘ inloi'pn’tod as follows: 
IjCt ka be the iiir-ju^ap factor for tiu' slottcil slut (a* anti a siuooth- 
body rotor; let A*,/' be tlu‘ sanu^ factor for tht* shKttHi rotor and a 
smooth-body stator. Tluai tlu^ nir™;j!.ap fa,<ior t»f the actual 
inacliinc 

A’a A',/ ““'.A',/' . . (ol) 

In an induction motor tln^ nuignclic Hus is <list ribuletl in the 
air-gap appro.Kiinately a,c(*onling to the sim^ law, tine to tla* dis- 
tributed polyphase windings. 'rh(U‘(‘ft»rc tlu* valut* t»f M diUtu’- 
mined from eq. (*ld) gives only tht‘ uv(‘rugt‘ value i>f t!H‘ lu.iu.f. 
reciuircd for the air-gap. With a sine-wuv(‘ dist ribut itui of tlu* 
flux the maximum m.m.f. is r/2 tinu*s larger than tlie avtungc*, 
value. 

Prob. 20. What is the penncaiu’C of tht» Hir*gn|»cd a pohMiirect 
current machine, the armature of whieh lins a diameter of LfdO em. and 
is provided with 324 slots* 12 by la nun.? dla* gross length t»f t he armatun^ 
is 23 cm., and it is provaled with thr<‘<* ventilating dticts, lO mm, wide 
oaeh. Thci axial length of the ptdes is 21, a em. 'riu' pole slares cover 
(>a per cent of the periphery* aiai an* not chamfered. The length c»f tin* 
air-gap is 10 mm. Ann. Vbmit !HKI perm. 

Prob. 21 . The nuu’him* mentioned in problem 1 1 has I2tl sitits, 3 by 
f).5 em. The i)okvHhoeH are shaptsl n(’<‘ording to the arc of a circle of a 
radius equal to 90 em. and Hubtcaidiug 30 degnrs tut that circle; thi* ixdc*- 
tips are fornusl by (iuadrantH of a ratlins etpuil to 2.5 em. < ‘heck tlu* 
value of the field curnmt (4a amp.) given in prtildem la, by the method 
of equivalent penneanct^a. 

Prob. 22 . What is the maximum m,mi, acn>ss the air-gap tjf an 
induction motor, if the grof^ average flux deimity in the air-gap {total 
flux divided by the gross area of the air-gap, md Ineluding the ventsi 
is 3 kl./scpem,, and the clearance U 1.2 min,'* Tin* bort* is 01 nn,; the 
stator is provided with 4H open slots, 22 by 43 mm. 11ie rotor has !H 
half-closed slots, the slot o|)(*ning being 3 mm, 11ie miadiine hm a vent 
7 mm. wide foreveuy i) em, of the luminationH, 

Aim. K2I) limp, tnrim, 

Prob. 23. Show that Jf/a I.2 ^2,93 log Cs/2nl, if the fringing 
lines of for(‘e are assunuHl to !>e concentric qiiiidrimts (Fig. 27, to tlie left) 
with the points c as tlie center; the average length of patli in the pari 
bcc' is estimated to la* equal to l.2n, ant! the average wldili f).72n, lilnt: 
The permeance of an infhdtc'»simal tula^ of force of a railiuH / iiitd of a 
width dx is ji-dx/Urtx), Integrate this expn^sslon la4.wf*f*ti the lirnltii 

atromes in Tncluktionsmotoren, EMratiThntk umi Mmehimmimu, Vol. 2H 
(1910), p. 743, 
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of a aii<l J.s. ,S('(' Adams, lor. rit., p. .W2. 'I’lio formula cim he used only 

vvlu‘ii is Lnrf!;(‘r t han 2a. 

Prob. 24. Show (hat J//a 2.9.'i log (I } J,T.s*/a), if the* fringing lines 
of force an‘ asHUiutnl to consist. »»f concentric (juadrants (Fig. 27, to 



t'lo. 27. Tvv(» siniplifuMl [mths for tla^ fringing flux. 


the right), with tiu^ juunt r' as n center, continued us straight lines. 
Arnold, Dir Olrirhstrarnttnirhinr, Vol. 1, p. 2tH). 

Prob. 25. Show that formula (50) applies to synchronotis and direct- 
(Uirrent innc‘hiiu*H with saHtait pol<\s as well, if // is the width of the 
polo Hh<K% eorre<’ted for the rriiig<^ and Aa is the pole i)iteh. 
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EXCITING AMPERE-TURNS IN ELECTRICAL 
MACHINERY ( C 'ifNtinned } 

38. TheAmpere-turnsRequired for Saturated Teeth. TlnMcH'l h 
and the nlots of an annature, uiul(*r tlic‘ jK»h*s, an‘ inugiu^t ieally in 
parallel (Fig. 24); henee, part of the (Uik pa,^H(*H from tlu‘ pi>!(‘ into 
the armature core thnyugh the slots luU weeu tlu* t(‘eth. But , with 
a moderate saturation in l!u» t(*(4h, say !u4ow is kih»iin«*H pcu* 
square (ientim(‘t('r, tla^ amount of tlu' Ilux which passes tlinnigh the 
slots is altogetluu' negligible. If thc‘ tajau’ of tht* tiadli is slight, 
the re<iuired ampenMurns an* ftmnd fm’ tin* uveragt* flux density 
in the tooth, taking the* vnhu* of // from tin* curves in Fig. 3. 

Should the tajH'r of tin* teeth la* consid(‘rab!(% as is the (*nse in 
revolving armaiun^s of small diamettn*, tin* flux dtmsity slu>uld lu* 
determined in say thr(*e plac<*s along the tooth, vi/*,, at tin* rtiot, 
in the middle part, and at tin* crown. tin* corn^spomling 

values of magnetic, intensity from the magneti’/ation ctirve id tin* 
material be Ho, and //j. Assuming // to vary ahmg tin* tooth 
according to a parabolic, law, wc have, acciU'ding to Bim| won’s 
rule in the first approximation, that tin* av(*rHge intensity i)vc*r the 
tooth is 


ILr iJfodVhn I ..... ( 52 ) 

If a greater accuracy is dc*sired, the values (»f If can be tli*tc*rmined 
for more than three* <‘roHs«s(*ctions of the tcmtli and HimpsoiFs 
rule applied.^ I'or instance*, l(*t the lengilt be divided n ec|ual 

* A deeigner wlio lias to enlciilute^ anqH*m-turfw for f«nh fria|iitaitly 
will save time by plotting curvtw fur the nveragit // iigidrist tlie flux ileiwity 
Bo at thci root of the tiu‘th. Each curve wtniltl Im for one t«nl tl«*w 

curves would cover thc^ usual range of taper In the Hi !«3 A. Miller (iriiy 

Magnetomotive.^ Forces in Non-uniform Magnetic Piiths,” Mketriad lEorlei, 
Vol 57 (1911), p. 111. 

lOO 
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p;u1s, wh(‘r(‘ N Ls an vvrn nuiniKM'. 'riicU; wo have tiuit 
ILtvr ( ‘H./^i + //a+. . .+//n-i) 

. ( 53 ) 


\\ h(‘ii thi' (lux (Uui.sity in (lu* l.(‘(‘t.h in (U)nHidoral)h‘., nay between 
IS and 24 kilnmuxwolLs \h*v .s<iunre (•o.id,iinot,(‘r, an appreoiable part 
(»r thc‘ tnial Ilux passes thrnii^'h tlu^ slots IxS-wcuai the teeth, also 
throu^li tlu^ air-duets, and in tlu^ insulation IxvtwcHni the lamina- 
tions. nividiuK, tlK'n'tonx tlu* (lux per tooth piteh by the net 
(‘ross-sta*tion of tlu^ toot h, oiu^ ^(ds only the so-called u-ppare/zi Jlux 
in Ihv tooth, \vhi(*h (hmsity is hi|»;h(M’ than the true dermtu. 
With highly Haturabal Uadh, a small dilTorema^ in the estimated 
lIux dcmsit y nuik(*s an upprtadabh^ dilTerenee in the recpiired number 
of ainpt'n^-tiums; it is thert'fon* of importance to know how to 
det<‘rmiiu‘ th<‘ triu‘ d<‘usity in a tooth, knowing tl\o apparent 
dcmsity, 

(lonsidcn* first the caHC‘ of a machine witli a large diameter, in 
whicli t!u* tnpcn* of thc‘ tecdh can be nc'glcMd.ed. Assume the con- 
centric cvlindricnd Hurfacum at the* tips and at thc^ roots of the teeth 
tn be eeptipotemt ial surface's, utul the lities of force to 1 k‘. all parallel 
to (‘ac'h (dht'r, in the slots ns w<dl us in the' iron. In rcnUity, some 
lines of forces c'ntc'r tlu' tcxdh on the sides of the' slots (Kig. 24), so 
that the* fon'gcnng assumptions are not cpiitc' c'orrect; l)Ut tlu^y are 
the simplt'Ht oiu's that eun be made. .\ny other assumptions 
would Ic'ud to calculations too complicatcHi for pratdlcal use. 

I4d. b(' tin* true* flux dcmsity in the iron of the tooth, and 
lei be* tlu* appuremt (lux dcmsity in t he* tooth under the assump- 
tion that no flux passc'S through the* slots, air-ducts, or insulation 
lHd.wc*eu tlie laminationH. 'riietu dc*no{ ing (ht* actual flux density 
in the* air by wi^ have* the* following c*xpreHHicm for the total 
flux per toed.h [ntch: 


1 .1 I 


wh{*rc* /I* and ,bi arc* the* (‘rosH-sc'cdJons in scpiarc^ c'cmtimeters of the 
paths p<*r tooth pitch, in the* iron and air r(*Hpcctivc*ly. Since the 
iron and tiic^ air paths uiv cif eciual leiigtli, and are in parallel, the 
mjni, gradic*nt is tin* same in both. H be this gradiemt, in 
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kiloampcrre-tums per (‘(‘nt 'rhi‘U, if nil tlH‘ tlu\ 
are in kilomaxwells p(‘rs(|uur(‘ centinu^tt^r, 

lii 1 . 25 //. 

Siibstitnting thin value of Ha itito tlu‘ prt‘re«iing ei{uatit>u \vi‘ 
obtain, after cliviHion l)y .1,, 

K>P ^ PM 

The ratio can be e^pn^satal thnnigh fht* tiinieiiMtiniH of 

the machine an followa: .1/ (hi wht‘re i is tlie width of the toi»th, 
and In in the net axial length of tlu‘ luiuinations, witlumt the nir» 
ducts and inBuIation. - tin* wh(*r<‘ A is the pitrli 

(Fig. 20), and Ig is the gronn length of the annnture core, lleuct*, 

AJAi {Xf mu In) \ po) 

In eq. (54) the flux density un<! the ratio .1, are kmnvn 
in any particular cane, atid tlm problem is to hutl and //. 
The other eciuation wliieh eonjuaUH and // is tlie magnetiza- 
tion curve of the material, and tlu^ problem enn l>e solveti in a simi- 
lar manner to problem 1 1 in ehapttu’ 11 isi*t* also jU'oblem 4 tieltnv), 
ProfeHsional deHigners use eurv<*8 like* tluKse stiown in I’hg, 2S, 
which give direcdly the ndatitai laUwt^en and Hrmi vvithin tlie 
range of valucH of AJ Ai which occur in pnietiee. 1lie mirvt^s an* 
plotted point by point by aHsiuning cauliun vnlues of and (‘al- 
culating the corresponding from eq. (54). For instiuiee, for 
the saturation curve shown iti Fig, 2K gives // ■ l.dH, so 
that for we have: I- l.25:.<2 x ■ ■ 27.55, 

This determines one point cm tlie curve* niarketl Kiifiij of idr to 
iron = 22' In using tlaw curves one begins with the known value 
of Bapp on the lower axis of abseissie, and follows flit* ordiiiiiit^ to 
the interseedaon with tlm curve for the clesirfal ratio A^/A.i this 
gives the value of B^^^p By following the horizontii! fine from the 
point so loc.ated to the intcTscadlon vvitli the /I-/I curve, t he cairrt*- 
spending valuer of H is rcuul off on the upja*r axis of iibseissie. 

The curves in Fig. 2H are completely determined by the shape 
of the B-iiT curve, so that, if the rrmteriiil to lie iwtal for the arma- 
ture core differs considerably from that iwmiineil in Fig. 2K, new 
curves of versus B^pp ought to l;ia plotted, or else tlict met hod 
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imiy be used which is sug;g(‘st(Hl in problem 4 b(4ow. A comparison 
of the B”ll curve with those in Fig. 3 shows t hat a much b(44er 
(piality of steel is presui)povS(Hl in Fig. 2S. Hucli is usually the (‘ase 
when it is desired to einjdoy highly saturatcal ti*eth, for otlu*rwis(^ 
it might be practically impossible to gt‘t tlu* n‘c[uirtal flux. T\u^ 
curves in Fig. 3 rehn* to an average ipialit}' of eh‘ctri{*ul stead. 

Formula (34) and the curves in Fig. 2S pnasuppose that th(‘ 
teeth have no taper, or that the tnpcu* is negligible. If the* tap(*r of 
the teeth is epiite considerable the tooth and the slot an* ilividenl 
))y equipotential cylindrical surfaces into two or more parts, and 
li is detenniiu'd for (xich part, Tlu* <‘fT<‘ctive vahu* of // is enhm- 
lated according to 8im])son’s rule, using formula (52) or (53). 

Prob. 1. A four-pole dirc<*t-(*urn*i]it nnnntun* has the following 
dimensions: diameter 45 cm.; gross length of core 2U vtn.; two air-diads 
7 mm, each; (>7 open slots I by 3 em. Tlu* p<il<'S are of such a shape 
that the flu.x per pole is cairried uniformly hy 11.5 teedh. How many 
ainperc-tunis |)er pole are reciutred for the t(*eth when the flux per pole 
is 3 mcgalines? Use the saturation curve for carbiJii-sttad lamiuntions 
in Fig. 3, and nc^glect tin* efh^ct of slight saturation at the roots of the 
teeth. Ans. 148 iimp.-turns. 

Prob. 2. How many ampertv-tunm are m|uinHl in the pre^anling 
problem when the flu.x per pole is 4.4 megalines? 

Ans. Ih'tween 2751) and 2H(K). 

Prob. 3. The machine, in problem 22 of the precasling chapter, had 
a gross average flux density in the air-gap of 3 kl,/sq, cm. The l)ore 
was 04 cm. The stator was providtsl with 48 slots 22 by 13 mm. TIk^ 
machine has a vent 7 mm, wale for every U <‘m. of the laminations. 
What is the maximum m.m.f. requirtsl for th<» stator mul rcdorhsdli, If 
the size of each of the l)l rotor slots is I t hy 3{) mm. heltw the cjvcrhang? 
Take an overhang of 2.8 mm. Am* About 220 amp. -turns. 

Prob. 4. Instead of drawing the curv<*s shown In Mg. 28, thi* rtdaiion 
between Brutal ami can be found hy the folhnving construction : 

Disregard the lower scale markinl Apparent Flux Ihmsity extend 
the l(4t-hand scale to the division 34 ami mark thescide ** Heal and Appar- 
ent (lux density.'' Hut out a strip of paper, and ca»py thi* left -hiuid scale* 
on the left-hand edge of the strip. On the right-hand t*dge of the strip 
mark the scale for AjAi as follow.s: division 20 of tlie Ifux density tc» 
correspond with /.ero, division 27 with 0.4, division 28 with O.H, "etc. 
Apply the left-hand cxige of the strip to <liviHloii 2.0 mi tlic» upper Imrir^on- 
tal scale, and to division 26 on tlie lower horir,ontid seitle. Move the 
strip up and down utrtil the upjwr horisiontal scide <*oiiicide« with the 
desired value of Aa/A^ marked on the stri|>. Lay n stmightedge cm the 
divisions of the two vertical acadac eoiroiponding to the given appiirent 
flux density. The intersection of the stralghteciga with tlm B41 curve 
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will giv(^ tlio re(iuire<l valucH of Breai iind //. Chc(‘k this (lonstruction 
for a hnv points with the va,lu(\s obtained from the curves, and give a 
geiicral proof. Hint: '^rius (‘onstriiction amounts to considering the 
B-H curve and Etp (54) as two simultancious e( {nations with two unknown 
(piantities Breai i»^nd II. Se(^ problem 11 in chapter IT, Art. 15. 

39- The Ampere-turns for the Armature Core and for the 
Field Frame, hi luiuiy nnuiliines the ni.m.f. required for the air- 
gap and tlu^. t(Hd.li are large as (‘oinpared to those required for the 
anuature corc^ and the field franuq* in such cases tlie latter are 
iutluu' alt.ogcd.luu* n(‘gle(‘.ted, or an^ estimated roughly, by increas- 
ing the anip(U'(‘-turns (^alculatcHl for the rest of the magnetic cir- 
cuit by say or t(‘n pm* c(uit. Where this is not permissible, the 
usual pro(‘(Hlur(^ is to estimate the maximum flux density in the 
core or frami^ umhu* (onsichn-at.ion and to measure from the drawing 
of the nuudiiu^ tlu^ hmgtli of the average path of the lines of force 
in it. The assumpt.ion is made that the same flux density is main- 
tain<‘d on tlu^ whole length of the path, and the required ampere- 
turuH ari^ cal(‘ulatetl from the iuagnetiy:ation curve of the material 
(f'igs. 2 and 3). While the anqiere-turus determined in this way 
aix* usually larger than those actually rcciuired, tlie method is per- 
missibh^ if tlu^ tot-al amount of the m.m.f. for the parts under con- 
Hid(‘ratiou is small as (‘ompared to the total m.m.f. of the magnetic 
cinmil.. If a gr(*at(n‘ a(a’iiracy is desin'd, the path is subdivided 
into two or more part.H in series, and the average density deter- 
mined for each part; and then the ampere-turns required for each 
part are added. 

Th(* tmichuiey now is to inereaso the flux density in the arma- 
ture cor(‘H of ultcuiiatorH and induction motors so as to reduce the 
Him of tlie machine. This is made possilile through a better (quality 
of laminatiouH, whi(’h show a smaller core loss, and also through the 
UH(^ of a mon^ intensive v(nitilation. With these high densities 
and with t.lie comparative large values of the pole pitch necessary in 
high-spcMHl machiner^q the ampere-turns for the core constitute an 
appreciable amount of tlie total m.m.f. of the machine, and it is 
therc‘fore desiralih^ to calculate them more accurately. 

The flux density in the core is a minimum opposite the center 
of a pole, and is a maximum in the radial jilane midway between 
two poles (Fig, 15). At each point the flux density has a tangen- 
tial and a radial component. The latter is comparatively small 
and can be neglected; the tangential component can be assumed 
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to vaiy according to the sine law, lacing zero opposite the center of 
the pole and reaching its niaximviin between the poles. Witli 
these assumptions, knowing the inaxinmin iliix density in tiie con^, 
the flux density at all other points is calculated, and the corre- 
sponding values of H are determined from the li-H curve of tlio 
material. The average value of H for oru^-half pole pitcii is then 
found by Simpson’s rule, e(is. (62) and (63). Wit-h the sine-wave 
assumption, the average B depends only tipoii the niaximurn 
flux density, so that for a given material a curve can be c.onipik‘(l 
from the B-E curve, giving directly Have fnr diderent valuer of 

Should a still greater accuracy be required, the following 
method can be used : Draw the assumed or the cahmlatc^d curve 
of the distribution of flux density in the air-gap, and indicate to 
your best judgment the txibes of force in th(^ armature core, say 
for each tooth pitc^h. The flux in the radial j)lan(^ midway betwcHui 
the two poles can bo assumed to be distributed unifornily ovc‘rtlie 
cross-section, and this fact facilitates greatly the d(Rermination of 
the shape of the tulxis of flux. The m.m.f. re(|uired for each tube 
is calculated by dividing it into smaller tubes in series and in paral- 
lel; thus, cither the average m.m.f. for the whole flux can l>a found, 
or the maximum m.m.f. for one particular tuhe.^ 

The frame to which the poles arc fastemed in direct-current atul 
in synchronous machines is usually made of (uist iron; in some 
cases tlie frame is made of cast st(xfl; in high-si)eed synchronous 
machines the revolving field is made of forged sttaT The magneto- 
motive force re(|uired for such a frame is found in the usual way 
from the magnetization curve of the material, knowing tlie anui 
and the average length of the path between two poles; tlie length 
is estimated from the drawing of the machine. In figuring out tlie 
flux density in a fic^ld frame one must not forget that (1) only one- 
half of the flu.x per pole passes through a given croBs-seetion of the 
frame (Fig. 20); (2) the total flux in tlie frame and in the poles is 
larger than that in the armature by the amount of the leakage flux 
between the poles. This leakage is usually estimated in per cent 

^Tlus method is duo to E. Arnold. S©e his W mhBdBlromtmhn^^ Vol. 5, 
(1909), part 1, p. 48. 

2 For details of this mctluxl see Iloock and Hellmund, Beitmg *ur Ilirech- 
nung (lea Magnetizierungsstromea in Induktionsmotoran, Ehktmlmhwih und 
Maschinenhau, Vol. 28 (1910), p. 743. 
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of nsc'ful flux, froiii oiu^’s oxjx'ru'nco with previously built 
iiin.(*hin(‘s, or it can Ix' ealeulated by the methods explained in the 
iHxxt artiehx Thus, a, lvttka<ir fartirr of 1.20 mea.ns that the Ilux in 
tlu‘ ii(Tl pol(\s is ‘20 p(‘re(ait higlua* than that iii the armature, the 
l(*aka,g<‘ Ilux const it ut in/;' ‘20 p(u* vxmi, of th<^ usc^ful Ilux. The usual 
vahu‘S of the Itaika/j;!' factor vary b(‘tw(‘en I.IO and 1.25, dependin/; 
upon tla^ pi-oximity ol tlu^ adjac(mt poles, tlu' d(»/;ree of saturation 
of th(‘ circuit, and th<‘ proport ions of the machine. 

dh(‘ anip(‘rt‘“t urns rtxjuir(‘d lor t-lu^ })ol(‘-pi(x*.(‘s are (calculated in 
a similar way, nssumin|L»; tlu^ whole l(xika/;(c to take phnce IxTweeu 
tlu‘ pok'd ips, so that ihv flux (h'nsii.y in the jxjle-waist c.orrcxsponds 
to tlu' total Ilux, inchuling tluc l<aikag(' flux. In ('X(‘.('})tional case's 
of hi|;ldy snturaU'd pok'-c'orc'S this nu'thod may be inadmissible, on 
acc'ouut of too lari;(c a marg'in which it would givee as compared to 
the ampen'-tunis ae’tually n'eiuin'd. In such (‘.asexs part of the 
l('akaf!;<‘ may b(c aHsunu'd to be conc('ntrat.(*d between .some two 
(‘orn'sponding points on tlie waists of two adjacent pokes, or it may 
be assumt'd io lu' actually distributed IxTwt'eu the two pole-waists. 
See prohs. 9 and Id in chapU'r 11. 

In some macduiu's tluj joint InTwetm iho polo and the frame 
ofTi'rs a p('rc(*ptibk^ ncluciamx', Iik(^ tlxc joints in the transformer 
('ores discnssc'd in Art. 22, Home designers allow a certain 
fraction of a millimcctc'r of air-gap to account fortius reluctance, 
and add the numlxcr of ampere-turns n'cpured to maintain the 
flux in this air«gap to thoscc for the polc-pit'ce. The length of 
this tx|uival(mt air-gap is found by checking back no-load 
saturation curves (obtained from experinu'ut. Ah a usual rule, 
it is advisablo to iuc'.rt'asc^ the total cakuilattHl ampere-turns of the 
magnetic einnut by alami 5 to 10 per cc'nt. This increase covers 
-meh minor points as tim n'luctance of the joints, oinitted in 
('alcnilations, as W(*ll as cc'rtain inaeemrate assumptions; it also 
t'ovicm a [HiHsible disc'ii^pancy betw(Hm the asBumed and the 
acttial pc'iimatbility c»f the imn. With a lilwrally proportioned 
fadd winding and a P^’uper regulating rheostat a designer can 
rest aasured t-hat the ttnjuimd voltage will be obtained, though 
possibly at a Hcummhat difTarent value of the field current than 
the esiimabxl one. 

Prob, b. The stator core of a Bix-jK)lc induc'tion motor has the 
following cliraeiiilons : lK>re 112 cm.; outsicle diameter 145 cm.; gross 
length 55 cm. ; the slots are 2 cm . hv 4.5 cm. ; tlx* machine' Is provid(xl with 
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8 veutihiting ducts 9 mm. witie each. What is flic maximum 
required for the stator core per pole if fht^ flux |hu- pole is (l,!5 

Ann, IS7 using Arnold s me 

Prob. 6. Draw a curve Indwcam flic averagt* // niui iimxii 
in the core, aKsuming n sinusohlal disfribuf itiii of the flux (humit; 
tangential dinadion, for flu* carbon stetd iaininafitms in tig. :i 

Ans. //,n'r 'Jf ».H lor / iVmi , 

Prob. 7. d’h(‘ cross“Sc<*(i<ai of flu* «‘asf iron {iciti yoke o! a 

(‘urrent nundiinc is (ihO s<pcm.; the nuain length t»f patii in if I 
two eouHCcutivc pol(\s is So cm. Tin* hiigfli t»f the liiH's of force 
pole-waist is 21 em.; its cn»ss“H<*ction *12(1 stpcui. 'riu* polos nr 
of steel laminations 4 mm. tliick, so fimt flic spins* hwf befw 
laininafions is negligible, 'i'he nduefanta* of flu* joint bcUvcisu 
pole and the yoke is esfimaftnl t<i be c<|uivnlcnt f<» 0.1 lum. nir, 
is the ro(|uirod number of ampen*dunis for flu* pole piece and ft 
per pole, when the useful flux of tin* inncliim* is o mcgiilincs pi 
The leakage factor is estimateti to be etfunl to 1 .2f). 

Aim. AIkiu! 

40. Magnetic Leakage between Field Poles. It is of 
tance in modem highly saturatfa! machimm to kmnv nc*curut 
leakage flux between the poles, in order to estimate eorrtT 
ampere-turns reijuinal for th<* rH*ld poles am! the frame 
rnac.hine. Mor(*ov(‘r, tlu* demign of tlie poles can be inq 
knowing exactly wliere the* jirineipal leakage* fieiuirs and 
depends upon the proportions of the mncluiie. dlie value 
leakage factor also alTcu’ts the voltage regulation of tin* rm 
bccauHf^ at full load the in.m.f. betwi’en tht* poled ips has 
larger than at no-load, on account of tin* armature I’luietioit. 

For new machiiu'sof usual proportions tin* value of the h 
factor can be estimated from teslH nuuli* upon siiiiilar miu 
But in new machines of unusual proportions the desigm*!* 
r(dy upon his ju<Ignu*nt, assistc'd if necessary liy crude coi 
tive luimpiitations of tin* p(*niieane«‘ between iidjiicent pole 
this and in tlu* ne.xt artieh* some «*\amples of such compiif 
are given, not so much in ord<*r to givt* a deliitiie metlioil to 
lowed in all casern, as to show the student a possible proceilu 
to train his judgment in (mtimating the |H*niitdine<* of iiii irr 
path. 

Four principal paths of leakage ciin Im distinguished he 
two adjacent pohis (Fig. 29): (a) la*tweeii ilit* sides of tlr 
shoes which face each other; (b) lMd:Wi*f»ii the Huim of tin 
cores (waists) parallel to the shaft of the nmcliiiie; (c) lM!t%ve 
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flankH or of the pole hIioch perpciulic.ular to the shaft; (d) 
between the lliuiks of the pole eon's. In the enle.ulations which 
follow, tlu' p('rnu'anees are eoinputed betwecai a pole and the planes 
of syinnu'lry, il/Af, lad.wec'n the. two poles, the pcirnieanee of the 
other half of each path laung tlui same. All these, leakage paths 
arc in paralk'l with respect to the pole, so that the total leakage 



FiO. 25).— Tlie leakage flux Ixawtson fu'ld poles. 

p<'rmeanee is ecjual t(» tludr sum. Knowing this total permeance 
atul the in.in.f. between tlw^ p<ile and the plane MM the leakage 
flux is found, and knowing this flux and tlu: useful flux per polo 
the leakage factor is (‘asily caleulabxl. 

Wo shall now estimaUs t.he iK:rmeiuiceH of each of the four above 
mentioned paths of leakage. 

(a) Between the adjacent pole-tips. Estimate the average 
cross^ction A of the path, in square centimeters, and the aver- 
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age length I between the pole-tip and tlie plane M luang guuh‘<i 
by Fig. 21). (Do not encroueh upon the fringe to t lie urmat ure.) 
Then tlie pcrmcanee of tlu^ |)at ii is, in |H*nns, 

(P /lA/l (o«) 

If a greater accuracy is desired, sulnlivide tlu' total path into 
Binaller paths in seri(‘s and in parallel, and tanleulate the ptunaann’e 
or the reluctance of each separately. Tluai t ht* total perini*au<*(‘ is 
found according to the well-known law (>f tH>nibiuat ion of rehie- 
tances and permeances in s(n'i(*s and in parallt*! (Art. Ih. Wlan 
mapping out the lines of forc<‘ in th<* air, lu‘gin tlaun nearly at right 
angles to the surface of tlu*. poh‘ (s(‘(> Art. 41 u hel<»u) ami draw 
them so as to make the total ptn-nuatnee cT tla* path a muximiun, 
that is, rcdiiciug as far as possilh^ the length nml inereaHiiig thci 
cross-section of each elenumtury tubc‘ of flux. 'T!a» iiaHliuin may 
be said to be in a state of tension ahmg tlu' lines tjf fort*e, and t>f 
compression at right angles their diri‘rti<nn by virtta^ of the 
energy stored in the field. Hema*, tlaiH; is a t<aideiH\v for tint ( uhes 
of force to contract along their length and expand aerosH tlunr 
width. 

(h) Beitmm the opjxmte pole-x'orrx. In this part. the h^akage 
field each elementary concH^ntrie path is HubjenUed to a diflVnait 
m.m.i, that between the roots of tlu' pt4es being prarticully zero, 
while the m.m.f. bthween tlu* points p and /*' is equal to that 
between the pokM-ips. In most eases it is periiiissible t<j consider 
the whole leakage (Iu.k as if pmssing through the whole length of the 
pole core, and tluui crossing to tlu* adjat’taif. ja>!es at tJie pede-tips. 
Therefore, it is convenient to add the piuineance l>etween the {lokt 
cores to that between the polt^diiw. But the nveriige m.m.f. 
between the waists is only aI>t)Ut one-half ut tiiat !H4.ween the tips, 
HO tliat the ecpiivalent permeanct* betwecai tia* ptile cores, reduced 
to the total m.ini., is ecjual to one-half of llic» actual pvnnmiivv. 
If the actual penncanca, calculated accarclirig to formula (oh) is#, 
the effective permeance is The average length and (U'oss- 
section of the path are easily estimated from the drawing of the 
machine. 

(c) Between the flanks of the pole sfums, Tlie path cmtimclii indefi- 
nitely outside the machine, and the lines of force are twisted 
curves, so that it is difficult to estimate tlio fHomieiuice griipfuciUIy* 
As a rough estimate, this pemeance ciui be rcaluced to that of the 
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path ill I'lui air Ix'twtH'ii t.wo roatangular pok'H of an (^lootironiagnot 
(Fig. HO). AsHumo tUo patlm of tho Ilux to couHiHt of (umccntric. 
([uailranlH wit h tlu^ <;cntci-H at c and c', joined by parallel ntraight 
liiK'H, and l<‘t thi' width of tlie polea in tlu' direction perpendicular 
to the plan<> of th<> paper be h. Then the pwaneance of an inlin- 
itcHiinal layer of thieknewH dx, Ixdween one of the polea and the 
plane A/ N of ayuiuu'try, ia 

d(P ndx.h/{)i7i:x + I). 

Integrating thin iv.'cpreHHiou between the liniitH o and b we find 

(/• l..S*t/i log (l.r)76/i + l) penuH . . . . (57) 

(compare with pmb. 24 in Ohaptor V, Art. 37). 

In applying thia formula and Fig. 30 to tho case of the flank 
leakage Vwtween tlie pole Hhoes, h is tho average radial height of 
the pole ahoe, b ia txiual U> one- 
half tho width of the polo hIioo, 
and 21 i» the distance iHitwoon 
tho two opiKwing pole-tips. 

While tho nwsthod ovkiontly 
gives only a crude approxi- 
mation to the actual penno- 
ance, fonnula (57) at least 
fixes a lower limit to tho por- 
meaneo in ipuwtion. 

(d) liftwren the JUmhn of 
the pale corm. The conditions 
are similar to those under (c), 

HO that tho permeance is esti- 
mated again on tho basis of 
fonnula (57). Tho sidt* of tho 
two KseUuigles in Fig. 29 are 
not par^kil to each other as in 
i' ig. 30, but this difference is pm, go, — ^TI mi maBiotio path lietwoen 
taken into account by mentally the poles of an clootromagnet. 

turning them into a parallel 

position, and estimating tlie equivalent distance 21 between tho 
edges of the opposing poles. The dimension h is in this case the 
radial height of the pole-waist, and & « one-half of the width of 
the polo-waist. Tho flank leakage is smaller than that lietweon 




112 


THE xMACiNETK' ViliCVVV 


iViir. 10 


the opposite side^ so that one may be snfLsfircl wif li a iU%nv. 
of accuracy. The equivalent permt'ance, nalueiHl to that bet wetm 
the pole-tips, is again equal to oiu'-lmlf liu‘ actual |>ernH*ama% for 
the same reason as under (6) above'. 

The total leakage permeance between a pole and f lie two p!aiu*s 
of symmetiy is equal to the huiu of flu* jauaneam-es cHlrulat<‘«l as 
above. In Bimiming them up it will be seen from fdg. 2U that the 
permeances (u) and (b) must* bt^ tuktai l\vicH\ ami also that ir] and 
(d) must be taken four times. The Itaikup* t!u\ per pub* is 
obtained by multiplying the total Itaiknge peu-meauei* in the ni.m.f. 
between the pole-tip and ilie plane* of syimn(‘tr\ . dins m.m.f. is 
equal to that requinal to establish the* useful flux, along the patli 
qrSj through the air-gap and the armature of the* maehim*, and 
consequently it is known before tin* poh*qnere and the field wind- 
ing arc computed in detail. Knowing the k*aknge flux ami the 
useful flux, the leakage factor is figuml <mi aeconling ilie defi- 
nition given above. 

When calculating permeances as imliciite<l idaive. <iiu* is advised 
to make liberal estimates of the same, for two rensons: In the first 
place, the true permeance of a path is always the largest possilde, so 
that, whatever asHumptions one makes, the calrutated pi*ruu*ance 
comes out smaller than tin* actual. In the S4*c«»nd place, in design- 
ing a new machine it is better to i»e tm tin* safe side and rather 
undcrcBtimato than oven'stimate the (excellence of the pminrm- 
ance. Some writers giv(* more <*Iuborati* ruli*H and formiihe for f lie 
calculation of the haikagc^ pfumaaima* which art' useful in tlu! 
design of machines of Bia'cinl iinportiuua»d 

The leakage factor rc'mains practically constant, as long as the 
flux density in the armature core anti tt*eth is iiaaleriUe, so that 
the reluctance of tlie uscTu! path r/rs is matrly const an f.. This is 
because the reluctance of the leakage patliB is constant, iitid, if t.he 
reluctance of the useful path is alst) constant, tlie linx and 

the leakage flux mcrease in the same proporlion when the nuni, 
between the pole-tips is increiwd. When Ihi* iirinatiire iron is 
approaching saturation, the leakage factor increiiw's wiiti ihe field 

* For a more detailed tumtincnt of the hmkngi-s p«i|i*f4 tm^ the 

following works: E. Arnold, Dk OkkfiMimmmuMfhim, I citMJfll, pp. 

284»»294; Hawkins and Wallk, ffw Uymifmh Vol. I |»|t, 'IflU 'IH4; 

Picholmayor, Dtjmtmkm (li)0S), pp. Crmiiip, 

Mmhim Dmign (1910), pp, 42«47 and 220-2110, 
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(nirn^nt , ih(‘ IcMiksigo (hix increanoB the more rapidly than 

tlu‘ UHC‘fiil fiux. ''iliin incr(‘UH(‘ in partly oITnet by the fact that the 
pol(‘4ipH alne iH^conu^ gnulnully Butiirated by the leakage flux, bo 
that tb(‘ lcMdvag(' factor (hx^H not increaHe an rapidly as it would 
otlua-wiwa TUv pnieiieal point to be observed m, that for the 
higlaa* llux dtaisitu^s, if aeetiraey is desired, tlie leakage should 
b(^ (‘stinmtcHl sc^paraUdy for a few points on the no-load saturation 
e\u*vc‘. 

for a giv(ai t(‘rmimd voltage, the leakage fac^tor of a machine is 
Homewhut higlun* at full-load than at no-load, because the recpiired 
num.f. lad W(‘(‘n tlu' poh‘-faeeH is higher, due to the armature reac- 
tion and to tlu‘ vedtage* drop in the armatunx In comparatively 
rare chhc^h, wluai t lu^ armature reaction asHistH the field m.rn.f., for 
inHtanc‘(‘, in t he (aisc^ of an alternator HUpplying a hauling current, 
the kaikagc* factin* deenaiHes with the increasing load. The fol- 
lowiiig exainpk' illust rat<*H tlie intliU'Uce of the load upon the value 
of the* k*akag<* factor. 

tlu^ UHt'ful flux per pt)Ie in an alternator, at the rated 
voltage and at no-load, 5 irugalines, and let OOOO amp.-tuniB 
pcT pok^ b<^ najuinHl for the air-gap and the armature core. Let 
tin* pc'rmeancH* of t lie* k*akage paths betwtani a pok*. and the neutral 
j)lnn(*H lie 120 pt^rnm, so that the leakage flux is 0,72 megaline, and 
t in* k*akag<* factor is (raCK) f ().72)/r).()()^^ Let a UHeful flux 

of 5.5 incgalineH be rcapurcHl at tlie same voltage and at full load, 
an increaHc* of 10 |M*r cent Inung necessary to (umipensate for the 
inttmial drop of voliagct due to thc^ armature impedance. If the 
tec»th and tla^ armatures core were not saturated at all, an m.rn.f. 
of (IflOO unip.-turn8 would be nHpnred. In reality, the m.rn.f. is 
highi»r, say 7500 iun{>.4urns, the armature naiction be equal 
to 1500 <lcuimgneti74ng amiieni-UiniB per pok*. To compensate 
for its action, IfitK) additional ampere-turns are recpurcHl on each 
field coil. Thus, the difTerance of magnetic potential between 
a j)oIe-t. 1 ^> and the adjacent plane of symmetry MN (Fig. 29) 
18 now IKKIO amp. -turns, and the leakage flux is increased to 
LOH iticgalincs. Tlic^n^fora, the leakage factor at full load is 
(5,r4L+dilH)/5,50^-4.20, Similar redations hold for the direct- 
curnuit niachiru^s. 

Ill fiilculating tlie performance of a Bynclironous or a direct- 
ciirrciit miichine one has to use the relation between the field cur- 
rent and the voltage induced in the armature. Ordinarily, the 
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no4oad Hatiiration curve is tistnl for this |nn'|)rmi\ aHHurning that 
the leakage factor is the muiu^ at full load as at ih» Ituui. Ilowevco* 
careful designerH Honu‘tim<'S plot a separut<‘ curvr, using a higluo’ 
leakage factor, for use at full load. 

Prob, 8 . AsHume in the illustrative evninple given in tlie text tlie 
armature (Uirrent to be leading, so tlmt the voltage drop in tlu- tirnmimv. 
is negative and the armature reaetiun strengthens the fhdti, 8ho\v that 
with tlie same vaha^ of th(^ annatim' mtmii t he hatkage is hetwetai 

1.09 and LI 0. 

Prob. 9. Draw rough sketeh(‘s of tiie niugneti<’ eirtniits nf tw(> 
inaehines, one posseasing stieli proport iorm, mnnber and slinfie nf pt^les 
as to give a partieularly low haikagt* fuetor» the other markedly defieifijt 
ill this respect. 

Prob. 10. C-alculate (he haikagc* fa<*tor and tlie leakage permeance 
per pole of a six-pole. turlKHalternator of the following dimeiwiimH: The 
bore is 1.2 m.; the axial length of the pides 9,.b m.; ininiiimm air-gap 
I cm.; radius of pole-shm^ are 45 em.; total height of the jKiie 211 em,; 
the height of the pole-waist 21 eim; the breinith aeross the |M)le-waist 
25 cm.; that across the pole-tips 30 cm. The reluetanee of the um'ful 
path in the air-gap and in tlie annatuni is esliinat«Hl to be about 9.57 
millirel per pole, at normal no-load flux. Ans. L 1 1 1 ; about 299 perms. 

Prob. 11. The l<?akage factor of thi' maeliine speeitieil in tiie |»re- 
(ioding proldcmi wits found from an exp(*riment Iti lie IJ.’I, iii lUHload, 
when the total flux ix^r pole wuh 29.»i5 mf*gidines. What is tlie true 
leakage permeance if 19 kil<aim|K^rt5-iurim |H*r inih^ were r<s|utrtsl at that 
flux for the air-gap and the armature? Aiih. 234 |a*nns. 

Prob. 12. The machine Bpe<*ifi(Hl in the tw*o foregfdttg problems 
requires at full load 20 |>c*r cent mim^ amfif^rf^-funiH for the air-gap and 
armature, on account of the huhnsMi voltage Iming 12 |*er rent higher 
than at no-load. The armatim^ n^aetion amoimta tii 4999 iliuniigneiliing 
amperc-tuniH per pole. What Ik the leakage fnefor at full Icuiib aercirding 
to the calculated leakage permeance and ammllng to that cibtalncxl 
from the test? Am, LIB; LI 11. 

Prob. 13. A elosai electric* eireuit eoiiHlsthig of ii buttery mid of 
a bare conductor is immerwsl in n Hlightly mndiietlng lif|uld, so ttifit piirt 
of the current flows through the liquid, Indiciite tliif ectmrriciti poiiitu 
and the difference l>etwecm this armngcunent iintl a mngiietlr rirrult 
with leakage. Using the edeetrl(*al analogy show* thfit imiifitiire ri'fietion 
increases the Ic'akagc^ factor; also explain the fact tlial, In order to com- 
pensate for the aedion of M demagnetiiging ntniwm-Umm on the firmiilure, 
more than M additional ampere-tuniii are W|uln-^si ciri the |i<ile.|ilec<«. 

Prob. 14. In some Imoks the pertneance t-iid.wwti twci |icile-fftr« 
(Pig. 30) is calculatwl l>y assuming the llni^ of forc*e to rciiiceiitric 
semicircles as shown by the dotted lines. Hhow tiiiil sindi a |ierineiirife 
is smaller than that according to formula (57) imd tlien?fcw Kticiiild not 
bo used. Hint: (Compare the lengthi of two ecir«»|Kiiwliiig liii« of 
force. 
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Prob. 15. Let AH and (7> (Fik- 31) n^prcvscnt tlio (‘ro8H-«e<‘ti()ius 
oi two oppoHi((‘ poIedac(‘H of an (‘l<*etronnign<‘t, iiielined at an angle 20 
to one anotlna*. Show that of th<‘ threes aHHUmptions with n'gard to the 
nhapc' of th(^ iin(\s of foree in tlu^ air iKdvvcaMi tlu^ p()I(\s (a) is more' (*orr(‘et 
than (6) and {h} i.s inoix^ eorn'et t han (c ) ; in ot lun* words, t.lu' asHunin)tion 
(rt) gives a higlua- p(‘nueanee than (/>) or (c). Hint: tan 0 y 0 y sin 0. 

Prob. 16. Show that tlu* j»(‘ nuainee according to Mg, 31 a, between 
one of th(‘ fact's anti tht' plane d/ A* of sytnineiry, is etjual to 

Uih/0)Ln{fhr/l i l ), 

where h is the witlth t)f tht' polt'-faet's perpentlitailar to tlu' plane of the 
paper, and that ftnanula' (otP anti (57) are six'eial eases of it. 

Prob. 17. 3 he fonnula given in tht' prt't'ctling problem is dediuxal 
under the asHinuptitm that the saints in.in.f. is acting t)n all the lines of 



Fici, .1L The magnet ie pntlm Is'i wtH'n the poles of an electromagnet (three 

asHumptions). 

force. Let now Fig. »lla repnmeiit a cross-set'tion of two opposing pole 
oores in an eleeirie niaehine, the nt.nuf. Ixitween A and C being ^.ero, 
and uniftjnrily invmmlu^ to a vahm M kitweK'n the points B and D. 
Show that the et|nlvii!ent |wnnennee of the path, r(>f(^rred to the m.mi. 
M is eciiittl to (iihmll (l/ilw)Ln(Ow/m)l 

Noth. If it is desired to n^gulnrly the foregoing formula in esti- 
mating the leakiigtf fiudor, the values of the expression in the brackets 
[ ] can \m plott^ai ns a curve for the values of (l/Ow) as abscissm. Similar 
fomiulie Clin \m deducet! anci curves plotted for the permeance of the 
flank leakage Iwtween adjacent imles. The paths of the lines of force 
over the polf^ can Imi iwumcvl to Im concentric {|uadrante and between 
the |;>ol« to have a shfij)e iimlliir to that indicated in Fig. 31a. 

41. Tbt Permeanc® and Reluctance of Irregular Paths. In 

uiing th© methods deseribed above for the calculation of the 
aifipem-tiirni for the air-gap, the teeth, and the cores, and in esti- 
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luatinij; the leakage factor, the reader has Hvm the difliculties 
involved in the computation of t he {K^rnu^anre of an irn/giilur path. 

In the partH of a magnetic iield not (H‘cupie<l hy the ex(*iting 
windings, the general principle applit^s that tht‘ lin(‘s of for<‘(‘ and 
the equipotential surfaces ass\ime s\ich slinpes and tlirecthnis that 
the total permeance l)econu‘8 a ninxinmni, or the reluctance* a 
minimum. When this condition is fuililied, tin* eut‘rgy <if the* 
magnetic field becomes a maximum, as is c*\plaim’<l in Art, A7, 

When the field needs to be considennl in t\v(» dinuissions only, 
that is, in the case wliere vro have* long cylindrical surfaces tiu* 
properties of conjugate functions can la* tistal for dt‘tc‘riuining tin* 
equations of the lines of force and of the equip<Uenf iai surfaces; 
see the refcreuces in Art. 37 above*. However, the inirely matin*- 
matical difficulties of the method an* Hindi as to make the analytical 
calculation of permeances feasilh* in the simpiost casos <ai!y . 

In most practical cases, esjaHnally in thrce^dimeusiiauil proh™ 
leins, recourse must be had to the graphical nH‘tho<l of trial and 
approximation, in order to olitain flu* maximum pcriiu*unce. 
The field is mapped out into small cedis by nnauis of Hiu^h of form* 
and equipotential surfaces, drawing tlieni tti the bt*.Ht nf one’s 
judgment; the total permeance* is cnlcaihifed by propt«rly com- 
bining the permeances of the cells in series and in parallel. Th<*n 
the assumed directions are somewlint modihi^d, ami the permeanei* 
is calculated again, etc., until hy successive* trials the positions of 
the lines of force are foiiml with which the pernteimce lH*c’omes a 
maximum. 

The work of trials is made more Hysiemalie by following a pro- 
cedure suggested by Lonl llayleigh. Imagine infinitely thin sheets 
of a material of infinite permeability to lie interposecl iil inti*rvn!s 
into the field under consich^ration, in positions iipproximutely 
coiiiciding with the eq'uipoiential HUrfHCi*H. If tliese sheet h exactly 
coincidcal with some actual e(|tiipotential Hurfnees, the total 
permeance of the paths would not be cdiaiigtnb there being no 
tendency for the flux to pass along th<* ca|uipoti*nl iai surfact*H. In 
any other position of the infmitel}* conducting shei*ts, the t<itnl 
permeance of the field is increascHl, hf*causf* througli these sla^eds 
the flux densities become more uniformly dist.ributetb Monaiver, 
these sheets beedine new eciuipot4mtin! Hurfaces of the system, 
because no m.m.f. is required to esta!iliH!i ii flux along a {inih of 
infinite permeance. Thus, hy drawing in the given field a systcun 
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of approxiTtuildy in the direct, ions of the true equipo- 

Umiml and nssuiuiug thene arbitrary Burfaces to be the 

tnu^ (Mpiipoteidhil Burfac(‘s, the true rc'hictanco of the path is 
HMliKaal. In oth(‘r words, by calculating tlie reluctances of the 
hiinime b(‘twe(‘n (iu^ “ incorrect ’^aiuip()tential siuiaccvs and adding 
tlu\se r(‘luctanc<‘s in vstnh's, one obta-iiiH a reluctance wliich is lower 
t han t.h(‘ i ruv n^luct ance of the path. This gives a lower limit for 
tlu^ rtMpiinal n^luctanc'e (or an \ipper limit for tiie permeance) of 
t lu^ path. 

linagint' now various tubes of force of the original field 
wrapptnl up in in(inlt(‘ly thin sb(H‘ts of a material of zero permeabil- 
ity. TiuH do(‘H not, (‘hang(‘ the reluctance of the paths, because 
t hc'rc mv. no pat hs IndAVinm tht‘ tuix's. But if these wrappings are 
not exactly in t ht‘ din'ction of th(‘ lin(*s of force, the reluctance of 
t.h<^ {ic‘ld is incrcaiH(Hl, lua-ause the densities become less uniform, 
tlu* non"»p(U'nu‘ablt* wrappings forcing the lines of force from their 
nat\n*al p<miti<mH. Thus, by drawing in a given field a system of 
Htirfaca^H approximatt‘ly in th(‘ dinad-ions of the lines of force, cal- 
culating t h(^ n^luctancc'S of the individ\ial tubes, and adding them 
in paralh'l, a n'luctanct^ is obtained which is higher than the true 
reluctance of tlu‘ path. Tim gives an npper limit for the reluc- 
tanc(' (or a loW(*r Hnut for tlu^ jxu'meance) of the path under 
considcn’ut itxi. 

dlx'rcfon*, the practical procedure is as follows: Divide the 
fa'ld to tlu* lu'st <rf your judgment into c(‘lls, by e(iuipotential 
surfaces and by tulu^s of force, and calculate the reluctance of the 
field in two ways: first, by adding the c(‘11h in ])arallel and the 
rc'snitaiit hunime in H(*ries; stM’ondly, by adding the C(Bb in series 
and the r(‘Hultant, tulx^s in paralh*!. '‘Die first result is lower than 
tin* Hceond. H(*Hdjust tlu‘ position of the lines of force and of the 
(H|uipoteaitial Hurfac(»H until the two results are sxdliciently close to 
one another; an average of the two last resultB gives the true 
reluctance* of the* field. 

Om* difficulty in actually following out the foregoing method 
is that the changers in ilw assunuxl directions of the field that will 
give* t lic* ix'si result an* not always olivious. Dr. Th. Lehmann has 
ininxlucexl an iinprov(*mc*nt which greatly facilitates the laying out 
of a fk'ldd W't* shall explain this method in application to a two- 

* “ CffiipliiHchi* Mcthtnlc «ur BcHtimnnmg cIch KrafilinimvcrlaufeB in der 
Luft"; EkMmUieJinim'lm ZmUehrifij Vol. 30 (HK) 0 ), p. 995 . 
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(Urnensioiuil field, though theoreticnlly it is ap|>lirui»h‘ tci tiinn*- 
dimensional ])rol>leniH also. Aeeording to lines of forre 

and lev(‘l surfaces are drawn at such distaiu'cs that they emdost' 
cells of equal reluctance. Consider a slice, or a cell, in n iwe- 
dimensional field, v centimeters thick in tin* thini dimension 
(where v— 1//0, and of mich a form that th<* av(*nige Imigth I of 
the cell in the dinalion of the lim^s of hnre is equal to its average 
width to in the })erpendi<‘ular direetion. Ha* relmUnnee of sueh n 
(‘ell is always (Hjual to one nd, no mntt(*r whether tla* (‘ell itself Ls 
large or small. This follows frotn the fumlurnental fornnita for 
the roluctam^e, which in t his cnst‘ lun-omcs (fi li/ii X to) i . 

The judgnumt of the eye ludps to arrange* cadis (jf a width ecpial 
to the length, in the jiropcn* position with respect to eacii «Ula»r and 
to the adjoining iron; the next apiiroxitnatiiat is apparent fnnu 
the diagram, by inspecting tlu* lack ecpiality in ihv averages 
width and kmgth of tlie cells, ku’d Hayhn'glds condition is 
seemred by this nuams, siiua* the c<nnhinati(»n of cells tjf e<|ua! 
reluctance leads to hut one result, whether tlnw are coinldned 
first in parallel or first in series. Aftcu* a fi*w trials the space* is 
properly ruled, and it simply nunfuns to cenmt flic nmnhm’ of ccdls 
in series and in paralkd. J)r. I^dimnnn shows a few appIh»atioiis 
of his method to practi(ail easels of ek*ctririil machim»ry, and the 
reader is r(*ferred to the* original article’ for further details. 

The foregoing methods apply tmly to the* regitms outside the 
exciting current, hc’cause only in such parts of the fkdd the maxi- 
mum permcaiux'. com’Hpomls to the maximum stored eleciromng- 
netic energy. Within the space occujnfnl by the exciting windings 
the condition for the maximum of energy is ditTereiit (see Art. 57), 
and is of a form which hardly permitH of the eonvenient fippliciition 
of a graphical method. However, in most practicnl ra«*s the 
directions of the lines of force within the excdliisg windings are 
at)proximatcdy known a prwri: or els(% the windings l!ieiii»«*Ives 
cm b(^ aHHumcHljfor the purpose’s of eomputatiorqfo la’coiiceiitriited 
within a very small space. For instaneex the field winding can he 
assunuKl to consist of an infinitely thin layer vhm In the pole-wiiist, 
Tluni thcHumdition that the |,Kirinean(au^ a iniixiiiiiifii is fulfilled in 
practically the whole field, and the* field is miijijsxl oiit on this hmm, 

Prob. 18. Bkcteh the field lietwefm the nririiitiirt:i tiial m pole-|iiefis 
or some [>roporfcion of tooth, slot, and air^gfip and cleteniiiiie tlie lower 
and upper limits of the* reluctance by Ixml lliiyleigli^g iiietticai 
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Prob. 19* SOUK' ratio of slot widtli t.o air”f>;a[) draw the tooth” 

fringe fhdd to Ihc' p('r{)entli<*ular surfa<‘(* of tlu^ adjust the number 
and Hjnieing of the liiu's of fona' hy Dr. Lehinuim’s metliod, and sec how 
(‘losely you ran <’lu'ek the eorrespondiug point on ('arter’s <’Urve (Fig. 2()). 

Prob. 20. From tlie given drawing of a machine, determine the 
p(*rinc‘{in(’e of the' fringe' from tln^ pole-tip to the armature by Lehnuum’s 
mc'thod ; eciUHidt , if ina'CHsary, Dr. LehmaniFs original artu'le. 

Prob. 21- Map out tlu* leakage fu'ld between the 0 })p 0 Hing ])ole“tip8 
and eorcHof a giv('n niachiiu', and dc'h'rmine its ocpiivalent permeance by 
Lehmann 'h nK'thocb asHuming the coils to bo thin and elose to the core. 

41a. The Law of Flux Refraction. When mapping out a field 
in air, tlu^ lim^H of forces niust be drawn ho an to enter the adjoining 
iiaut alnumt normally to itn Hurfaec^ even if they are continued in 
the iron almont paralh'l t.o itn Hurfae<\ Tho lines of force change 
tlieir dinM‘tiou at the tlividing nurface anddenly (Fig. 32), and in 
HO doing they obey thc^ HOK’-alkul law of Jltw nfraciion; namely, 

Uit\ (h/Umf}a^fi(/lt,t (58) 


Hinca /t^i In ttiany timen Hnuilh»r than /i,*, the angle Oa ib usually very 
Hrimll, luilcHH Oi m mny ntuirly 90 degreen. It may be naid in gen- 
eral that the h)W<n' the* pc'rimudnlity 


of a me«lium the iuninu’ the lines 
of force lire tc) tin* normal at its 
limiting stirfaeoH. In this way, the 
path Indweeii two givc*n points is 
sluatened in the me<Hum of lower 
permealnlity and is lengtlumed in 
the medium of biglier p(*rm<'ahiUty. 
Thus, the total i>ermeance of thes 
eircniit is rnade a maximum. 

To dethuat the ahovc^-Htatcnl law 
iif refraction, eoiisick’r a tube of 
flux betw«iri the equipotcmtiHl aur™ 
faces ab and the width of the 
pfitli ill the dinw.tion {leriiendieular 
to the plane of tlie paia»r being one 
centimeter. I Jit Bi and /^,i be the 



F .ci. 32.— The refraction of 
a flux. 


■flux, danaitieii, anti Hi and //« the 

correiponding magnetic intensities in the two media. Two 
conclitioiii niuit he satisfied, namely, first, th© drop of m.mi. 
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along ac is tlie Hanu* as that, along W, and s(HU)ndly, tlie total 
flux through cd is o(|uaI to that through ah. Or 


ll.rar Urbd, 

and 

Hi -ah. 

Dividing one e(|uation by tlu^ other, and rearranging the terms, 
ect. (r>S) is obtained. 

Prob. 22. vShow that the total n^fraetion which is in some cases 
expeneiu'Otl by rays of light is impossible in th(» case* of magnetic lines 
of force. 

Prob. 23. Part of a flux ennerges from the flunk of a tooth into the 
slot at an angle of to the normal. What is the angle which the lines 
of force make with the side of the slot in tlie iron, asHuming the relative 
permeability of the iron to Ik* KKK)? Aim. 9(f Oi >**3® 17'. 
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THE MAGNETOMOTIVE FORCE OF DISTRIBUTED 

WINDINGS 

42. The M.M.F. of a Direct-current or Single-phase Dis- 
tributed Winding. In the two |)r(‘a*(ling chaptons it is shown how 
to cnh’uhiti^ thc^ ninp(n‘('“turns r(*((uir(ul for a giv(ui flux in an elec- 
tric! nuK’hint*. Wluai th(! iag winding is (mwmtratcdj that is, 
wluni nil tlu‘ t urns pen* pok^ enuhnun^ the wholes flux, the number of 
anip<‘r(‘“t urns is (*<[unl to ( he product of tlu! actual amperes flowing 
thnmgh the winding I line's the' numlier of turns. Such is the case 
in a transforine'r, in a dire'ct-currt'nt machine, and in a synchronouB 
inacliine' wit h salienii In some vmm, howevm*, tlie exciting 

windings are* iHstriimtai along the* uir-gaip, so that only a part of the 
tlux is linkenl wit h all t he* ttirns, and the actual ampere-turns have 
te> he* nmltiplic'd by a facte^r in ordc*r te> obtain the t^lTectivc m.m.f. 
Suedi is the* e*u8c* iti an indued ion me)te>r, anel in an alt(*rmitor with 
noinsnlie*nt pole's, Moree)ve*r, eine* has to consider the m.m.f. of 
distribut(*d unnature! windings whe*n cale*ulating the*. |)erformanco 
of a Hiuc'hini* untle*r load, lH*e’atiHe the* armature curremts modify the 
netdeuid flux. In tliis chaptt*r the* mjn.fs. of (lisirihuted windings 
are* t re*Hte*d mainly in applic*ntion to the* p(‘rfonmun!e of the induc- 
tion me»tor; in particular, to the! calculation of the no-load current 
am! t he* ri*iu*t ion cjf the* H<*(*on<lary curre*ntH. The* armature reaction 
in HynehronouH ami in dire‘C‘t-eurr(‘nt machine's is analyml in the 
!u*xt tw<» ediaptt*rH. 

liiHirilHdrd Winding for Altirnaior FivUL A croBH-BCHition of a 
feuir-ptik* field siructun* with non-Halit*ni jioles for a t\irl) 0 -altorna- 
tnr is Hhenvn in Fig. dda. The* flux is gradeHl (Fig. 336) in spite of 
a {'onstant air-ga|), he'cause the total ampenvturnB act only upon 
t he* fjart a of a {)olt*; iwenthirds of the ampere-turns imi upon the 
I'lart^s 6, 6 and one-third upem the parts c, c. Tlie m.mi. and the 
flux in tlii! parts d, d arc! e<|ual to mm. Thus, theoretically, the 
flux deniiity in the air-gap should vary according to a '' stepped 
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Fia. 33a. A four-pole revolving fieldstructure with non-salieat poles. 

curve (Fig. 33&) ; in reality, the comers are smoothed out by the 
fringes. The total number of ampere-trxms per pole must be such 

as to create the assumed 
Boaiximum flux density 
Bma» fai the air-gap 
under the middle part 
of the pole. The slots 
are placed with due re- 
gard to the mechanical 
strength of the struc- 
ture, and so as to get a 
flux-density distribu- 
tion approaching a sine 
wave. The middle part of the curve is left flat, because very little 


a 



Via. 335. The flux-density distribution for 
the field shown in Fig. 33a. 
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flux W()uUn)e gaincn! hy i)la(‘in^- a narrow coil near the <3enter of 
tlu^ pole, at. a (•on.si(l(U*a])le (‘xpense in co})per, and in powerless for 
(*X(‘itaUon. The t(»tal flux, which is proportional to the area of the 
curve in 33/), must. 1 h‘ of tlu' uiaf>;nit\ulo required by e<p (31) 
for th(3 indue(Hl (Mu.f. If fi:rt'ai|.(M’ accuracy is desired, the curve in 
Fif^;. 33/> is r(\solv<'d into its fundanu*nUil sine wave amd higher 
lutrnionicH; tlu‘ airt'ai of tlu^ fuudaiauaiitail curve must then give 
t.lie flux 0 whi('h (uit<‘rs int.o (‘<|. (31). 

Distributrd Whiding, Let us consider now the 
stator winding of an induction motor, aiml in pairticuUir the m.m.f. 
creaUtnl ly tlu‘ curnsit in oiu' phase. W(‘. begin with the simplest 
caise of a winding placiul in one slot per pole per phase (Fig. 34). 
Th<3 nductama^H of t h(3 
stivt.or c‘.ore and of t lie 




rottar (a)r(uire smadl as 
cornpaired with tluit of 
the air»gaj) and the 
teeth, and an^ taiktai 
into account by in- 
creasing tlu^ niuctamce. 
of tlu3 uHive [ai/rr of 
the ituichine (air-gH|> • 
and teeth). If /'and 
Q are the (arnttu’s of ^ 

the slots in which the mx r e • x x *% 4 . 

. Fia. 34.— The of a mnglo-phase unislot 

opposite^ Hld(*H of a (‘Oil winding resolved into its harmonics. 

are placed, the ni.ini. 

distribution along tlie air-gap is that shown by the broken line 
/£/'/"(/(//>. In otlier words, tha m.m.i acroes the active layer, 
at any instant, is conHtani over a pole pitch, and is alternately 
positive and negative under consecutive poles. 

I Ad, n l)e tlie ntimlier of turns per polo, and i the instanta- 


fflfTffWiFIBrii'’' 


(nirrtiiit; tlwii tha height PF' of the reotanglo is equal to m. 
It is luitiemtood of coiirHc tiiat euch an m.m.f. acting alone does 


not produce the siiuiHoidal distribution of the flux density assumed 
in the j)niviouH (diapters: In a single-phase motor the sinusoidal 
distribution is du(. to the simultaneous action of the stator and 
rotor curnmtH, and also to the fact that the windings are distrib- 
uted in several skits {ler pole. In a polyphase machine the simul- 
taneous action of the two or three phases also helps to secure a 
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siTUVsoidal (liwtrihution. As Ituig Jis flu‘ tMui i'Q arts uioiua th(^ 
nijni. has a rectangular ” (iistrihutioii in s|aic‘e, and, if flu* (-iir- 
rent in the coil varit^s with tlu^ tinu‘ aceortiiug to tia* sine law, tla* 
height of the rectangl(‘, or the ni.ni.f. across the at'livt* la\ an*, also 
varies according to the siiu' law. In what follows it is iinportunt 
to distinguish between varhitioim t.ht‘ nnnnfs, in spnee, i.e,, along 
the air-gap, and those occurring in tirne, as tin* vumnii in a wimiing 
varic's. 

For the pni’])oseH of anah*sis tlu‘ reetangular distribution of ila^ 
in.nnL can l)e r(‘plac(*d by an in/initt* ntunber of sitntsoidal dist ribu- 
tions (Fig. 34), according to Ft>uri(n’'s scu'iesd The advantage's of 
such a development over the orginul rectaiigli' Pl^'Q'Q are as fel- 
lows: 

(a) The sine wave is a familiar standard by which all edher 
shapes of periodic (‘urv(‘s aiv jialgcal. 

(/>) When adding the nnin.fs. (hie to thi* coils in difTiu’ent slots, 
or belonging to cliiTerent phases, it is nnich im»re convenient to utld 
sine waves than to add nTtangles displaccMl in spare luul varying 
with the time. 

(c) In the actual operation of mx induction tnolor tir geia*rntnr 
the Ingher harmonics in the m.m.f. wave are to a <*onsiih*rab!e 
extent wiped out by the corrc‘Hponding curnmis in tin' rotor, so tliat 
the rectangular distribution is nctuatly cliangtal to a nearly sinu- 
soidal one (h(‘(‘ Art.. 45 ]h4ow). 

Let h I)c tlie lu'ight of tin* rectungh*; we asmnne that for all the 
points along tlu^ tur-gap tlu^ sum of tlie firdinates of all tlie sine 
waves is ecpnil to h; or 

h A 1 sin X } sin 3.r f sin 5x f etc. . , (5!)) 

Hero X is tlie angle* in (4(‘cinrnl degn*es, couiit<*d idrmg the mir-giip, 
and /Ij, Aa, A tv . * . an* the ainplifnd«*s of tin* waves, tn la* deter- 
mined as functions of It, No cosine harmonies enter into this for- 
mula, because the m.m.f. distribution is syiiimi^lriral with respect 
to the center line ()(/ of the exciting coil. To deterniiiit* Iht* iimpli»» 
tilde of the nth liarmonic A„, multiply both sides of eq. C5!>) hy 
sin nx d(nx), and integrate both sides lH*twei*ii the limits x-41 and 

^ For tluj general mctlKKl of expamliiig a |a*ri«Iir fttrieiiofi iaio a wrieiiof 
sinoa and coHincm, sms tli« author's Kxiwnnwninl Elminml Emginmmma, VoL % 
pp. 222 to 227. 
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X Tc, All t hp t.(‘rins on tlu‘ right-luiiid wide vaniah, except the one 
cont.aining niu- nx^ and we have 

2/t 

from which 

(60) 

''riiUH, the re(iuired wu’ies in 

h Ah/n: (niii x A I sin :hr-[ i win 5x4-etc.) . . (61) 

''I'hiw nuMinw that the aiupllt.ude of tlu^ fundamental wave iw A/n 
tiniew largcn* than the height h of the original rectangk^; tlie ampli- 
tudi* of tlu^ third harmonic iw (*(jual to (nie-tliird of that of the fun- 
damental wav('; tiu' umplitiuh' of the fifth harmonic iw one-fifth of 
that of tlu' fumlanuaital wave, etc. In practical applications the 
fundaiiumtal wav(‘ iw iiwually all we d(‘wire to follow, but in some 
special easels a hnv of t h(‘ harmonitis are important^ 

Let now the winding of a phase be distributed in S slots per 
jH)le (I'dgH. 15 and 16), the distance between the adjacent slots 
being n (‘hH‘trit‘al (U‘gr(‘(‘H. 'I'he conductors in ev(ny pair of slots 
distant Ijy a pole pil.eli produce a rectangular distribution of the 
m.mi. lik(‘ th(» oru^ shown in Lig.IM, or, what is the same, an equiv- 
alent series of sint'-wave distributions. The m.m.fs. produced 
by thc‘ difT(‘r(*nt coils are HUiKumupostal, and, since a sum of sine 
wav(‘H having etpial baH(‘s is also a sine wave, the resultant m.mi. 
also consists of a fundanuaital sine wave and of liigher harmonics. 
Tin* fundanumtal wavt*s of the m.m.fs. of the several coils are dis- 
placcal Ijy an angle of n ek'ctrical (h^grees with n^spect to one 
anotluT, HO that the amplitude of the resultant wave is not quite 
S ilmoH larger than that of each eornponcait wave. The reduction 
co(drH‘it*nt, or the* slot fa(d.or, is the same as that for the induced 
(\m.f. (Art. 2S), he(‘ause in both cases we have an addition of sine 
wave's displat’ed by tx idectrical degrees, (see also prob. 20 in Art. 

‘This «icth<Kl of treating the m.m.fs. of distributcxl windings by resolv- 
ing roclangnlar carve into lugher harmonics is due to A. Blondel. 
B(hi his ariiclf^ entitlcKl Qaelcjues propn6t6s g^n^rales d(^s champs magn6- 
ticpicH toumants/' I/ErUumge KlecirUivs, Vob 4 (1805), p. 248. Some authors 
couHidc'r the actual “ HtappiKi " curves of the m.m.f. or flux distribution, a 
pnK’edure mtlwr mmlmmanw, and in the end loss accurate, in view of the 
fact. that, thc' higher harimmics arc to a considcrabla extent wiped out by the 
currents in tlie n-)tor. 
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28.) For the same reason, the value of file %vintliiig“|utrh factor, 

deduced in Art. 29, hoklH for the lu.m.fs. ns welt as for tlie 
induced e.rnis. 

When adding the waves of the Iiiglun- harmonics d\ie to 
coilS; one must remember that an nngh^ o ehairicnl ch^grees fijr 
the fundamental wave is e<i\nvuh‘nt tt) 2o e!e(*tricni tiegrcivs for the 
third harmonic, for the fifth harmonic, i*tc. 91iercfi*re, when 
using the formula (29) and Fig. 19, dilTenmt values of o amt of |H»r 
cent pitch must be used for each harmonic, and in this csmnection 
the reader is advised to r(‘vicw Art. 20. In the practit'al prtd^huns 
given below the higher harnumics ul the armatun* m.m.f. are dis- 
regarded altogether. Tlie n^sults so obt aim'd are in a sufficient 
agreement with the results of (experiments to warrant th<e great 
simplification so achievcal. For the conipleteness (»f the treat meat, 
and as an applmation of the general metluab an anulysis c»f tlie 
effect of the higher harmonices of an m.m.f. is gi%‘en in Art. 45 
below. However, this article may !>(» omitted, if desiretl, witliout 
impairing the continuity of tlu* trentinen! in fiie rest f»f tin* book. 

Resolution of a PidsiUimj mjn.f. into Two (flidiutj m.rn.fs. Hie 
reader is aware from (4ementarv study that the pulsating m.inis. 
produced by two or three pliaseH combine into one gliding (nwailv- 
ing) m.m.f. in the air-gap. It is thendore convenient to consider 
even a singb-phasc pulsating m.m.f. as a (MUntunatiun of m.mis. 
gliding along the air-gajj in o{)poHite direetions. In this wise, the 
m.m.fs. due to difTerent phasc^s are later ccunbined in a simple 
manner. This method of treatment is similiir tu that used in 
mechanics, when an oseillatoiy motion is reserved intti two rotary 
motions in opposite dinadiouH. Also in tin* analysis of polariml 
light a similar methcKl of treatment is used. 

Take the first harmonic of the m.m.f, (Fig. 114) anil assume the 
current in the exedting coil to vary with the time amirdiiig to the 
sine law; then the amplitiidt' of the m.m.f. wave also viiries with 
the time according to the sine law. Imagine two in. mi. waves, of 
half the maximum amplitude of tlie piilsitling glifhng uni- 

formly along the air-gap in opposite dinadions; the stiperjiosiiion 
of these waves gives tim original pulsating wave, due rim we 
this by drawing such waves on two pieces of tmiis|'iiirrtit paper and 
placing them in various positions over a sketch siiowiiig the {Hib 
sating wave. It will be found that the sum of the correspoticiing 
ordinates of the revolving waves gives the ordinate of the piilimting 
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wave at the same point-. Or els(% repr(‘s(‘nt th(^ two gliding waves 
by two vectors of (‘(pud nuigiiitud(‘ M ^ Revolving in opposite direc- 
tions. Tlie r(‘Hulta-nt V(‘ctor is a })iilHuting oiu' in a. constant direc- 
tion, and varic‘s liarnionicudly l)(d.w(H'n the valuers ±2Af. 

The analytical proof is as follows: Let tlu' exciting current 
reach its niaxiniiun at the nioinent L d). Thm^ if the ainplitiule of 
the ni.xn.f. wav(‘ at t-his inst-ant is ecpial to d, the anpdiUide at any 
other instant i is (apial t.o A (‘os 27zfl. Theivfore, the in.in.f. cor- 
responding t-o a point distant x from P and at a time t is eepud to 
A cos 27:fl sin x. By a familiar trigonometrical transformation 
we hav(‘ 

A sin X (‘OH A sin + 27rfi) -f J A sin {x - 27cft ) . ((>2) 

The right-hand side of this (xpiation represc'nts two sine waves, of 
the amplitiuh' id, gliding synclironously aUmg the air-gap, that is, 
covering one pole pitch during each alternat-ion of the curremt. 
The wave id sin {x + 2n:ft) glicU's to the left, because, with increas- 
ing tf the valuta of x must be ivdiUHal in order to get tlie same phase 
of the ni.nnf. wav(‘, that is, to k(‘(‘p th(‘ value of {x-\-2nfi) constant. 
The other wave gli(h‘H to tlu^ right, because, with increasing b the 
value of X must bc‘ incr(‘aH(*d in orch'r to obt-ain any (‘onstant value 
of (x“-2n:/0. A similar n^solution into two gliding waves can be 
made for each higlun* harmonic of the pulsating m.m.f, wave; the 
higher the orchu* of a harmonic the low(‘r the lincuir speed of its two 
gliding wave* compoiu'nts. 

In practic(‘ it is usually re<|uired to know the relationship 
betwec'U the (dTedivc* value i of the magnetizing curnmt-, the num- 
l)er of turns n p(‘r i)olc‘ ja*!* phaH(‘, and the en'st- valu(‘ of one of the 
gliding m.m.f, wavers, l^'rom the preceding (explanation this rela- 
tionship for the fundamcuitnl wav(‘ is 

A/ 4(4/7r)fc6^ri\'2«0 , . . . (03) 

where M is tin* amiditude of cuudi of the two gliding m.m.fs,, nW2 
represents thc^ maximum Innght h of the original rectangle, and the 
factor I is int rodiuaHl because tlie amplitude of each gliding wave 
is one.-halfofthat of the corresponding pulsating wave. Thebreadth 
factor kt is the same as that uschI for the induced e.mis. (Arts. 27 to 
20), Similar expressians can be written for each highc^r harmonic, 
remembering that their amplitudes decrease according to eq, (61), 
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and that a different value of ki, must be used for each harmonic. 
The value of M is calculated so as to produce the required revolv- 
ing fluX; as is explained in Chapters IV, V, and VI. From eq. ((»3) 
either n or i, or their product can be determined. 

Prob. 1. A single-phase four-pole induction motor has 24 stator slots, 
two-thirds of which arc occu})ied by the winding; there arc LS con- 
ductors per slot. The average reluctance of tlie active layer is ().()<) ni. 
per square centimeter. What current is necessary to |)rodu(‘e a, pulsating 
flux of such a value that the niaxiinum flux density due to tlu; first, 
harmonic is 5 kl. /sq.cm., when the secondary (urcuit is open? 

Ans, 8.3 amp, 

Prob. 2. Show that in the preceding problem the ditTerence bet.wiHm 
the actual flux per pole and its fundamental is less than 2 per cent. 

Prob. 3. Show that, if in Fig. 34 the angle x is counted froiti th(» 
crest of the first harmonic, the expansion into the Fourier series is similar 
to eq. (61), except that cosines take place of the sines, and tlie terms 
are alternately positive and negative. 

43. The M-M.F. of Polyphase Windings. Consider a two- 
phase winding of the stator of an induction motor (Fig. S5a) ; let 
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Fia. 35((. — A two-phawo wlnditi)!:. 


the current in phase 1 lead that in phase 2 by J 7’, or by 90 oloetricnl 
degrees. A little reflection will show tliat the resultant rn.ni.f. of 
the two phases glides from right to left: Ixit the current in phas(‘ 1 
reach its maximum at the instant t=0; at this instant the current 
in the coil 2 is zero, and the m.ni.f. wave is distributed uniformly 
under the coil 1 ; at the instant t— the current in phase 1 is zero, 
and the m.m.f. is distributed under the coil 2. At intermediate 
instants both coils contribute to the resultant m.m.f,, so that its 
maximum occupies a position intermediate between the centers 
Oi and O 2 of the coils 1 and 2. 

The actual rectangular distribution of the m.m.f. duo to each 
phase can be replaced by a fundamental sinusoidal one and its 
higher harmonics, as in Fig. 34. The pulsating fundamental m.m.f. 
of each phase can be replaced by two waves of half the ampli- 
tude, gliding synchronously in opposite directions. I^et the wave 



Chap. VII] 


M.M.F. OF DISTRIBUTED WINDINGS 


129 


due to phase 1, and gliding to the left, be denoted by Li, and that 
due to phase 2 by L2. Let the corresponding waves gliding to the 
right be denoted by Ri and R2. Disregarding the higher har- 
monics, the resultant m.m.f. is due to the combined action of the 
four gliding waves Li, L2, Ri and R2. At the instant t=0 the 
crest of the wave Li is at the point Oi; at the instant t^\T the 
crest of the wave L2 is at the center O2 of the coil 2. Consequently, 
at the instant i = 0 the crest of the wave L2 is 90 electrical degrees 
to the right of O2; or it is at Oi. Thus, the waves Li and L2 actu- 
ally coincide in space, and form one wave of double the amplitude. 

The crest of the wave Ri is at the point Oi when t=0] the crest 
of R2 is at the point O2 when t=\T. Therefore, at t=^0 the crest 
of R2 is 90 electrical degrees to the left of the point O2, and the 
waves Ri and R2 travel at a distance of 180 electrical degrees from 
each other. But two such waves cancel each other at all points 
and at all moments, so that there is no resultant R wave. Thus 
the resultant fundamental wave of m.m.f. in a two-phase machine 
is gliding. Its amplitude is twice as large as that of either of the 
component gliding m.m.fs. of the two phases, which components 
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Fig. 356. — A three-phase winding. 


are expressed by eq. (63) . If the current in phase 2 were leading 
with respect to that in phase 1, the L fluxes would cancel each 
other and the resultant flux would travel from left to right. 

Consider now a three-phase winding (Fig. 356) and call the 
m.m.fs. which glide to the left, and which are due to the separate 
phases, by Li, L27 and L3 respectively. Let the waves which 
travel to the right be denoted by Ri, R2, and R3. Assume the cur- 
rent in phase 2 to be lagging by 120 electrical degrees, or by P", 
with respect to that in phase 1, and the current in phase 3 to be 
lagging by \T with respect to that in phase 2. By a reasoning- 
similar to that given for the two-phase winding above it can be 
shown that the three L waves coincide in their position in space, 
and give one gliding wave of three times the amplitude of each 
wave. The three R waves are relatively displaced by 240 elec- 
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trical degrees; or, what is the same, by 120 electrical degrees; 
hence, their m.m.fs. mutually cancel at each point along the 
air-gap. This can be proved by drawing three sine waves dis- 
placed by 120 degrees and adding their ordinates point by point; 
or else one can replace each wave by a vector, and show that the 
sum of the three vectors is zero because they form an equilateral 
triangle. 

The reasoning given for the two- and three-phase windings can 
be extended to any number of symmetrical phases, say m, pro- 
vided that the windings are displaced in space by 360/m electrical 
degrees, and also provided that the currents in these windings are 
displaced in time by 1/mth of a cycle. The gliding fundamental 
waves due to each phase which go in one direction are in phase 
with each other, and, when added, give a wave m times larger 
than that expressed by eq. (63) ; while the fundamental waves 
going in the opposite direction are displaced in space by 720/m 
electrical degrees, and their combined m.m.f. is zero. The direc- 
tion in which the resultant m.m.f. travels is from the leading to 
the lagging phases of the winding. Thus, for any symmetrical 
m-phase winding 

M==0,9fc5mm, (64) 

where M denotes the amplitude of the fundamental sine wave of 
the resultant gliding m.m.f., n is the number of turns per pole per 
phase, and i is the effective value of the current in each phase. 

Prob. 4. It is desired to build a 60 horse-power, 550-volt, 4-pole, 
Y-connected induction motor, using a stator punching with 4 slots per 
pole per phase, and a winding pitch of one hundred per cent. The required 
maximum m.m.f. per pole is estimated at 1550 ampere-turns. What is 
the total required number of stator turns (for all the phases) if the mag- 
netizing current must not exceed 25 per cent of the full-load current? 
The estimated full-load efficiency is 92 per cent, the power factor at 
full load is about 90 per cent? Ans. Not less than 504. 

Prob. 6 . What is the required number of conductors per slot in the 
preceding problem, if the stator winding is to be delta-connected and to 
have a winding pitch of 75 per cent? Ans. 40. 

Prob. 6. What is the amplitude of the first harmonic of the total 
armature reaction in a 1000 kva, 440 volt, 6 pole, two-phase alternator 
with non-salient poles? The stator has 72 slots ; the coils lie in slots 1 
and 9 ; the number of conductors per slot is Cs. In practice, the arma- 
ture reaction must not exceed a certain limit, and this helps to determine 
the permissible value of Ans. 48000^ amp .-turns. 
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Prob. 7. Plot tlie actual “ stepped ” curves of ni.ui.f. dLstributiou 
for a two-phaw^ winding with three slots per pole per phase, for the fol- 
lowing instants: GO, t and t ^T. Compam the maxhnum and 

the average inan.f. of the actual distribution with those of the first 
harmonic.* 

Prob. 8. Holve the pre<^eding litoblem for a three-phase winding 
with 2 slots p(u- pole per phase, and a winding pit(‘.h of Take two 
instants, and 7’, and show that for the instants 7\ 7’, 

etc., the m.in.f. distribution is the same as for G -d), while for 
etc., the m.ni.f. distribution is the same tm for 

Prob. 9. Proven dinu-tly that two ec|ual pulsating sine waves of m.m.f. 
or flux, displaccnl by DO electri(*ul degrees in space and in time relatively 
to each other, give a gliding sine wave, the amplitude of whi(‘h is ecpial 
to that of each pulsating wave. Solution: The left-hand side of eep 
(d2) gives the value of the m.m.f. at a point x and at an instant t, due 
to phase 1 ; the m.m.f. produ(‘ed at the muno point and at the sumo instant 
by the phase 2 is A sin {x f cob Adding the two expressions 

gives A sin {x 4- 2^/^), which is a left-going wave of am[)lif,ude d. 

Prob. 10. Prove, as in the pitM*eding problem, that the three pulsating, 
sine waves of m.m.f. pnaluccKl by a thrae-phfise winding, give together 
a gliding m.mi., the am{)litudo of whhh is 50 i)er cent larger than that 
of each {)ulsating wave. 

Prob. 11. Prove l>y the method given iti |)roblem 9 above that m 
l>ulsating m.m.f. waves displaced in space and in time by an el(M^.tri(^al 
angle 2n/m prochu’e a gliding m.mi, the amplitude of whi(‘h is Im times 
larger than that of ea<^h pulsating wave. H(ie Arnold, WechHektrom- 
iechnik, Vol 3 (11)08) p. 302. 

44. The M.M.Fs. in a Loaded Induction Machine.^ Fa\, (04) 
gives the magnetizing current i of an induction motor at uo-Ioad, 
i.a., when tlie rotor is nmning at practically synchroiiouB speed, ho 
that tine secondary curnmts are negligil)le. When the motor is 
loaded, tlie \xm4x\\ flux which erosaes the air-gap is due to the com- 
bined action of the primary and the secondary currents. In com- 
mercial rnotorn the flux at full load is but a few par cent below that 
at no load, the difference ladng due to the impedance drop in the 

* Problems 7 imd H are intenclad to acquaint the Htudent with the usual 
methmi of cidculation of the m.m.fs. of dlitrilmted winding and to show th«^ 
advantapi of Blonders mcthcxl used In the text. For numerous Hiepped 
curvci and calculations, see Boy d© k Tour, Ths Inductim Motor, (dmpter IV. 

^Th© tnmtoient In this article presuppoies a general knowledge of the 
equivatent pewfonnanee diagram of iaductlcm miiehines; the purpose of 
th© artiel© Imlng to deduce the exact numerical rclationi. This article and 
the me following can omitted without Imimiring the continuity of treat- 
iniint in the n»t of the text. 
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primary winding, the samo as in a I ransfnrnun-. 11inrnf(>r(\ the 
net number of exciting amp(*r(‘»t urns. .1/. is nppro\iinat<'ly tiu' 
Barne as at no load, 'bhis nuains that the giMuialrit' sum of 
the rn.mis. produced by tlu' primary ami the sca-endnry cmrrents at 
any load is nearly ecpial to t}i(‘ m.ni.f, dm* to the* primary wintling 
alone at no load. In this res[H*ct (lu* induction nH»tm- is similar to 
a transforuKa*. 

(a) C(dcid(di())i oj'^thc SiTotidiiri/ ( *i(nrnt. Knowing f (u‘ primary 
full-load current, the stM'ondary fulbload curnmt can In* (‘alcu- 
lated from the napiinal (*oimt(‘r”m.m.f. ; the* procc*dure can bt* In^st 
illustrated by an examplt*. In tlu‘ mot<u* given in pnln 1 above, 
the full-load current is <‘stimat(Hi at .17 amp.; taking tin* direction 
of the vector of the appliial voltag(* us tlie axis of reft*rence, tht* 
full-load current can bt‘ repr(*.st*nti*d us .11.3 /24.S amp. Tim 

mugneti/ing current, ().2.1X.17 14.2.1, is pructiculiy in {|uudruturt» 

wuth the applied voltage, becuust' it is in quadrutun^ witli tlu^ 
induced counter e.m.f., the mum ns in u transformer, 1lje ftilK 
load current of .17 amj), eontuins u eomponent whitdi Hupplu*s tin' 
iron loss in the stator; we(*stimnte it tobee<|Uul t(uiboui l.l amp. 
(2 per cent of the input), '11ms, the etunptnjent of tin* primary 
current, tlie action of which must Ik* eomiH'usuted by tlie siToml- 
ary currents, is (.11,3 — /24.S) (l.l /14) .“41,2 - /HbS utnp,, tir its 

absolute value is 6L4 amp, 'Hiis is culled tlu* nurmt truHNNiiilrd 
into the secAmdary, or the Hvrotiditry nirmit reduvai /e ihr primary 
cirmit This current j)roduees a maximum m.ini. tif 11.3X3 > CK3.1S 
X42xr)1.4 .I.ISO amp.-turns. 

Let the rotor be provichnl with a thri*e-pluiuHe wimling, with .1 
slots per polo per phase, and l<*t tin* winding pitch be 1.3 b1. 31 h* 
number of slots is selected so as to Ik* dilTerent from that in the sta« 
tor, in order to insure a nion* unihirm torque, and to rethtce the 
fhictuatiouH in the rehu'tama* (»f tlu* active layer. \\V havi*, 
according to eq. ((kl), tluit .I.IKO 3.3^3 X«b33.1x (ui), front which 

2210 amp.-turns. (lulaiti praet ie?d conshleriilitiiis, for 
instance, the value of tlu* indueed s<*nmdary vtillage, usually 
limit the choin* of one* of tlu*m* fnc*tt»rs; then tlie other factor 
also becomes definite. If, for instance, thi* rottir is to have 10 
c.ondnctorH per slot, ilu^ H(M*on<lary curnmt will \m idiout K3 iiin|u 
The secoiuhiry loss is dr*tcu*mined by the tlesircKt jM*r cent slip; 
knowing tlic*. wK'ondary curri*nt and the miiiilier nl turns, the 
necessary size of the comhiedor can easily be citlriilutetL 
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Sometimes the secondary winding consists of coih individually 
short circuited; this is an intermediate type of winding between 
an ordinary squirrel-cage winding and a three-phase winding 
such as is used with slip-rings. Let the foregoing motor be 
provided with such a winding, of the two-layer type, and let the 
rotor have 71 slots, 6 conductors per slot, the coils being placed 
in slots 1 and 14. In formula (64) m stands for the number of 
symmetrically distributed phases, the current in each phase being 
displaced in time by 2%lm with respect to that in the next phase. 
In the winding under consideration, each coil represents a phase, 
and one has to go over a pair of poles until one finds the next coil 
with the current in the same phase. Thus, in this case, the num- 
ber of secondary phases is equal to the number of slots per pair of 
poles, or 772 = 35 . 5 . Each coil has 3 turns, but there is only one coil 
per pair of poles, so that 72 = 1 . 5 . Substituting these values into 
eq. (64), and also M= 5580, A) 5 = 0.912, we find 2 = 128 amp. As a 
matter of fact, in this case it is not necessary to decide what the 
values of n and m are, because eq. (64) contains only the product 
77272, which is the total number of turns per pole. Thus, in our case 
77272 = (7lX3)/4, 

Formula (64) holds also for a squirrel-cage winding, the number 
of secondary phases being equal to the number of bars per pair of 
poles, or 7n2 = C 2 /(^p), where C 2 is the total number of rotor bars, 
and p is the number of poles. Since there is but one bar per 
phase, each bar can be considered as one-half of a turn, and in 
formula (64) 72 = 0.25 and /c6 = l, so that it becomes 

M = 0A5iC2/p (64a) 

Or else, one may say that the total number of secondary turns per 
pole is equal to one-half the number of bars per pole, so that 
mn—^C^/V- This again gives eq. (64a). For a direct proof of 
formula (64a) see problem 15 below. Applying this formula to 
the same rotor with 71 slots we find that the current per bar is 
700 amp. 

(6) The Equivalent Secondary Winding Reduced to the Primary 
Circuit, When investigating the general theory of the induction 
motor or calculating the characteristics of a given motor, it is con- 
venient to replace the actual rotor winding by an equivalent wind- 
ing identical with the primary winding of the motor. In this case 
the primary current transmitted into the secondary is equal to the 
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actual sccoiulary curn^nt [onv to one ratio of tniunfornuition), aud 
tliepriamry and the secoiuiary voltages indueei! l>y tht‘ useful flux 
ai‘e also e(|ual. Mach eltH‘trie eireuit of tlie stutcu* tluui cun 1 h‘ 
combined with the corrt'sponding rittor eireuit. In tins inaniuu' 
the s()“(^all(Hl “ (Miuivahmt diagrnni of tlie imlmiion nmtor is 
obtained,^ a way of inpn‘S(*ntation which greatly siniplifies tlu* 
theory of th(‘ machine. 

Let V 2 be the s(a‘oudary c\irn*nt in the coils or bans of tlu» actual 
rotor, and fL that in th(‘ (sjuivahuU rottu’. I'he cotmttu'-in.in.f, 
of both rotors must be the same, this btnng the eonditiim <4' thi‘ir 
e<puvai(aic.(‘,, so that O.ilAwnaaaej *(lU/r&iW}/#}eib ironi which 

.... (b5) 

This is the ratio of curnuit transforinutioa in uii iiuhu'fion inolor. 
The ratio of transformation of the voltages is tlifTerent* namely, 

e// (’a ^ Avaay. (dii) 

In an ordinary tranHfornuw r/ bc‘eauHt‘ then* 

kbi = h 2 —h ^J^nd For this reason, the indtnllon intdor is 

sometimes reganhal as a gtauTalim! trun>»former. For an appli- 
cation to th(‘ H(purr(4"cage rotor see Appendix III. 

Taking il\o product miv for tin* nvixml ami ihv tspavalent rotor 
it will be found that the total <‘leetnc {jower input is the? siinm in 
both, provided that the sanu* phns(* (iisplacemeut is preser^anl in 
the equivalent rotor as in the (u-igiiinl omn The latter camditbii is 
essential in order tluit th(' operating characteristics of tlio two 
machines he the same. Tlus numm (a) that the? total pr loss o{ 
the equivalent rotor nuist be ta|unl to that of the original roUir, in 
order to preserve the same slip, and (h) that the leiikiigii i*t*aci- 
ances of the? two rotors must atTtni- tlie {lower factor of the 
primaiy current in tlu' sunu^ way. 

I^?t rs and r/ be the resistanc’es of the actual find of the ec|iiiva- 
lent rotor, per pole p(»r pluisix havt* the comtilion that 

((17) 

*Chag. P. Htainmctr*, AUrrmtiltyg Vutrmi Phettmnmn fllKIMh p. 240; 
Elmenk of Ekrtnml Engineering (1005), p. 2«3; ¥. KwiMtOiff, The Ekeirie 
Circuity Chapters XII and XIIL 
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SuhHt itut.ing the ratio of la'/fa <'<i. (05) we fiiul 

i'-j! {>»\ i .... (ON) 

For a transRxrmc'r this <>quat.ion reduca's to tlu' familiar oxpn'HKion 
(?)i//ta)*.’ Fur tlu' ratio of r(>«ist anw's in a motor with a 
H(iuirrel-cug<^ rotor .see Appendix III. 

'Tlu' ratio of the iuduetanees is t he same as that, of the rc'si.st- 
aiKH's; this can l)e provi'd as follows; lu order that the (>quivalent 
winding may have* tlu* same eff(;et. on th(! power factor of the motor 
as the actual wimling, th(> e<iai valent winding must draw from tin; 
lint> an ('(pial amount of reactive volt-amperes, dm' to its haikage 
inductjince. Fkpiating tlu' magiu'tic eiu^rgies stored in the two 
rotor windings w(' hav(', aceonling to e(i. (104), Art. 58, 

»h • J “ wii • J iV*/v3', (09) 

where 1^% and ar(' the It'ukagi' inductatnies of the real and the 
Wluivahmt rotor windings, per pole jx'r phas(>. TIh^ form of this 
(Kiuation is th<' same as that of eq. (07); tlu^refore, substituting 
again the ratio of 474 from wi. (05), we have 


(mi/wa) ihin\/kt,2th)~ (70) 

This n’Hiilt could also be forest'en from tlu' fact that t.he reactances 
and the resistances enter symmetrically in the ecpiivalent diagram, 
and rc'lation (08) holds therefore for the rea(!tanc('s j-o and r-i'. 
But in the equivalent diagram the secondary and the primary fre- 
(juency is the same, so that tla^ rat io of t he inductanci'S is equal to 
that of the nmctances; this gives e<p (70). 

It must bo clearly understood that the ('xpressions (08) and (70) 
refer to tlux resistances and inductances per pole p(rr phaee. When 
the windingsof a phase are all in series, both in the stator and in the 
rotor, the same ratio holds of course for the resistances p(ir phase; 
otherwise the actual connections must be taken into consideration, 
kt*eping in mind that the total i“r loss must be the same in the 
equivalent winding as in the actual one. Having obtained the re- 
sistance of the equivalent winding iHir pole, the turns arc coimcctc'd 
in the same way as the stator turns. This fact must be romcmlicred 
in particular when dealing with individually short-circuited coils 

* See the author's Experimental Blectricd Engineerina, Vol. 2, p. 77; 7’A« 
Elertrk Circuit, Art, 40. 
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in the rotor, or with a squirrel-cage winding. In these two cases 
the individual coils or bars in the rotor are all in parallel, while tlie 
stator coils of a phase are usually all in series, or in two parallel 
groups. In the case of a squirrel-cage winding tlu‘ r(‘sista.n(*e of a I )ar 
must be augmented by that of two contacts with tlu' ('iid-rings, 
and of the equivalent resistance of a section of the two (uid-rings.^ 

Prob. 12. In a 300 horse-power, Y-connccted, 14-pole induction 
motor the full-load current is estimated to be 310 iiinp. The primary 
winding consists of 336 turns placed in 168 slots; the winding pitch is 
0.75. What is the minimum number of bars in the s<]uirr(4-cag(‘ s(‘cond- 
ary winding, if the current per bar must not exceed 800 am|).? The 
secondary counter-m.m.f. is equal to about 90 per cent of the primary 
m.m.f. Ans. 207. 

Prob. 13. What must be the resistance of each secondary bar in the 
preceding problem (including the eciuivalent resistam^e of the adjoining 
segments of the end-rings and also of the conta(*.ts) if the slip at full load 
is to be about 4 per cent.? Hint: The per cent slip is etjual to the tV 
loss in the rotor, expressed in per cent of the power input into the second- 
ary. If X is the fV loss in the rotor, expressed in horse j)owx‘r, we have 
that a; = 0.04 (300 + a:). Aius. 70.4 microhms. 

Prob. 14. The motor with the individually short circuited second- 
ary coils, that is used as an illustration in the text ab()V(^, is to be 
investigated with respect to its performan<‘e. By what factor must <-he 
actual resistance and inductance of each secondary coil be nudtiplied 
in order to obtain the equivalent resistaiice and indu(‘tance per primary 
phase? Also by what factor must the equivalent (‘urrent be multiplied 
in order to obtain the actual current in eadi secondary (‘oil? 

Alls' 14(); 2.49. 

Prob. 16. Prove formula (64a) directly, by (‘onsidcring tlie in.m.fs. 
of the individual bars. Solution: At any instant the (mrrents in the burs 
under a pole are distributed in space according to the sine law, bet-auscj 
the gliding flux which ^induces these currents is siuuBoidal. Tluj average 
current per bar is f\/2X(2A) =0.9i The number of turns per pol(‘ is 
and all these turns are active at the (^rest of the m.m.f. wave. 
Therefore, ilf = 0.9i(C2/2^). 

46. The Higher Harmonics of the M.M.F’s. In the preceding 
study, the effect of the higher harmonics in the m.m.f. wave was dis- 
regarded. In fact, these harmonics usually exert a negligible 
influence upon the operation of a good polyphase induction motor, 
under normal conditions. These m.m.f. harmonics move at lower 
speeds than the fundamental field; therefore, the fluxes which they 

1 See the author’s Eledric Circuit, Art. 45; also E. Arnold, IHe WeckHvl- 
alromtechnik, Vol. 5, Part I (1909), p. 57. 
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pnuliKH^ vnl the .secondary eoiuhietors at eoniparatively liigh rela- 
tiv(‘ sp(‘(‘tLs; thus, seeotulary currents a.r(^ induced whicli wipe out 
thc'stduirinonics t,<> a eonsitku-able (l(‘gr(H'. There are practical eases, 
ho\V('V<‘r, in wliieh sonu* on(‘ ))articular harmonic becomes of some 
impor(4inc(‘, and afb'et.s tlu^ opera-tion of the machine, particularly 
at- start ing. Voy tbis liaison tlu' following gcmeral outline of the 
prop(‘rt.i<‘s of t-lu^ higlun* harmonies in the m.m.f. is given. ^ 

In a singli^-phase nnichim^ (big. 34) all the higher harmonics of 
tlu' nunuf. art' pulsat ing at t.lu' sanu' frt'tjueney as the fundamental 
wavt', but. t lu' widt h of tlit' //th harmonic is only 1/ath of that of 
the' fumhimt'utal wavt'. ImicIi pulsating harmonic can be replaced 
by two gliding luirnionit's of half tlu' amplitude, one left-going, the 
olht'r right.‘“going. Tht' lint'ar vt'lot'ity of tlu'se gliding m.m.fs. is 
only 1/ath of that of tlu' fimdament-al gliding waves, bt'cause they 
covt'r in tht' time k'r a distance ('tjual t)nly to tht'ir own base, JH^/n 
(ISO ('h'ctrieal dt'grt't's). W'ith one slot j)er pt)le, the amplitudes of 
tht' higlu'r harmonies tlt't'rt'ast' aeet)rtrmg t,o etp (01), but with more 
than ont' slot-, or with a fractional-pitch witnling they decrease 
inort' rapidly, bt‘ca\ist‘ dilTt'rent values of A'/, must be taken for each 
harmonic (st't^ Art. 30 abt)V(‘). 

In a t wo-phast' machint', consitler (Fig. 350) the gliding waves 
and R„, t»f t ht' nth harmonic. For this harnumic, the distance 
bt't.wt't'U (b ami Go ^ ('tpuil tt) Atth electrit'al degrees. At the 
instant t O tlu' ert'st of tht' wave L„j is at tlu' point tb; at the 
inst ant t I T t lu* crc'st of tin' wave is at the point Go. There- 
fort', th<* two wav('H t ravt'l at a relative distance of .J7r(?^ — 1) elec- 
trieul (h'gret'H, considering the* base of th(^ nth harmonica as e(|ual 
to its own 1 SO (dc'ct rical degrc'cs. In a similar manner, tlie distance 
betwcH'n the ert'sis of the two right-going wave's is found to be 
c'(|ual to | 7 r(n I 1) (‘It'eirical degrees. We thus obtain the following 
table' of the' angular distances between the waves due to the two 
phase's: 


Onicr of tlu* Imniumic . . . 

1 

3 5 

1 

9 

11 

n 

Dintinu'c lM*twt*f*n tlu^ iwoLn wavers 

0 

TV 2k 

3?r 

4?r 

5?r 

(k 

DiHtauc'c hctvvccn the iwc» Ba waves 

n 

2;t Wtv 

4n: 

rm 

(k 

Tjt 


Hie waves which travel at a distance 0, 2?:, 4^1, etc., arc simply 
added together, whiles those at a distance tt, 3?r, Stt, etc., cancel each 

i l‘'or a rntim dctailmi treatment soti Arnold, WeA:hmhlr()mtechnik, Vol. 
3 (1912), Chapter H), and Vol. 5, part I (1909), Chapter 9. 
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other. Thus, in a two-phase machine, the 3d, 7th, 11th, etc., 
harmonics travel against the direction of the main m.m.f., while the 
5th, 9th, 13th, etc., harmonics travel in the same direction as the 
fundamental m.m.f., though at lower peripheral speeds. 

Applying a similar reasoning to a three-phase winding (Fig. 
356) we find that the three waves travel at a relative distance of 
f 7 r(n — 1), while the relative distance between the three waves is 
f 7 r(n-M) electrical degrees. We thus obtain the following table of 
the angular distances between the waves due to the three phases: 

Order of the harmonic 1 3 5 7 9 11 13 15 

Distance between the three Ln waves. . . 0 Itt |;r 0 0 

Distance between the three Rn waves. . . |;r f ;r 0 0 

The component waves, of any harmonic, which travel at a distance 
zero from each other, are simply added together, and give a resul- 
tant wave of three times the amplitude of the component. The 
three waves which travel at an angular distance of f7r or one of 
its multiples from each other give a sum equal to zero. Thus, in a 
three-phase machine, the 1st, 7th, 13th, etc., harmonics travel in 
one direction, while the 5th, 11th, 17th, etc., harmonics travel 
against the direction of the fundamental m.m.f. The higher the 
order of a harmonic the lower its peripheral speed. The harmonics 
of the order 3, 9, 15, etc., are entirely absent. 

Prob. 16. What are the amplitudes of the fifth and the seventh 
harmonics, in percentage of that of the fundamental wave, for a three- 
phase winding placed in 2 slots per pole per phase, when the winding- 
pitch is 5/6? Ans. 1.4 and 1.0 per cent respectively. 

Prob. 17. Show that, in order to eliminate the nth harmonic in 
the m.m.f. wave, the winding-pitch must satisfy this condition ; namely, 
r/7t-={2q + l)/n, where r is defined in Fig. 16, and q is equal to either 0, 
1, 2, 3, etc. Hint: Cos must be=0. 

Prob. 18. Investigate the direction of motion of the various har- 
monics of the m.m.f. in a symmetrical m-phase system. 

Prob. 19. Show that only the nth harmonic in the m.m.f. wave, 
due to the nth harmonic in the exciting current, moves synchronously 
with the fundamental gliding m.m.f., and therefore distorts it perma- 
nently. 

Prob. 20. A poorly designed 2-phase, 60-cycle induction motor has 
4 poles, 1 slot per phase per pole, and a winding pitch of 100 per cent. 
At what sub-synchronous speed is it most likely to stick? Hint: The 
torque due to any harmonic reverses as the motor passes through the 
corresponding sub-synchronous speed. Ans. 360 r.p.m. 
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ARMATURE REACTION IN SYNCHRONOUS 
MACHINES 

46. Armature Reaction and Armature Reactance in a Syn- 
chronous Machine. Wlu'ii a Hynchrouoim machine carricH a load, 
either aa a geiu'rator or aa a motor, armatur<' ciin-cnta, beinj; 
aourec'a of m.m.f., modify the flux created by th(' lic'ld coila, and 
thua influencci th<( jH'rformance of the machiiu'. Fif>;. lit) ahowa an 



of flotation 

:ici— Tho flux diiitnlnition in a aingle-pliaBo synchronous machine 
untier load. 

iuHtantanocniH flux diHtril)Ution in the BiniploBt case of a single- 
phase alternator, with one slot per pole; the armature conductors 
are marked a anil h. With thc^ directions of the armature and field 
eurnuits indicated in the sketch, the flux is crowded toward the 
right-hand tips of tlie poles. In order to show this, imagine two 
fictitious conductors mid 6' with currents equal and opposite 
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to those in the actual conductors a and b respectively . The addi- 
tion of these fictitious conductors does not modify the armature 
m.m.f. because they neutralize each other. The conductor a' 
may be considered as forming a turn with a, while 6' forms a turn 
with h. It will be seen that the m.m.f. of the coil aa' assists that 
of the field coil A, while the m.m.f. of the coil bV is opposite to that 
of the field coil B. 

The armature current in the coil ab not only distorts the no- 
load field, but also reduces the total flux per pole. This may be 
seen by considering the flux in the four parts of the aii*-gap, marked 
Xj y, and ?/', where x = x' and y—y'. The sum of the fluxes in 
the portions y and y' is the same as without the armature current, 
because the flux density in the part y is increased by the same 
amount by which it is reduced in the part y' (neglecting satura- 
tion). But in the parts x and x' the flux is reduced by the arma- 
ture m.m.f., so that the total result over the pole-pitch is a reduc- 
tion in the value of the no-load flux. The position of the armature 
conductors and the direction of the armature currents have been 
selected arbitrarily. They can be chosen so that the flux will be 
crowded toward the left-hand tips of the poles, or so that the total 
flux will be increased by the armature m.m.f., instead of being 
reduced. The influence of the armature currents, in modifying the 
value of the field flux and distorting it, is called the armature reac- 
tion. The armature reaction is measured in ampere-turns, since 
it is a magnetomotive force. 

In addition to the general distortion of the field by the arma- 
ture currents, there is a local distortion around each armature 
conductor. This distortion does not extend into the pole shoes, 
but is limited to the slots and the air-gap; it is indicated in Fig. 36 
by ripples in the flux around a and b. These ripples may be 
regarded as a result of the superposition upon the main flux of the 
local fluxes 0a and 0^ excited by the armature currents. While 
these local fluxes, shown by the dotted lines, have no real existence, 
except around the end connections of the armature conductors, 
it is convenient to consider them separately. They are purely 
alternating fluxes, in phase with the currents with which they are 
linked, so that they induce in the armature windings alternating 
e.m.fs. in a lagging phase quadrature with the currents. 

The effect of these local fluxes upon the voltage of the machine 
is represented by a certain armature reactance, because the effect is 
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sanu^ as if the antialairc whulin^- (axaited no Ic'akage fluxes 
aroiuul it., but. a sc^paratc' nnicianee coil coiiuec'.ted in scries 
with (‘a(4i urrua,t.ur(‘ h^ad. The calculation of the ariuature react- 
auc(% or of tlu^ local lluxc^s, is treated in Art. ()7, the subject of this 
ciiapt-cu- bcung aritiataire naiction only, that is, the effect of the load 
upon tlu^ main nui^ru^ic circuit, lu the numerical problems of this 
chaptm*, for the solut ion of \vhi(4i it is necessary to know the value 
of tlu' armature reactanc<‘, this value is j>:iv(Mi. It is not quite 
(*orr(M‘t., st ric'tl}' speadvinji;, to separate tiie hxail distortion of the 
main flux as a. pluaiomenon by itself; mon^over, tlie separation is 
sonanvhat imUdinite and arbitrary. However, the flux so separated 
is comparativ(4y small, and the trcaitment of the armature reaction 
proper is thereby p'eatly simplified. 

Tlu^ distribution shown in Vig. 36 varies from instant to instant 
b(H*ause the ndative i)osit.ioti of the armature changes with refer- 
(mc(‘ U) the poles, as vv(‘ll as the value of the armature current. 
B(\sid(*s, thc're arci usually two or three armature phases, and sev- 
<u’al slots pc‘r pole p<‘r phase. It would he out of the question to 
calculate' the ac’tual flux(*H for eac.h instant and to take into account 
t h(‘ir true inlluc'iUH' upon the e.m.f. induced in the armature. In 
pHudiec', (‘i'rtain api)roximate average values of armature reaction 
and of armatUH', nnictance are employed, which permit one to 
pnaliet the actual performance of a machine with a sufficient 
accuracy. 

In tlu' cam* of a syrndironotis generator (alternator) the problem 
usually pnw'utH itstdf in the following form: It is required to pre- 
d(4(‘rmin<' tlu' fiedd amp<‘ni4urns necc^ssary for a i)reBcril)ed ter- 
minal vollag(‘ ut a given load. Knowing the resistance and the 
lc‘akag(' r('a.ctanr<' of the' armature, the voltage drop in the arma- 
ture is addt'c! ge'orni'trieally to tlu^ ternunal voltage; this gives the 
induce'd voltage' in the machine. Knowing from the no-load satura- 
tion curve tlu* r(*<iuired net excitation at this voltage, aed correct- 
ing it. for th(i c'fTt'ct of the armature reaction, the noccasary field 
ampc'rc'-tuniH are obtaimxb I'he results of such calculations for 
ditT(*r('iit values of the armature current and for various power 
fae'tors, plotted as eurves, are called the load charact&risiics of the 
alternator. 

In the c'ase of a synchronouB motor the terminal voltage is usu- 
ally given, and it is recpiired to determine the field excitation such 
that, at a given mechanical output, the input to the armature be at 
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a given power-factor; a leading power-factor is usually prescribed, 
in order to raise the lagging power-factor of the whole plant. The 
problem is solved in like manner to that of the generator, by 
taking into account the proper signs when calculating the reactance 
drop and the armature reaction. The results, plotted in the form 
of curves, are called the phase characteristics ^ or V^curves of a 
synchronous motor.^ 

It wUl be seen from Fig. 36 that the crowding of the flux to one 
pole-tip, by the armature currents, is primarily due to the fact that 
the poles shown there are projecting or salient, so that the reluc- 
tance along the air-gap is variable. With non-salient poles the 
flux is simply shifted sidewise without being distorted. Therefore, 
before going into the details of the calculation of armature reaction 
in machines with salient poles we shall first consider (in the next 
article) the case of a machine with non-salient poles. 

Prob. 1. Draw the distribution of the flux, similar to that shown 
in Fig. 36, when the armature conductors are opposite the centers of the 
poles, and when they are somewhere between the adjacent pole-tips. 

Prob. 2. Explain the details of the flux distribution in Fig. 36, by 
means of a hydraulic analogy, assuming A and B to represent two main 
centrifugal pumps, and a and b to be two smaller pumps placed in the 
stream. 

Prob, 3. Let each field coil in Fig. 36 have N turns, and let the 
exciting current be /; let the number of conductors at a be C^, and the 
instantaneous value of the armature current i. What is the total flux 
per pole, if the average permeance of the machine per pole is CP perms 
per electrical radian, and the angles d and x are in electrical radians? 

Ans. {2NId — Caix)(P. in maxwells. 

Prob. 4. Let a synchronous machine be loaded in such a way that 
the armature current reaches its maximum when the conductors a and b 
(Fig. 36) are opposite the centers of the poles, in other words, the current 
is in phase with the e.m.f. which would be induced at no load. Prove 
that (neglecting saturation) the average flux per pole during a complete 
cycle is the same as without the armature reaction, but is crowded to 
the leading tip of the pole, i.e., in the direction of rotation in the case of 
a motor, r.rd to the trailing tip, or against the direction of rotation when 
the machine is working as a generator. Hint: The flux is weakened as 
much in the position x of the conductors as it is strengthened in the 
symmetrical position a:'; the distortion is in the same direction in both 
positions. 

^ See the authors ^‘Experimental Electrical Engineering Vol. 2, p. 121: 
also his “Essays on Synchronous Machinery,” General Electric Review^ 
1911, p. 214. 
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Prob. 5. L(‘t a .syiu^lirorious iim<‘hinc be loaded in such a way thal- 
f,h(^ armature eurnad. n^aelu^s its maximum when the (conductors a and b 
(Eif!;. 3(>) nix') midway b(d.vv(H*n tlm i)oles, in other words, when the current 
is disphtciHl by t)() (electrical degrees with rcvspcct to the e.m.f. inducced 
at no load. Prov(c that the aoerage didortion during a complete cycle 
is i^t^ro, but that th(^ flux is w<‘aken(ul if the armature current lags behind 
the induced e.mi., and is Htrengthenecd by a leading (current. Hint: 
The tlux is w('a,k(‘n(al in both of the symnmtricxd imsitions, x and x', of 
the condu(‘torH, but thec distortion is in opposite dire(‘tion8. 

Prob. 6. In a singhvphase syiudironous machine the armature 
currc'nt r(‘ach(\s its maximuni wlum the armature conductors are dis- 
plax’ed l)y an angh'; ([> with r<\sp(M‘t to th(^ (‘enters of the ])ol(cs;* prove that 
the fi(‘ld is distorrial by the (‘omponent i cos <{f of the current and is 
weakemnl or Htnmgthemal by the component i sin (l>, 

47. The Performance Diagram of a Synchronous Machine with 
Non-Salient Poles. Let, in a niacliinc with non-nalient poles, the 
fieltl winding be placed in several slots per pole, so that the field 
m.nii. in the active layer of the machine is approximately distrib- 
uted ac'cording to the sine law. Consider the machine to be a 
polypliase gemerator supplying a partly inductive load. The ampli- 
tudes of tlu^ first harmonic of the armature reaction has the value 
givcm by enp (fi4) in Art. 43, and revolves synchronously with the 
ii(dd m.m.f., as is ex{)lalned there. Since the sum of two siixe waves 
is also a sine wave, tlui nmiltant m.m.f. is also distributed in the 
acdiive layer of the machine according to the sine law. 

To deduce the phase diHj)la(*cment, in spacjc, between the two 
sine waves, consider the (H)il a b (Fig. 3()) to be one of the phases of 
tlie polyphase armaturt^ winding. For n^asons of symmetry, the 
maxitnum m.m.f. produced by a polyphase winding is at the center 
of the coil in whicli at that particxilar moment the current is at a 
maximum. Assume first that the cxirrent in the phaseab reaches its 
maximum when the (jonductors a and 6 are opposite the centers of 
idle poles. The maximum armature m.m.f. at that instant is dis- 
placxul l>y 90 (dectrical degrees with respect to the center lines 
of thc^ poles. The direction of the armature cxirrent is determined 
l)y the wfdl-known rule, and it is found to be such that the arma- 
ture m.mi, l(ig8 behind that of the pole, considering the direction 
of rotation of the poles as positive. Since both m.m.fs. revolve 
synchronously, this angle between the two m.m.f. crests is pre- 

^ Tlic angle ^ ii different from the external phase-angle ^ between the 
current arid the terminal voltage; mm Fig. 87. 
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served all the time. Thus, in a polyphase generator, the armature 
m.m.f. lags behind the field m.m.f. by 90 electrical degrees in 
space, when the currents are in phase with the voltages induced at 
no-load. This statement is in accord with that in problem 4 in the 
preceding article, because, if each phase shifts the flux against the 
direction of rotation, all the phases together simply increase the 
result. 

Let now the currents in the armature windings be lagging 
90 electrical degrees behind the corresponding e.m.fs. induced 
at no-load. This simply means that the armature m.m.f. is shifted 
further back by 90 degrees as compared to the case considered 
before; therefore, the angle between the field m.m.f. and the 
armature m.m.f, is 180 electrical degrees, and the two m.m.fs. are 
simply in phase opposition. This is in accord with the statement 
in prob. 5. 

From the two preceding cases it follows that, when in a syn- 
chronous machine with non-salient poles the currents lag by an 
angle ^ electrical degrees (Figs. 37 and 38) with respect to the 
induced voltage at no-load, the armature m.m.f. wave lags by an 
angle of 90 + ^ electrical degrees behind the field m.m.f. wave. In 
the case of a generator with leading currents the angle ^ is negative ; 
in a synchronous motor <p is larger than 90 degrees. 

Let, in Fig. 37, i be the vector of the current in one of the phases, 
and let e be the corresponding terminal voltage, the phase angle 
between the two being <f>. Adding to e in the usual way the ohmic 
drop ir in the armature, in phase with i, and the reactive drop ix 
in leading quadrature with i, the induced voltage E in the same 
phase is obtained. ^ The resultant useful flux, 0, which induces 
this e.m.f. leads E by 90 degrees in time; 0 is in phase with the 
net or resultant m.m.f. Mn which produces it. The m.m.f. Mn is a 
sum of the field m.m.f. Mf and of the armature reaction Ma 

^ On account of skin effect and eddy currents in the armature conductors, 
the effective resistance r to alternating currents is considerably higher than that 
calculated or measured with direct current. The actual amount of increase 
depends upon the character of the winding, the size of the conductors, the 
shape of the slots, the frequency, etc., so that no definite rule can be given. 
Fortunately, the ohmic drop constitutes but a small percentage of the voltage 
of a machine, so that a considerable error committed in estimating the value 
of the ir drop affects the voltage relations but very little. See A. B. Field, 
“Eddy Currents in Large Slot-wound Conductors,” Trans. Amer. InsL 
Med. Engrs., Vol. 24 (1905), p. 761. 
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('xprc\sH(‘(l by e(|. ((>*1). I'ho t.rian^h^ OFit represoiitH the relations in 
space, whih' tlu* (i^\ir(‘ OAIH) is a time diagram. Therefore, the 
two figiir(\s nr(' iiuh^ptauhad. of om^ anot.lu'r; but it is convenient 
to eombiiK' tluMii iulo omx by using the common vectors 0 and i. 



Vm. :I7. The |HTft>nimiic(* diugrmn (if a Hyuchronous genMutor, with 
non^mlivnt pol(ns. 


Wit h n'Hjx'ct. to tht' t nangh' OFO, th(> vector i reprewaitH t,he posi- 
tion of the erest of the arninture in.tn.f. rt'lalively to the crest 00 
of the fi(‘l(i ni.m.f., the angle between the two being 90 + v'', as is 
explained above, I'hus, the vector Ma is in phase with i. 
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Whon i aiul v an^ th(‘ vaatnr A is c'usily i(nui(i if thr 

rcwistance aiul tlie reartaiuT of tho aniiatiirr wiiuiinii an^ known. 
The required not excitntioiq d/„, is tiuai laktni iroin th(‘ no-load 
saturation. curve of th<^ niaehiiuy and .!/<, is fig\in*d out from 
(()4). Then the reciuired held uiniua-tMurns, 3//. nrt‘ ftamd from 
the diagram, either graphically or analytically. 

The diagram shown in Fig. «A7 is known as tlu‘ diaijram, 

Strictly speaking, it is correct only for machim^s with non-sali<mt. 
poles, but as an ap})roximat(' s<‘mi-(‘mpirical nu^hod it is som<‘- 
times used for machiiu's with proj<‘cting poh's, in places of the more* 
correct diagram shown in Fig. 40, Fig. MT repn*sents tiie c’oiidi- 
tions in the (‘.ase of a gcaierat.or with lagging currents. Wlum ilu* 
current is leading the ve(Tor i is drawn to tin* left ot tin* Vi*ct<jr c, 
with the eorrespomling c.hang(‘H in tin* other vectors. 

A similar diagram for a synchnnunis mottn* wliich draws a 
leading current from the line is shown in Mg. HS. vi*etor / 

representB the line voltagtq and c is the (»qunl and <jp|)ostt<' voltage 
which is the terminal voltage of the nuudnne considerfai as a gt‘n«- 
erator. The rest of the diagram is the same* ns in Mg. .17, A lead- 
ing current with respect to th<^ line vndtngt* r' is a lagging vurmii 
with respect to the gemerator Unaninui \m!fug<* t\ so that tin* field 
is weakened by the armatiuv. reaction in both cases (d/^C .1/^ in 
both figures). The energy conqnment i| of thi‘currf*nt is reversed 
in the motor, therefon^ th(‘ 0(4(1 is shifted in tlu* <»p[H»sit(» direc*- 
tion; Mn hauls Mf in the motor diagram and lags bcdiiiid it in th(» 
gemerator diagram. Tlu^ caH(^ of a synchronous motor with a 
lagging curremt can \m tntsily analy^ied by analogy wdth tlie above*- 
described easels. 

In practh^e, it is usually pn*f(U’nal to r(‘pr(*si*nt the* relations 
shown in Figs, 17 and IS analyti(‘HU\\ rather than tn actually c(m» 
struct a diagram, The f<dl(»wing lelalions hold f«»r both the gen- 
erator and the tnoior. Poqeeting all tla* sides flu* jiolygtm 
OABD on the direction r and on tla* direction jM*r{M»ndicuIiir to 
and leading e by !)() dc^gn^es, W(‘ luiv(* 

E cos c/t, r 4- Ir vm (/> 4- tx sin f/i, , . . (iT ) 

E sin c/>, ■ ixvnHijt irMUf/n .... (72) 

where is the angle lK*t wesut tlie xaaim-s r and E, (*«iitnfed positive 
when E loads e, m in Fig. 17. The Hubsmipt ^ suggests tliai the 
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angle is due to the impedance of the armature. The expressions 
i cos 4> and i sin <p represent the energy component and the react- 
ive component of the current respectively ; they are designated in 



Fig. 38. — ^The performance diagram of a synchronous motor y with 
non-salient poles. 

Figs. 37 and 38 by h and t 2 . Denoting the right-hand sides of the 
eqs. (71) and (72) by ei and ea for the sake of brevity, we have: 


ei=e+iir+i2x; (73) 

ei—ixX—H’Ti (74) 
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Sciuaring eciK. (71) and (72) and adding them together givi^H 

(75) 

Dividing e<|. (72) by (71) resnlts in 

tan (l>z e^/vi (70) 

(^oiLsequently, the angle between IC and t beeoinea known; namehy 

<r/>' - (/> d c/)^, (70(1) 

where <// iw called the internal phase angle. Knowing E, the eor- 
n'sponding excitation Mn ia tak(‘n from the no-load Hatnrati<ni 
curve of the machine; from the triangle OFG we have them: 

il7r'-A/n^ + M«^ + 2A/nM«»in<;6', . . . (77) 

where is known from eq. (76a). In numen(*al appli(‘ationB it is 
convenient to express all the A/^s in kik)amper(‘-turnH. 

The diagram shown in Fig. 3S and the eciuations <h*v(dop<‘d 
above can be used for d(‘termining not only the* phase characteriH- 
ticB of a synchronous motor, but its overload (*apaeity at a given 
field current as well. This latter problem is of extremu* importaiun* 
in the design of synchroiums motors. The input into the nuu'hine, 
per phase, is —ei cos <j>; the part tr of the line voltage is lost in tin* 
armature, the part ix corresponds to the magnetic* (uuu'gy which is 
periodically stored in the machine and returm^d to t he lims without 
performing any work. The remainder, correspemds to the use- 
ful work done by the machine, plus the iron loss and friction. If 
the armature possessed no resistance and no leakage n*ac‘tanc*c* tin* 
terminal voltage would be equal to E in magnitude and in j)ham^ 
position. Thus, the expression — Ei cos corrected for t lie core 
loss in the armature iron, represents the input into the revolving 
structure, per pliase. The overload capacity of th<?! machine is 
determined by the po8sil)le maximum of this expression. 

The problem is complicated by the fact that the ndation 
between E and Mn is expressed by the no-load 8aturati<m curve, 
which is difficult to represent by an equation. The problem m 

^ In numerical applications it is more oonvMieat to u« the approximatu 

formula 

. . (75<i) 

obtained by the binomial expansion of axprewion (75); all other Umm 
can be neglected when is small as compared to 
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therefore solved by trials, assuming a certain reasonable value of 
Ej and calculating the expression — Ei cos (56', until a value of E 
is found, for which this expression, corrected for the core loss, fric- 
tion, and windage, becomes a maximum. The problem of finding 
i and for an assumed £ is a definite one, because the four equa- 
tions (71), (72), (76a) and (77) contain only four unknown quanti- 
ties, i, <f>, <j)zi and cj)'. Instead of solving the problem by trials, an 
analytical relation can be assumed between E and Mn, on the use- 
ful part of the no-load saturation curve, for instance a straight line 
(not passing through the origin), a parabola, etc. The problem is 
then solved by equating the first derivative of the product — 
Ei cos <p' to zero, having previously expressed S', i^ and cos (j>' 
through some one independent variable. Both methods have 
been worked out for a synchronous motor with salient poles.^ The 
relations are simplified for a machine with non-salient poles. 

The foregoing theory of the armature reaction does not apply 
directly to single-phase machines. The pulsating armature reac- 
tion in such a machine can be resolved into two revolving reactions, 
as in Art. 42. The reaction which revolves in the same direction 
with the main field is taken into account as in a polyphase machine. 
The inverse reaction is partly wiped out by the eddy currents pro- 
duced in the metal parts of the revolving structure ; it is therefore 
difficult to express the effect of this reaction theoretically. The 
treatment in this book is limited to polyphase machines, which are 
used in practice almost exclusively.^ 

Prob. 7. In the 1000 kva., 440-volt, 6-pole, two-phase alternator, 
given in Problem 6, Art. 43, the amplitude of the first harmonic of the 
armature reaction was 4800Cs ampere-tums. What is the per cent 
voltage regulation of the machine at a power-factor of 80 per cent 
lagging, if Cs = l, that is if the armature has one conductor per slot? 
The armature reactance is 0.038 ohm, and the armature resistance is 
0,008 ohm, both per phase. The no-load saturation curve of the 
machine is as follows : 

^=400 440 490 525 550 volts. 

Mn=6.7 8.0 10.0 12.0 14.0 kiloamp .-turns. 

Ans. 22 per cent. 

^ See the author's “ Essays on Synchronous Machinery," General Electric 
Review j 1911, July and September. 

= In regard to the armature reaction in single-phase machines, see E. 
Arnold, Die Wechselstromtechnik, Vol. 4 (1904), pp. 32-39; Pichelmayer, 
Dynamohau (1908), pp. 251-259; Max Wengner, Theoretische und Exyerir 
mentelle Untermchungen an der Synchronen Einphasen-Maschine (Oldenbourg, 
1911.) 
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Prob. 8. The machine sp<‘cihe(i Ls te he used uh a syuehrenous 

motor. Determine graphically tla* napunni fit'ki <‘xcitatit)n wluai the. 
uaeful output on the shaft is to he 7(K) kw., aiai in addition the maclune 
must draw from the line (UK) leading nwtive kva. 1die efiu-haicy of the 
machine at the above-mentioned load is c‘Htiniut(Mi to he about 9I per 

Am, 1 2.0 kihainipere-ttinm. 

Prob. 9. Draw to the same scale as the diagram .siiown in Fig. :i7, 
another similar diagram, for the sanu‘ vahu* o! tin* current and (d tin* 
j)haac angle </>, except that the (‘UiTtait is to he leatliug. /issunu* a 
reasonable shape ol the saturation (’urv{‘ in thdeu-mining the n<*\^ \uiu(‘ ot 
il/n. Show that a inueh smaller <*X(‘iting vimvni is retpiired with tln^ 
same kva. output, than in iho ease of a lagging eurnud. 

Prob. 10. Solve problem 9 for (he nudor diagram shown in Fig. :I8, 
assuming the current to be laggiiig with mspeet to the lini* voltage. 

Prob. 11. For a giveii alternator, slmw htnv (o <leternun<* tlie voltagi^ 
e (Fig. 37), analytically or graphically, when d//, t\ and */* am givett; 
explain when such a ea^a arises in practice. 

Prob. 12. For a given synchronous motor, show Imw in determine 
the reactive component 4 of the current (Fig. aSK aiialyti(‘ally or gra|)hle- 
ally, when il//, a and ir*i given; explain when su(‘h a case arises in 
practit^c. 

Prob, 13. Work out the details of the ah<»ve»nientiomHl UicthcKi 
for the determination of the overload capacity <»f a synehromius motor 
by trials. Hint: Introduce the components of c ami i, In phase and in 
quadrature with E\ rewrite (hih. {71) and (72) by pnqeeting the figim^ 
OABD on the diroedion (d E and on that perpendiimlar to K, Use no 
angles in the formula*, and neglect the small tt*rms c’ontaining r, where 
they leatl to complicated ecpiationH of higlier tlegnH^s. 

48. The Direct and Transverse Armature Reaction in a Synchro- 
nous Machine with Salient Poles. In a luachine with noii-Hiilicnt 
polcB the armature reaction shifts the fiehl flux hut fmnlly distorts 
its shape. In a machine with |)rojecting pedeH the flux, generally 
speaking, is both altered in value and cimwtletl itnvard «>ne pole- 
tip (Fig. 36), It is convenient, therefore, tc» resedve the traveling 
wave of the armature m.mi. into twa> waves, one %vliose lUTHts coin- 
cide with the center lines of tlie poles, the other displaced I)y iU) 
electrical degrees with respect to it. Thc» fiwt coinponent of the 
armature m.mi. produces only a ** dinad efTect upon tin* (ieltl 
flux, that is, it either strengthens or weakens t!ie flux, without dis- 
torting it. The second component produces a ** transverse 
action only, vi^.., it shifts the flux toward one or the other pole-tip, 
without altering its value (that is, neglecting the siituriition). 

We have seen before that an armature current, wtiieli rtutches 
its maximum when the conductor is opposite the center of the 
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pole, distorts the flux; \vhil<‘ a current in (iiuidrature with the 
fonn(‘r vkvvIh a direct reaction only. It is natural, therefore, to 
r(‘solve the actual curnuit' in caich phase into two components, in 
tinu^ (piadratuiv with (nich other, and in such a way that each 
compommt naiclu^s its nuixiimun in one of the above-mentioned 
principal positions of the conductor with respect to the field-poles. 
Ltd. tlu‘ (uirnait in tatch phast^ bt^ 7 , and let it reach its maximum at 
an angh^ <,'• nft(*r t lu* iiuluctal no-load voltage is a maximum (Fig. 
dO). dlitm, iht' two com}H)nentH of the current arc 

id i wiu <(> 


IIh' comj)on(*nt produces a direct armature reaction only, 
and tlu^ compoiumt it a tranHV(n*He reaction only.^ 

For prnct ical (adculutions, and in order to get a concrete picture 
of tlie armature naiction, it is convenient to represent the armature 
naictitm as shown in Fig. 39. Namely, the direct reaction, due to 
the (HunpomuitH f^pjf t lu* annatun^ currents, is replaced l)y an equiv- 
alent numb(u* of eoncM'utrated ampere-turns on the pole. The 
vahu^ of il/,| is H(dt‘ct(Hl so that its aetioti in reducing or strength- 
ening th(* flux is (Miual tn tlu^ tnu' aet.ion of the armature currexxts. 
Th(^ transvtuw* n*a<*ti(»n, diu» t.o the component £/ of the armature 
currents, is r(‘plu<’(‘d by a c(u 1 aiu number of ampere-tiirns, Mt, on 
thvJtrtitiiHia (S), (A'), shown by dotted lines between the real 
p«>h*s. F<U' simplieity, and h>r other rcMiHons given in Art. 51, the 
ficditicnis poles an* assunaui to hi' of a Hluij)e i(l(mii(‘al with that of 
the* re*nl |)oh*H, The* munbe*r of exciting ami)er(*-turnH Mi is so 
chose*n, that tin* e»fT<Tt <if the fie^titienis pole's is approximately the 
same* as that of tlie distorting ampere-turns on the armature. 

The flux of the* fietitious pe)l<‘H Ktremgihens the flux of the real 
pole's on <jne‘ side* and we'akens it by the same amount on the other 
side, so that ilu* fuditienis poles actually distort the main flux 
without alt(*ring its value. Btrietly speaking, tlie eomple^te action 
e^f the clistenling iimpe*re*4urnH on the armature cannot be imitated 

rf«ahitioa ul the^ amiatum reaction in a Eynchronous machine 
into a eliwt atal a transverse^ maction wa« first clones by A. Blondel. See 
llndmtrk Elertriqm, IHIHb p. 481; also liis book Moteurs SymhroneB (1900), 
and two pm\mm of hw In the 7'mm. Inkrn, Elmir. Conyrem, St. Louis, 1904, 
Vol 1, pp. fPiO and 1135. 



152 


THE MAGNETIC ClliC'Urr 


l\nr. .|H 


by fictitious poles of the same shape as the main poh\M, hi'eause 
harmonics of appreciable magnitude are thereby iu^gleete<l. ! low- 
ever, actual experience shows tliat tlie perfornuuua^ c»f a ma(*lum% 
calculated in this way, can bt‘ made to ch(‘ck very well with tlu^ 
observed performaiujc, by propcu'ly selecting* th<» coidfieients of t ht» 
direct and the transverse reaction. In a gtamrator, the ilux is 
crowded against the direction of rotation of the (Fig. M); 

consequently, the fictitious poles lag Indiind tin* n^al {Kilen, as 
shown in Fig. 39. In a synchronouH motor thc^y hnul th(» nml 
poles by 90 electrical degrees. 

If the ratio of the pole arc to poh^-pitidi wen^ <H|Ufd to unity, 
as with non-salient poles, the whole wave of the titunagiudi'/ing 


Actual dlBtributlon Flux diatrlbul'Jou 



Fia. 39.— The direct and transverHc armature n-actionH in a Mynclmmoun 
macliino, represented by fictitious poles and fieki windinj^. 


iii.mi. of the armature would Ix' netiug upon the poI<‘, ami the 
equivalent concentrated ni.ni.f. on the {lole woukl huvt* to !«• 
ccfual to the average value of the actual distrihutfHl nriniiture 
m.m.f. We would have then 

iWrf“= (2/7r)ilf sin (7.q) 

where tlie maximum armature in.in.f. is determined by e<[. ((H), 
Art. 43, and 2/:7r=0.637 is the ratio of the average to tho'maximunl 
ordinate of a sine wave. In reality, only a part of the armatun* 
m.m.f., the one near its amplitude, acts upon the poles, the action 
of lower parts of the wave being practically zero because of the 
gaps between the poles. Therefore, the ratio Irctween tin; maxi- 
mum m.m.f. M sin <!> and the average equivalent m.m.f. is 
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larger than 0.()37. For the ordinary Hhapew of projec.ting poles, 
exp(>rini<'nt and calculation (see Art. 50 below) show that this 
ratio vari(‘H In'tween O.Sl and ().,S5. Using an average of these 
limits instead of 2/% in <‘<i. (78) and substituting for M its expres- 
sion from e<i. ((>4) w(^ obtain the following practical formula for 
estimating Uie armature (k'magiu'tizing ampere-tums per pole in a 
synchronous machine with proj(>(ding poles: 

Md 0.75Avwim sin v'l (79) 

In tins formula i sin </' is tlu' component of the armature current, 
p<'r phase. In actual machiiu's the numerical coeflicient in this 
formula varies between 0.73 and 0.77, depending on the shape of 
the poh's and the ratio of poh'-arc. to pole-pitch. 

By a similar reasoning, if t.lu' ratio of pole-ai-c to {jole-pitch were 
ecpial to unity, the e(|uivalent number of exciting ampere-turns on 
the fietitiuUH poles would be 

Ml (2/7r) M cos ^ (80) 

Since the ratio of pole-arc. to poh'-pitch on the fictitious poles 
is k'HH than unity, tlu^ nunu'rical cocdlicient should Ixs larger than 
2/n. But, on tlu^ other hand, th(( permcanct! of the air-gap under 
th(“ fictitious poU's is much higher than the actual permeance of 
the machine in tlus gups lietween the poles, so that a much smaller 
number of ampen*-turns Mt is sxifficient to produce the same 
distorting flux. The combined effect of these two factors is to 
reduce t,h<» coeflicient in formula (HO) to a value considerably 
bt'low 'i/Tt. For tlw^ UHUid shape's of projecting poles, experiment 
and calculation Art. 51 below) show that this ratio varies 
l)(d.w<wn 0,30 and 0.30. Using an average of these limits instead 
of 2/7C in eq. (80), ami substituting for M its expression from eq. 
(64), we obtain the following practical formula for estimating 
the distort ing amix^ro-turns per i)ole, in a synchronous machine 
with projecting iK)les: 

Ml « 0 .',i()ki,mni cos (81) 

In this formula i cos tp is the component it of the armature cur- 
rent, per phase. In some actually built machines the coefficient 
in this formula comes out lower than 0.30, but in preliminary cal- 
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(uilatioiiH it is udvisul >lt* to us(‘ at haist O.ott. W iu‘U a syticioonous 
motor is working luair tlu* limit of its tnaoloatl oaparity, tho iiillu- 
oiu‘o of the distorting nm|H*n‘“tunis is pnrtirnlarly i!n|Haiuut, and 
in estiinaling; (ho ov<‘rlond (‘upu<*ity <»f a synohronons mutur it is 
hotter to l)(‘ on the safi^ si(U‘ and to tako tho vahu‘ of tho mnm^ric’al 
codhcient in e(i. (SI) somt^what higlu'r tlinii (hdO. I'ho vnUa^ of 
this coofhcient varios within wi(h*r limits than that of tla* oorn‘« 

spoiulini;' c*oi4!ioi<mt 
in formula (7tl); 
hut, fortuuatoly, it 
ntTiH'ts tho |H‘rforni» 
nnoo to a !<*ssor tlo- 
(soo Art. ol). 

49. The Blondel 
Performance Dia- 
gram of a Syn- 
chronous Machine 
with Salient Poles. 
I laving roplariHl tho 
artiiid iirinnturc* 
r<*a«*tion liy twcj 
ni.nnfs. and 
(Fig, Ml#} tho <*loo- 
troiuiigm^io nda- 
tions in tho nuicdiino 
hoooiiio thos<‘ indi-* 
outod in Figs. 40 and 
4 1. Fig. 40 
in a gfuiiwator and 
0 in aiiiilogoiis to Fig. 

Fig. 40.— Tho i^rfumumee diagram of a syiadirto *^7; Fig. 41 r<*ft*rs 
mm geMTnUrr^ mih mdient \K)lm» ton intiUn* and is 

aindt^goUH to Fig. 

3S. The polygon f>/l/^/), whicdi tho ndalirm hotwc^on 

the terminal and tho indnoial voltagi^s, is tho Haino ns hofoity hnt 
the induced voltage E m now oonHidtutH-l m a of tlio 

voltages En and Et induced Ijy tho r<»iil iirid tho fitditioim polos 
respectively d In the generator the flatiticHiH \mkm lag hohind 

'The subscript n stands for not, to agm^ with the m.ini, Mn timsl later 
on; tho subscript t stands for imnsvcrjic. 
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t.he r(‘al oiwh, in n motor ilwy load the. real polcH. Hence, in the 
g('iu'rat.(»r <liaf-Tani, E, lagis UO (i(>gr('os Ix'Iujul /4’„, while in the 
motor (Uagraui it UmuIs A’,, by 1)0 dof»;re(\s. 

In tlie cam' of a ^(aierator the problem nnually is to find the 
fit'ld excitation M / ik'C(\s- 


sary for inaintaininii; a 
napiircal bn-minal voltages 
c, vv'itli a g'iveu curnait i 
and at a givt'n powan*- 
factor cos </>. First,, tlu' 
figun^ OAIil) is (‘on- 
struc’ted, or (dse t-lu^ 
vahH\s of PI and <// an^ 
dc'tenuined from (a|H. 
(75), (7(1), and (7(k0. 
In order to find tlie 
ampere4urnH napunal on 
the main poles it is iuhx'h- 
sar}^ to determiiu^ tho 
voltap:e Pin induced by 
them. For this purporn^ 
thc' angk^ fi must first be 
known, for 

En PI <’OH [in . (S2) 

Ah an intermediate Ht(*p, 
it is nt'cessary to 
Pit throuKh tlie amp(»r(‘- 
turns Mi, wliicli mv iho 
ciiuse of PI(. The m.mi. 
Mi is small as compaml 
to tlie total numh(‘r of 
arnpere-tunis on tlie ival 
poles; hence, the lowc*r 
straight part of the no- 
load saturation curve of 
the machine can lie imnl 
to express tlie ndat.ion 



Fio. 41.— The pcirformance diagram of a Byn- 
ehronouH mokir, with salumt polafi. 


between Mi and E|. 1^*1 v bo tlie voltage corresponding to 


one amperf^-tiini on tlie lower part of tlie no-load saturation 
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curve; then Et ^MtV. Substituting the value of Mt from eq. (81), 
we have 


where 


^,=^/cos(<jS'+/9), (83) 

Et =0.30^*6mm'r (84) 


Et is a known quantity introduced for the sake of brevity. The 
angle (p in formula (83) is expressed through <j>' and because, 
from Fig. 40, 

<P=cj>^+p (85) 

Another relation between Et and ^ is obtained from the triangle 
ODGj from which 

Et-^Esin^. ....... ( 86 ) 


A comparison of eqs. (83) and (86) gives that 
Et cos ((j>'+l^) = E sin 


Expanding and dividing throughout by cos /? we find the relation 


tan 


cos 

(E/£,0 +sin 


(87) 


from which the angle j3 can be determined, and then E^ calculated 
by eq. (82). 

The next step is to take from the no-load saturation curve the 
value Mn of the net excitation necessary on the main poles in order 
to induce the voltage E^. The real excitation Mf must be larger, 
because part of it is neutralized by the direct armature raction Md- 
We thus have 

( 88 ) 


where Md is calculated from eq. (79), the angle (p being known 
from eq. (85) . When the load is thrown off, the only excitation 
left is Mf, let it correspond to a voltage e© on the no-load satura- 
tion curve. From and e the per cent voltage regulation of the 
machine is determined from its definition as the ratio (eo—e)le. 
The same general method and the same equations apply in the 
case of Fig. 41, when one is required to determine a point on one of 
the phase characteristics of a synchronous motor. The beginner 
must be careful with the sign minus in the case of the motor. 
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Since > 90 degrees, the angle ^ and the voltage Et are negative. 
The angle also is usually negative. The cases of a leading 
current in the generator and of a lagging current in the motor are 
obtained by assigning the proper value and sign to the angle 
For the application of the Blondel diagram to the determination 
of the overload capacity of a synchronous motor see the reference 
given near the end of Art. 47. 

A synchronous motor is sometimes operated at no load, and at 
such a value of the field current that the machine draws reactive 
leading kilovolt-amperes from the line, thus improving the 
power-factor of the system. In such a case the machine is called a 
synchronous condenser ^ or better, a phase adjuster. The diagram in 
Fig. 41 is greatly simplified in this case because the energy com- 
ponent of the current can be neglected, as well as the drop ir, 
and the e.m.f. Et. We then have i — and E^=E=e-\-ix. 

The direct armature reaction is determined from eq. (79) in which 
<lf=90. "When the motor is underexcited and draws a lagging 
current from the line, i is to be considered negative, or ^=270 
degrees. The same simplified diagram applies to a polyphase 
rotary converter, operated from the alternating-current side, at no 
load. 

Prob. 14. It is required to calculate the field current and per cent 
voltage regulation of a 12-pole, 150 kva., 2300- volt, 60-cycle, Y-connected 
alternator, at a power factor of 85 per cent lagging. The machine has 
two slots per pole per phase, and is provided with a full-pitch winding, 
the number of turns per pole per phase being 18. The armature resist- 
ance per phase of Y is 0,67 ohm, the reactance is 3.5 ohm. The number 
of field turns per pole is 200. The no-load saturation curve is plotted 
for the line voltage (not the phase voltage), and at first is a straight line 
sucih that at 1800 volts the field current is 17.4 amp. The working part 
of the no-load saturation curve is as follows : 

Kilovolts 2.2 2.4 2.5 2.6 2.7 2.78 

Field current, amp 22 25 27 30 34 40 

Ans. 31 amp. ; 14.3 per cent. 

Prob. 16. Show that in the foregoing machine the short-circuit 
current is equal to about two and a half times the rated current, at the 
field excitation which gives the rated voltage at no-load. Hint: The 
short-circuit curve is a straight line so that one can first calculate the 
field current for any assumed value of the armature current and e = 0. 

Prob. 16. From the results of the calculations of the preceding 
problem show that the cross-magnetizing effect and the ohmic drop are 
negligible under short-circuit, in the machine under consideration. 
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Assuming that r is usually small as (‘ompan'd tu (in.s(TilH‘ a siiupk* 
method for (calculating tlm shori-(‘ircuit curvt\ using imly Hu' n\a(‘ianc(‘ 
of the machine and tlu^ dtunagnoiizing amiHurdunis of tlu' annntun'. 
In prac.ti(‘.(% the inllueiu‘e of the uegU'cltal fa(*tors is aecoun t(*d tor in short- 
circuit eahadatiouH by taking sin <// in formula (7h) aH(*(}UH! to b<‘tw(M‘n 

0. 95 and ().9(S instead of unity. 

Prob. 17. Plot the no-load phast‘ charncttn’istic i>( tlu» machine 
specifkal in problem 14, wlum it is used as a motor. Tlu^ iron loss and 
fricction amount to 8.5 k\v. 

Ans. Fi(‘ld ajnpeivs 14.9 25.4 52.0 

Armature ampercH. . . . 50 2. E’i 50 

Prob. 18. The ma(*hine sp(a*itied in probkan M is to \w us(^d as a 
motor, at a constant input of 150 k\v. Plot its phnw* charaettnisticH, 

1. e., the eurv(cs of tluc armature (mrrtMit and of power4net(»r against tin* 
field current as abH(4ssac. 

Ann. Field ampccres 52. (» 24.5 10.05 

Armature a mpert^s. . 47. (K) 57.05 47.00 

Power-fH(’tor O.HO 1.00 O.HO 

Prob. 19. Write complete instructions for tin* priaieterminntion of 
the regulation of alternators and of the phast^ charHcttuastics (4 synclmo- 
nouH motors, by BlondePs m(‘th(Hl. The instructions must giv<» endy 
the successive steps in the calculations, without any theory or ('Kplnna- 
tions. Write dircM’tions ami formuhe on the k‘ft4innd side (»f tlie sheet, 
and anumericuil illustration on the right-hand skh* (jpposit** it. 

Prob. 20. (kdculate the overload eapneities of tin* foregoing nudor 
at field (uirrenlH of 25 ami>. and 55 amp., by the two metluHls th'serilsHl 
in the artiedes refonHl to near the (aid of Art. 47. 

Prob. 21. Show that for a muehine witli mm-saliinii poles Blomhd's 
and Potier^s diagrams are ickaitkail 

60. The Calculation of the Value of the Coefficient of Direct 
Reaction in Eq. (79)d Tluuiverage value 0,8.5 of the ratio of tln^ 
cITective armatun^ m.mi. ovc'r a pole-face to tin* tiiaxiiinuti in. mi, 
at the center of the pole is given in Art. 4H without proof. 11i(‘ 
following computations show the nnisonalde theoretieiil limits of 
this ratio. If the armature m.m.f. (dinTt reiietion) at the c»miter 
of the N pole (Fig. 39) is M, its value at some other point along 
the air-gap is M conXj where x m measured in el«*etrieid riidiims. 
Let the permeance of the active layer of the miiehiiie ptu’ elia'tririil 
radian be (P at the center of the pole, and let this iMTiiieiinrc^ vary 
along the periphery of the armature aecording to a law f(x), so 
that at a point determined by the absciniia x tlie {MTitif^nru'e jM!r 

^ This and the next article can ba omittaci, if desinwh wltlintit imfmirtng 
the continuity of treatment. 
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ratlin, u is (Pj\x), 'Vho function /(*r) must bo periodic and 
such tiuit/dO I, and/(LT) 0 , /(tt) 1, ate., Ikuuiusc the perme- 

anct' n^at'lu^H its maxinuun vahu* undtn’ tlu^ (‘.enters of the poles 
and is prat'tieally nil midway l)(‘tw(‘(m the poh's. 

d'h(‘ dirta't arniaiurt^ m.in.f., a(‘.tin^ aloiu', without any excita- 
ti(m on the polt‘H, would produce in each half of a pole a Ilux 

(P £ ^ M (‘OS X df^f{x)(lx. 

The mapu‘totnotivi‘ fona* M^l phmtal on tlie real polos, acting 
alom‘, must prutluta* the sanu* total flux, so that 

(P ' ^''(Pj\x)dx, 

Kt|uating th(^ two pnaualing exprc'SHions we get 

M voHxf{x)dx^M^C^yi;x)(lx, . . . (89) 

%n) ^/O 

Th(* ratio of M 4 to M can he caleulatcMl from this (Hiuation, by 
aHHuming a proper law /(u‘) ac(‘or(ling to which the i)(u*m(um(‘.o of 
the acUvt* !ay(*r varices wit h .r, in poh^s of th(' usual shapt^s. Hav- 
ing a dniwing t»f tht* arnuitun* and of a pole, the magnetic field (‘.an 
bt* mappt‘d out by tin* jauigment of tlu‘ t^ye, assisted if ne(‘('ssary 
by L(‘lunmm’H naUhod (Art. 41 abovcO. A curve can then be 
plot tt‘d, giving the* n»lativt‘ p(*rm(‘aJu*{‘H p('r unit peripheral length, 
against x us nbHcissa*. Thus, t lu* function /(x) is giv(‘n graphically, 
and the* tw(» iiilegndH whicli (*nt(‘r into (m|. (S9) can Ik* (UTermined 
graplii(*ally or be calculated by Simpsoii's Hule. Or (dse, 
jXx) viin be* i*xpand(*d into a Fouru*r Heri(*s and the integration 
perfornH*d nnalyfically. Such (’nlculntionH p(*rforrned on pol(*H of 
the usual proportions giv(» valu(‘H (»f MulM of betwinm 0.81 and 
0.85. 

It is also iioHsibli* tc» asHUUK* fetr /(.r) a few simple analytical 
expresHifUiH, and integrate (»t[, (SO) dir(*ct.ly. Take for instanc.e 
fix) --eoH-x. By plotting this funetion against x as ahscissm the 
render will sec* that tin* funetion lK*eom(*H zero midway between 
the {ailes, in ecpnil to unity opposite the centers of the poles, and 
has a rtaiHonable gt*neral shape at intermediate points. Substi- 
tuting coH- X for fix) into ecp (80) and integrating, gives fAf « 
InAIdf fnmi which =■■’0.85* 
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Another cxtroine a8sinn])tic>n is that pulrs wit houl <'luinifer, 
with a eonstaiit air-gap. Neglecting thv fringe uf tln‘ poh‘4ipH, 
j\x) -= 1 from .r () to .r (K ami J\x) fnmi .r Hio x lute- 

grating eq. (Si)) hetwtam the limits 0 mid 0 wv <»hiain 

(sin //), // {{}{)) 

The poles usually eovtu' hvtw'vvn (»t) and 70 per vvnt <»f thi‘ ptu'ipli- 
ery. For /A 4). (Hi?:) the prertuliug tHpmtion gives M,i M O.SO^ 
audfor tF OJlb)**, d/,; 1/ O.Sl, 

Prob. 22. Let the p(‘nueanee of the aetivr layer deerense from the 
center of the poles aeetynling to the straight line !a\v» so that 

f{x) - 1 

What is the ratio of MtiiM f (hHI I. 

Prob, 23. The pcTniennee of the netive layt*r deereases aetHuding 
to a paraholie law, that is, as tlie sijuun' t»f tlie distniiei* from the i’enter 
of the poles. What is tlu‘ ratio u( M,i/M f Aits. 0.774. 

Prob. 24, The law /{/) *-eoH^ jr nssumtai in the text alan’e presup- 
poses that the jx'nneanee varies neeorthiig in a sioe law of double 
fre(iueney with a eonstaut term, Ihh’uum* eos^ - i i J eoM 2/. In nudity, 
the penneanee varies more slowly mnlvr the poh^s and mort^ raphily 
between the jaik's than this law jm^supposes (Fig. hPI. A e<irn‘etiou enti 
he brought in by adding nm^ther harmoide of twh*e the frequeney to the 
foregoing e.xpression, thus making it unsyminiirieai. ami of the form 
f{x) I 6 eos 2^ \ c eos 4.r. Show that fix)— 2 ros^ x x eontains 

the largest relative^ amount t>f the ftmrth iiarmoide, eonsistent with the 
physical (‘onditions of tlie problem, and compare graphleidly this etirve 
with fix) * eos^ x. 

Prob. 25. What is tlm value <»f d/«//d/ for the form of /txi given in 
the iireeeding problem? Am. (hSlfn 

Prob, 26. Plot the eurve /(x)ft»r a given iimrhine, estiiiiating the 
permeaneesby I^dimamPs methcMl, ami iletermlni* the value f4 the rt«*f- 
fi(4ent in formula (79). 

61. The Calculation of theValue of the Coefficient of Trtns’*^erfe 
Reaction in Eq. (81), The average value 0.3.1 of tbi* ratio of the 
maximum distorting armature m.mi. to tlie ei|iuviiliuit iitiitiberof 
ampere-turns, M(, on the fictitious |Kd<*s is given in Art , 4H witlniut 
proof. The following eornputat ions show the reiisoiiiible theoret- 
ical limits of this ratio. Tlie problem is iriore roiii|iliriit<ai tfiim 
that of finding the ratio of Mh/M, Iweaiisi* iheri.'^ the fitdd iiirijiere- 
turns, the actual demagneti?',ing armature-m.iiii., iirid the ecfuivii- 
lent ampere-turns Mi are all acting on the same iierriiaariet! of the 
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act ive layer, and tin' wav(‘ form of the flux ia very little affected by 
t,h(^ (lir(‘ct arma,tur(" n/action. In t-he caae of the tranavcrae rcac- 
tioTi, h()\V(‘V(M-, tlu' \vav(^ form of the. flux produced by the actual 
croHH-nmgmh izing amptu*(‘»turim of t he armature is entirely differ- 
ent from tlnit ])rodut‘<‘d by th(^ (‘oil A// actin^j-' on the fictitious pole 
(Kip;. 39). Nanu'ly, t,h(‘ actual curve of the transverse flux has a 
larg(^ saddle^ in th(‘ middU*, diu^ to t.h(‘ large reluctance of the 
spa(‘t‘ lahAVtam t.lH‘ nad poUss. Thi^. flux distriliution produced by 
tlie fi(‘t it.iouH poh's is pra(‘ti(‘a.lly t-he same as that under the main 
pol(%s, th(^ t wo H(‘ts of pol(‘H l)(‘ing of the same sha])e, 

''Flu' addit ion of th<‘ vcad.ors Fji and in Figs. 40 and 41. is legit- 
imate oidy whim A'/ is induccal by a flux of the same demsity dis- 
tril)Ution as and tbis is t.lu^ ixaison for repn^semting the trans- 
verse' ix'ac'tion as diu' to fictitious ])ol(\s of the same shape as the real 
poles. Tlu'rt'fon', for t h(‘ ]>urpoH(^s of comjmtation, the flux dis- 
tribution, produc(‘d by tlu' actual distorting ampere-turns on the 
armatun', is n'solveal into a (list ribution of the same form as that 
prodiUH'd by tlu' main poh^s and int.o higher harmonics. The m.m.f. 
M( is (*alculat('d so as to jiroduct' tlu^ first distribution only. This 
fundanu'ut al <*urv(* is not sinusoidal, but will have a shape depend- 
ing on the sliapi' of tlu^ pole hIuh's. The elTe(‘t of the sinusoidal 
higlu'r harmoni(‘H on tlK*! value of lit is disregardtxl, or it can be 
taken into account by correcting the value of the coeffic'ient in 
formula (HI) from tlu' n'Hults of tests. 

Tlu' first harmoni(' of the armature distortion m.m.f. is M sin x, 
because' this m.m.f. n^aclu^H its maximum between the real poles; 
X is nu'asurcHl as ladort^ from th(^ centers of the real poles. The 
pinmu'iuna' of tlu' aedivt^ layer, with reference, to the real poles, can 
Ih» rt'jirt'HC'nied as before by (Pf(x). The Ilux demsity produced by 
th(' tranHVt*m(^ n^aetion of th(’» armature at a point defined by the 
almcissa jr is tluut'fore proportional to M mix dP/(x). The per- 
mcatici* of the aedive^ layer witli rc'ference to the fuditious poles is 
(P/(x I Itt). Tlie flux density under the fictitious poles follows 
thcrehux' the law M tfPfix + lr:), Ah is explained before, the two 
distrilnitionH of t-hc' flux (itnisity differ widely from one another, 
and ilw ri'id distribution is resolved into the fictitious distribution, 
and hight'r sinusoidal harmonics; the prominent third harmonic is 
clearly W'en iii Fig. 39. Thus, we have, omitting (P, 


M mi X fix) ^ M tfix + iTr) + A s sin 3x + ^4 6 Bin 5x + etc. (91 ) 
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In order to determine the usual method is to mulitply both 
sides of this equation by sin x and integrate between 0 and 
because then all upper harmonics give terms equal to zero. In 
this particular case the limits of integration can be narrowed down 
to 0 and because the symmetry of the curve is such that the 
segment between 0 and ^tc is similar to all the rest. Thus, we 
get 

'^X^^'^in^ a:/(x + i7r)dx. . (92) 

From this equation the ratio Mt/M can be calculated by the 
methods shown in Art. 50, i.e., by assuming reasonable forms of 
the function f{x). Taking again f{x) =cos2 x and integrating eq. 
(92) we get -^nM from which M^/M =0.295. Taking the 

other extreme case, viz., f{x) ==1 from a;=0 to and f{x) =0 

from X =0 to x—^Ttj gives, after integration 

Mt/M = {^0 sin 2e]/wid (93) 

For e=0Mi^), Mt/M^O.29; for 0=0.7(171), M^/M =0.39.^ It 
will be noted that the cross-magnetizing action of the armature 
increases considerably with the increasing ratio of pole-arc to pole- 
pitch, while the direct reaction slowly diminishes with the increase 
of this ratio. In machines intended primarily for lighting pur- 
poses it is advisable to use a rather small ratio of pole-arc to pole- 
pitch, in order to reduce transverse reaction which affects the volt- 
age regulation at high values of power-factor in particular. 

Prob. 27. What is the value of Mt/M for the form of f{x) given in 
problem 24; namely, for fix) ^2 cos^ a;-cos^ x? Ans. 0.368. 

Prob. 28. Determine the numerical value of the coefficient in formula 
(81) for the machine used in problem 26. 

^ These values are higher than those derived by E. Arnold. The fact 
that Arnold’s values for the coefficient of transversal reaction are low has 
been pointed out by Sumec in Elektrotechnik und MascUminbaUi 1006, p. 
67 ; also by J. A. Schouten, in his article “ Ueber den Spannungsabfall mohr- 
phasiger synchroner Maschinen, ” Elektrotechnische ZeiUchrift^ Vol. 31 (1910), 
p. 877. 



CHAPTEE IX 


ARMATURE REACTION IN DIRECT-CURRENT 
MACHINES 

62. The Direct and Transverse Armature Reactions. Let 

Fig. 42 ix'present the developed cross-section of a part of a direct- 
current machine, either a generator or a motor. For the sake of 
simplicity the brushes arc shown making contact directly with the 
armature conductors, omitting the commutator. Electrically 
this is c(iuvialent to the actual conditions, because the commutator 
segments are soldered to the end-connections of the same conduc- 
tors. The brushes are shifted by a distance d from the geometrical 
neutral, to insure a satisfactory commutation; d being expressed 
in ccuitimetcrs, measured along the armature periphery, the same 
as the pole-pitch r. 

The actual armature conductors and currents are replaced, for 
each pole-pitch, by a current sheetj or belt, of the same strength. 
Let, for instance, the pole-pitch be 40 cm., and let the machine 
hav(^ 120 armature conduc-tors per pole. If the current per con- 
ductor is lOO arnp., the total number of ampere-conductors per 
pole is 12,000; the total current of the equivalent belt, which con- 
sists of one wide conductor, must be 12,000 amp., or 300 amp. per 
linear cm. of the pole-pitch. The latter value, or the number of 
armature ampere-conductors per centimeter of periphery, is some- 
times called the npenjic electric loading of the machine. The mag- 
netic action of the eciuvialent current sheet on the magnetic flux of 
the maclune is practi(;ally the same as that of the actual armature 
conductors, because in a direct-current machine the slots are com- 
paratively numerous and small. The current in the cross-hatched 
belts is supposed to flow from the reader into the paper, and the cur- 
rent in the belts marked with dots — ^toward the reader. With the 
directions of the flux and of the current shown in the figure, the 
directions of rotation of the machine when working as a generator 
and as a motor are those shown by the arrow-heads (see Art. 24). 
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The polarity of the hrusht^s raiiiHa in* iiiilicatnl witlunif kiiuwing 
tlie aetiuil eonn(‘(‘tiotis in tht‘ uimline. It is pnArruole, tlua'efort^ 
for our purpost'H to dt'^ignalt* the hruNhe.s as /*, suni II {east arid 
went), accortling to thtar posit u»n with ri'speti ta ihr pt)li*s c4' the 
machine, the ohsi*rv(‘r hujking from the ffumutilalHr side. The. 
whole int.erpolar ivgionsto tie* right t»f tiie umhIi putr.s {-an he railed 
the oUBUM'n n'gions, tlunse to the left tht‘ ueNtern regions; the saiiu^ 
notation can 1)(‘ also apj^ieii tt» t!ie r«uumutut iiuf; ptih's. 

TIu' annutnn^ rurnmts (*\<‘rt a two fnld ariiiei u|Hin the main 
fi(‘ld of the nmchin(‘: tluw partly ilisoui it. and |»artl\ weaken it. 
For th(* pur}>oHes t»f Ihetjry and enleulniitet if is eunveideiit to 
Beparate tlu'se two actions, the* same us in I he ease of t!te synchro- 



Fig. 42.-' Tlu* din^ti aad tmiisvem* ariniitnn^ in a 

dir«Tl*e«rn’nt miirlitiuv 


noiiB machine in the preceding ehnpt«‘r, 1 4*1 Iheshretsof eiimint 
be divided into piuls denoteil by the lellers iiiitl T with mib- 
Bcripts cornwponding to tlndr locntion %villi rf*f««renee i-n the poIa« 
and brusheH. The bc*Its denoted by /I iin^ ctniip'risetl within the 
Hpucc' d, i,n (lull hide of ttie geinnetriciil iieiit.mlB ; ttiomt tleiioicicl 
l)y 7’ are (|r ~f?) ctmtinuders widin 

The belts 1) exert a direet iirtioii iipnii the polei. 

Namely, the belts l)f^ /i,, can be consiileri^I m twai titles nf u coil the 
axis of which in along the center line The rii.iii.f, of this 

coil opposes that of the field eotl on flit' ritirlli |mi1iu In the iarne 
way, the m.mi. of the coil tij>jiosi*s the iicticiii of the field coil 
on the south poku Tlie fon^gning in ime no iriiitler wdist the 
actual connections of the arnmltm^ eontliifiori are, firovklc^d that 
the winding-pitch is nearly KM) jht riiit. With a friicliciaaFpitch 
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winding tlu* cunx'nl-H within (Mich 1) Ixdt flow partly in the opposite 
(linx'tions am! innit raliz<‘ (Mich otlu^r’s action. 

L(‘t th(‘ sptahfic (‘hahric loading of the machine, as defined 
abov(‘, 1 h‘ {AC). 1 h(‘n, wif.h a full-pitch winding, tlie demagnetiz- 

ing a.m{Hn’e~tunis pen* pol(‘ ar(‘* 

{AC)fy (94) 

Tlu^ Ix'lt s T/Pt. co!istit.ut.(^ f.og(4h(‘r a coil the center of which is 
along tlu^ axis (),()/; Iho adjac(ait belts form a coil with its 

axis along ni.m.f. distribution of these coils is indi- 

caUal by tlu^ broluai liiu' AIi( \ which shows that the T bedts pro- 
duce a (ntHKirrsv armature' naudion. d'he lino ABC is also the 
curv(‘ of th<' flux (hmsity distribution which would be produced by 
th(^ transversal nau'tlon alone, if the active layer of the machine 
were tlie sanu^ throughout (non-salient poles). On account of a 
mu(‘h higlH'r r(‘luctanc(' of tlu^ paths in the interpolar n'gions the 
flux density tlu'iH' is nuudi lowc'r, and is shown l)y the dotted lines. 
Th(^ actual distribution of the field in a loadcxl nuudiinc is obtained 
considering from jjoint to point the fadd and armature m.m.fs. 
acting ujam tlu' individual magnetic paths. 

The transviu’sc' nnudion oppost's the field m.m.f. under one-half 
of each poh' and asHiHiH it under the oilier half, so that the main 
field is distort (xl. In a genu'rator the fudd is shifted in the direc- 
tion of rotation, in a motor it- is crowdcal against the direction of 
rotation <d the* annatun'. This is the same as what happens in 
synehronouH maidiim's, whc'n the armature is revolving and the 
pol(‘H arc' stationary (h(h‘ Fig. 36). 

Tlu^ bruHla^s must be shiftt'd in the same direction in which the 
flux is shift(*d| because^ tlu^ magiu'tic m'utral is displaced with 
respect to tlie gcHinitdric lumtral. FHually, the brushes are shifted 
beyond the magnetic neut ral, in ordc'r to obt ain a proper flux den- 
sity for commutation, Kanudy, to assist the reversal of the cur- 
rent in the* conductors which are short-cinniib^d by the brushes, 
these conductors must 1 h* brought into th(^ fringe of a field of such 
a dinadion as assists the commutation. In the case of a gener- 
ator this means tlie field under the influence of which the conduc- 

^ The effect of tlic coik short“<drcuin«l untk^r th(^ bmshes is not considered 
«ipariit 4 dy, for the wikc of siaiplicity. For an analysis of the reaction of the 
shorbclrciiitiHl coils ttpoti the fwdd atas E. Arnold, Dm Gleichstrommaschim^ 
VoL I (11106), Chap. 23. 
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tors come after the commutation. In a motor the armature cur- 
rent flows against the induced e.m.f.; it is therefore the field which 
cuts the conductors before the commutation that assists the rever- 
sal of the current. This explains the direction of the shift of the 
brushes in the two cases. The student should make this clear to 
himself by considering in detail the directions of the currents and 
of the induced voltages in a particular case. 

The maximum m.m.f. per pole produced by the distorting 
belts is equal to (AC) (ir — d), but since this m.m.f. acts along the 
interpolar space of high reluctance its effect is not large (except in 
machines with commutating poles). Of much more importance 
is the action of the distorting belts under the main poles. At each 
pole-tip the armature m.m.f. is 


M2^(AC)-iw, ( 95 ) 

where w is the width of the pole shoe. This m.m.f. decreases 
according to the straight line law to the center of each pole and 
is of opposite signs at the two tips of the same pole. 

Prob. 1. Determine the polarity of the brushes in Fig. 42 for a 
progressive and a retrogressive winding, in the case of a generator and 
of a motor. 

Prob. 2. Indicate the Dand the T belts in a fractional-pitch winding 
(a) with the brushes in the geometric neutral, and (6) with the bruahcis 
shifted by d. 

Prob. 3 . A 500 kw., 230 volt, 10 pole, direct-current machiiie has 
a full-pitch multiple winding placed in 165 slots. There are 8 <H>n- 
ductors per slot, and two turns per commutator segment. What arc 
the demagnetizing ampere-turns per pole when the brushes are shifted 
by 4 commutator segments? Ans. 3478. 

Prob. 4 . What is the amplitude of the broken line ABC in the 
preceding machine? Ans, 10860 amp-turns. 

Prob. 6. For a given machine, draw the curves of the flux density 
distribution under a pole, at no-load and at full load, by considering 
the m.m.fs. acting upon the individual paths, and the reluctuTiCe of the 
paths. ^ 


63. The Calculation of the Field Ampere-turns in a Direct- 
current Machine under Load. The net ampere-turns per pole are 
determined from the no-load saturation curve of the machine for 

^For details and examples of such curves see Pichelmayer, Dymmobau 
(1908), p. 176; Parshalland Flobart, Electric Machine Design (1906), p. 169; 
Arnold, Die Gleichstrommachine, Vol. 1 (1906), p. 324. 
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t.h(' lU'cc'Hwiry iiuhicc'd volUiso. In a generator tlie induced voltage 
in equal to tlie Hiiecified lerniinal voltage' plus the internal ir drop 
in tlu^ inaehiiie. In a motor the induec'd voltages is less than the 
line voltage l>y tin' amount of the internal voltage, drop. The 
actual ampere-turns to he provided on the (iekl poles arc larger 
than the net i'.\citalioti hy the' amount necessary fur the compensa- 
tion of I hi' armat uri' reaction. 

'I'lie dii'ect. reaction is compi'iisated for by adding to each field 
coil thi' ampere-turns given hy eq. (tW). For instance, in 
proh. :i above, ;M7() ampi'ri'-turns i)er pole must be added to the 
reipured ni't I'xcitation, in order to compi'iisate for the effect of the 
direct armature reaction. I'he ni'cessary shift of the brushes is 
only roughly estimati'd from one’s I'.xpi'rii'nce with previously 
built machines, though it coiild be determined more accurately 
from thi^ distribution of flux di'iisity in the pole-tip fringe. The 
poll's usually cover not over 70 per cent of the armature periphery, 
so t hat t he distance between the gi'ometric neutral and the polo- 
tip is about 15 percent of the pole pitch. In preliminary esti- 
rnati'H, the brush shift may be taken to be about 10 per cent of the 
pole pitch; this brings the. brushes not quite to the pole-tips 
thinigh well within their fringe. In actual operation a smaller 
shift may be expected. In machines provided with commutating 
poles, and in tnotors intended for rotation in both directions, the 
brushes are usually in the geometric neutral, so that the demag- 
netising action is sero. 

In a machine wit h a low saturation in the tooth and in the pole- 
tips, the cross-magnetising m.m.f. of the armature does not affect 
the magnitude of the total flux per pole, because, the flux is 
increased on one-half of the pole as much as it is reduced on the 
otlu'r half. It is shown in Art. 31 that the induced e.m.f. of a 
direct-eurri'iit machine is inih'pendent of the flux distribution, 
provided that the total (lux is the same, so that no extra field 
amj)ere'-turns an* neressary in such a machine to compensate for 
the distortion of t he flux. 

However, t he teeth and the pole-tips are usually saturated to 
a ctmsiderahle extent, so that the flux is increased on one side of 
the pole less than it is reduced on the other side. Thus, the useful 
flux is not only distorted by the transverse armature reaction, but 
is also weakened. This latter effect has to be counterbalanced by 
ttflditional ampere-turns on the field poles. In moat cases these 



108 


'I’llK MACNKTK’ ('lUcTir 


l-Vur. r.:( 


additional ainpore-turnK are estimated emjiirieully, on the hasis 
of one’s previous experience, lieeause the ummiut is not large, and 
a correct computation is ratlnu' tedious.* 

The theoretical relation la'tween the distorting ampt're-inrnH 
and the field ampere-turns nsjuired for their eompetisat i<in is slaiwn 
in Fig. ‘18. I.i('tfhY represent tlie no-load .saturation curve of the 
machine for its active layer only, that is. for thi- air gap. the teeth, 
and the polo sIuh*, if the latter is .suiiieieutly sattirated. '[’he 
ordinates represent the indueeii e.m.f. IsUween tlie hrtishes. or, to 
another scale, the useful flux js'r p<ile; the ali.scis.sie give the corre- 
sponding values of tin* fiehi amjH-re-tunis |ht pole, di.sregurding 
the reluctance of the field poles, fUdd yoke, ami armature core. 



I'm. 43. — A coxwtruction for dotenaining tltc field ni.m.f. waslwl (or the 
oompenaatiun of the tnuuivcmo reaction. 

In other words, the abscissaj give the valuea of th(» difference of 
magnetic potential acromi the active layer of ihv nmehuie, at no 
load. It is proper to consider hem the ju.in.fs. across the active 
layer only, because the distorting aetioii of the artoaiure t'steuds 
only over this layer. No matter how irregular the flux distribu- 
tion in the air-gap and in the tt'eth ntay Iw, the flux density in the 
pole cores and in the yoke is practically uttiftirai (conipare Fig. 3ti). 

’ For Hobart's empirical curves for estimating tins field excitation m}uitM 
for overcoming the armature distortion sec the lUandurd itatuSumk, under 
‘ Gcttcmtors, dlreot-currc ampttre-tuma, eBtimate," 
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For th<! Hake of Hiniplicity, wc replace the actual pole shoe by 
au ecpiivaleut one, without chamfer, of rectangular shape, and 
wit.li a negligible pohstij) fringing. The ordinates of the curve OX 
represi'nl. lo another Hcal(i the av(‘rage flux density on the surface 
of tlu' poh' hIux', IxKuuiHe this density is proportional to the total 
UKC'ful (lux, or to th(' induced voltage. Let ab be the flux density 
corn'Hpoiuling to the re<iuired induced c.m.f., and let Oa=M be 
t,h(' lunx-ssary ntd, m.in.f., without the transverse reaction. Let ac 
and ml represetvt the distorting amperc-tums, M-z, at the pole-tips, 
as given by (up (95) ; then Or and Od are the resultant m.m.fs. at 
the pole-(,ipH. 'riui (lux density at the pole-tips of the loaded 
niachiiH' is tlam e(iual to nj mid dh respectively. 

Hinee the distorting anijiere-turns vary directly as the distance 
from the e{'nt(>r of the Jioh*, and the area of strips of equal width 
is the same, the abscissie from a represent to scale cither distances 
along the poh^ face, or areas on the pole face, measured from the 
(a>nt('r of the pole. Thus, the part gh of the curve OX represents 
also the distribution of the flux density under the pole, in the 
loade<l maidiine. Likewise, the line </ represents the distribution 
of the flux density under the pole at no-load. 

Since the ordinates repn'sent to scale the flux densities and the 
abscissie the areas of the diffei-ent parts under the poles, the area 
under tin' flux density distribution curve also represents to scale 
the total (lux p<‘r pole. The total flux at no load is represented by 
tlie area of tin* R'actangle erfd, and to the same scale, the flux in tlie 
loaded macliine is n'presented liy the area cghd. If the saturation 
curve were a straiglit lino, the two areas would be equal, so that 
the distortion would not modify the value of the total flux per pole. 
In M'ldity^ the area gttb is larger than the area bhf, and the differ- 
ence between the two reprewmts the reduction in the flux, due to 
the transverse armature reaction. 

Ix't now the field excitation be increased by an unknown amount 
aa' to the value Oa' •• M', in order to compensate for the above 
explained decn^ast^ in the flux. All the points in Fig. 43 are shifted 
i>y the same amount, and are denoted by the same letters with the 
sign “ prime.” The new flux in the loaded machine is represented 
by the area c'g'h*d', the point of being the center of the line c'd' ’^cd. 
If the point o' has been properly selected we must have the con- 
dition that the 

area cefd - area c'g'h'd', (96) 



170 


THE MAGNETIC CIRCUIT 


[Art. 53 


that is, the flux corresponding to the excitation Oa at no-load is 
the same as the flux corresponding to the excitation Oa' when the 
machine is loaded. The problem is then, knowing the point a and 
the distance cd =c'd' to find the point a' such that equation (96) 
is satisfied. The two areas have the common part c'g'bfd, and 
the parts cee'c' and dffd' are equal to each other. Therefore, 
eq. (96) is satisfied if the 

area be'g' ==area bf'h' (97) 

The position of the point a' is found either by trials, or as the 
intersection of the curves rr' and ss'; the ordinates of the curve rr' 
z'epresent the area be'g' for various assumed positions of the point 
a', and the ordinates of the curve ss' represent the corresponding 
values of the area bf'h'. 

Thus, the total field ampere-turns required for a direct-current 
generator under load are found as follows: (a) To the specified 
terminal voltage add the voltage drop in the armature, under the 
brushes, and in the windings (if any) which are in series with the 
armature, viz.; the series field winding, the compensating winding, 
and the interpole winding. This will give the induced voltage E. 
(b) From the no-load saturation curve find the excitation corre- 
sponding to E. (c) Estimate the amount of the brush shift (if 
any) and calculate the corresponding demagnetizing ampere-tums 
according to eq. (94) . (d) Determine the ampere-turns aa' (Fig. 43) 
required for the compensation of the armature distortion, (e) 
Add the ampere-tums calculated under (b), (c) and (d). In the 
case of a motor subtract the voltage drop in the machine from 
the terminal voltage, to find the induced e.m.f. E, but otherwise 
proceed as before. 

If the machine is shunt-wound or series-wound, the field wind- 
ing is designed so as to provide the necessary maximum number of 
ampere-tums at a required margin in the field rheostat for the 
specified voltage or speed variations. When the machine is com- 
pound wozmd, the shunt winding alone must supply the required 
number of ampere-tums at no-load. The series ampere-tums is, 
then, the difference between the total m.m.f. required at full-load 
and that supplied by the shunt-field. When a generator is over- 
compounded, the shunt excitation is larger at full load than it is at 
no load, and allowance must be made for this fact. 
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In the awe of a variahk^-Hpeed motor, tlic problem of predict- 
ing tlu^ exact Hpe(Hl at a given load can be Bolved by successive 
a|)i)rox.imationH only. I'inst, this speed is determined neglecting 
th(^ t,ransv(‘rH(^ armature naiction altogether, or assigning to it a 
r(‘asonabl(‘ vnlu(‘, Them, the construction shown in Fig. 43 is 
p(M’ft>rni(Hl f(U* a f(‘W specnls near the approximate value, and thus 
a mon^ coi’n'ct. vahu‘ of the speed is found by trials. Or else 
(lilHnxiit. valu(‘H ol spcaal are assumed first, and the corresponding 
vahu's of t lu‘ a,rmatur(‘ current are found for eac-h speed. These 
arinaturc' (‘urn^nt s must be such that, considering the total arma- 
ture* naiction, the* fi(‘ld m.m.f. is just sufficient to produce the 
rt*<piir(*d counter-e.m.f. in the armature. The details of the solu- 
tion art* h'ft. to tlu* st-udtmt to investigate. He must clearly 
underst.and t hat the* problem can be solved only for a given or an 
asHunuHl Hp(H‘d, Ixhuiuho of the necessity of using the active layer 
chara(d(*riHti(^ OX (Fig. 43). 

Prob. 6. h\ a dircci-c*urreut machiiio it is desired to have at full 
load a flux tltMisity of not lt»HH than 3500 maxwells per sq.cm, at the 
pole44p at* whic'h tlu^ commutation takes place; the m.m.f. across the 
uciivt^ layta* is 75(K) amp.^ttinm, tlie air-gap is 11 mm., the air-gap 
factor 1.25, The ratio of the idtuil pole witlih to the pole pitch is 6 . 7 . 
What arc the |H‘rmlHHlhh^ ampere-turns on the armature, per pole? 
Sidution: The net m.nuf. across the active layers at the |)ole-tip under 
conHid(*ration is 3500 X O.tS X 1. 1 X 1.25 3850 amp.-turns. Hence 
X 0.7 r-75(K)- 3850-3050. Ans. 4 (AOt-5200. 

Prob. 7. Th<' Hpc'clfu* <*lc(*iric loading in a direct-current machine 
is 250 ainp.-condu(‘tors per centimeter; the average fiux density on 
th<^ pol(^-fn<'e is 8.5 kl. p<T mpem., at no loa<l and at the rated full load 
itnaninnl voltage; the width of tlu^ cfpiivalent ideal pole is 32 em. The 
t'HtimntCHi intfuaial volingt^ <lrop at full load is abo\it 5 per cent of the 
tcu'minal voltages (!al(*ulate tim ampere-turns per polo re(iuired to 
com|>ensaie for the iraimvt'rse armature reaction; the active layer 
characteristic (Fig. 43) is m followa: 

4 5 0 7 8 9 11 13 kilo ampere-turns ; 

/l-5,40 0.75 7.75 H.50 8.90 9.20 9.55 9.78 kl. persq. cm. 

Ans. 950. 

Prob- S. l"or the preeeding machine, calculate the total required 
excitation at full load, per pole; the brush shift is 8 per cent of the 
pole-pitch; the pole-pitch r^40 cm,; 2000 ampere-turns are required 
for the parts of tlie machine outside the active layer* 

Ans. 12,000 amp .-turns. 

Prob. 9- A shunt-wound motor is designed so as to operate at a 
certain s|)eecl at full kawL Show how to predict its speed at no-load. 
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Prob. 10. Show how, in u coinjHniiui-wrHHid nmtar, tlio tc^tai 
required fiehi excitation imiat he dividetl he!wt*i‘n the Hhunt and wrien 
windingH in order to obtain a prearrihiHl apeeti regnlatitm between no- 
load and full load. 

Prob. 11. AaBinne the curve O.V in Fig. -Id to 1 m^ given in tht^form 
of an analytic equation, H /kMk Show that fin* unknown exeitation 
is dcttn’mintnl by the equation l/./t 4/ s -- /‘‘i 4/" i j/.p 
where the funetitui F In sueh tliat d/'’i 4/ i/i/4/ ~/(4/) j 
Ls the excitation c(UT<‘sponding to the given value c»f r cir /I 

Prob. 12. Apply the fonnuln i*f the preeetling problem If* fhetatae 
when the active layer ehanieteriatie <’nn he re|»reMejtted by (iil the log- 
arithinie curve t/”*- alog (1 i hx)\ ih) the liypi’ibola ih i /t; (r) a 

part of the parabola (//* eontiinirti aa a tatigent atraigltt 

line paHising through tin? origiu. 

64. Commutating Poles and Compensating Windings. 1'ln* 
two limiting factorn in prcqnulioning a dirt*et*eurreiit miicliine are^ 
firat; the Bparking under the bniaiiea, and waauuily, the arniatuit' 
reaction. In order \o revere* a etmakleraldi^ nrniature eurnuit 
in a coil during the short intervii! of time that the eoil is under a 
brush, an external fu^ld of a pro|H*r direeiiun am! magnitude is 
necessary. In cu’dinary maehines (Fig. 42) this field is obtairitHl 
by shifting the brushes ho as to bring the alnul -eireuited armature 
condtictors under a poh‘ fringe. Ilinv<»ver, with this inetluHi the 
specific electric loading and the armature aiujMu-e-f urns must !h? 
kept below a certain limit with n^ferenee tij the fitiijH*rf»*turns mt 
the field; otherwise the armaturt* reaction wouhi weakmi the fudd 
to such an extent as to nahiee the flux di’Usity in the fringe fadow 
the required value. Then^fonq in many imMiern imirhim^s* instead 
of moving the Inrushes to the poles, part cif flie |»olt^s, so to say, art! 
brought to the brushes (Fig, 44). Them^ iidditiomd poles are 
called €(mmututin(j palm or in/rr/a^rj*r, Hieir polnrity is tiiitler- 
stood witli rc»ft5renee to Fig. 42: Hinee tfie H lirusli tiiul to be sfiifted 
toward the nortli pole, now a north inier|Hile is jilintal over eiitdi K 
brush. 

The armature belts rrtuiie a strong ni.nii, iilong the axiH 
of the commutating pole in the wrong 11ierid«n% 

the winding on eacdi interpole nnist \ h * prtivided first with n niirii- 
ber of ampere-turns equiil and opposite to llmi nf the lirfiiitiiirc, 
and secondly with enough additicjnid ainjMui:‘»liinw to esliiblish 
the KK|uired commutating flux. Thew iiddiliitimJ iiin|M^rf!4unts 
are calculated only for the iiir-gnp, arriiitliire leelfi, iitid Itiii pole 
body itself. The m.mi* requimd for the iiriiialiiiti mm and the 
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yoke of the niaehiiu ' m negligible, because the commutating flux is 
mnall us compan'd with the inaiii flux and is displaced with respect 
to it by ninety ('k‘et,rical ilegrees. The winding on the interpoles 
is (H)nn(‘('t('d in sc'rk's with the main circuit of the machine, because 
tlui armature m.m.f. is pro])ortional to the armature current, and 
also l)ec.aus(' t.h(> density of the revc'rsing field must be proportional 
to th(^ current undergoing commutation. 

Th<' dux density vimh'r the intorpoles is determined from the 
condition that the e.m.f. induced in the armature conductors by 
t.h(^ commutating dux be e<iual and opposite to the e.m.f. due to 
the inductance of the armature coils undergoing commutation. 
For i)ra(!tical imrposc's, the inductance can be only roughly esti- 
mated (see Art, (aS Ixdow), but on the other hand an accurate cal- 
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Fi«. 44. — IntorpoloK and a comptmwiting winding in a diroct-curront machine. 

<aiIation is not necessary, Iwcaus© the number of ampere-tums on 
thi' interpolc^ is easily adjusted by a shunt around its winding, as 
in the case of a stories winding on tlie main poles. Or else the 
commutating flux can be increased by “shimming up” the 
iuterpoles. The m.m.f. required for establishing a required 
conunutating flux is calculated in the same manner as in the case 
of the main flux, vis!,, the 'saturation curves (Figs. 2 and 3) are 
used for the pole body and the teeth, while the reluctance of the 
air-gap is estimated as is explained in Arts. 36 and 37. The 
commutating poles must bo of such a width that all the coils 
undergoing commutation are under their influence. 

A comparatively large leakage factor, say between 1.4 and 1.5, 
or over, is usually assumed for the commutating poles, on account 
of the proximity of the main poles. It is advisable to concentrate 
the winding near the tip of the interpole, in order to reduce the 
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magnetic leakage. Tiie lt*ukagi" fartor of the iiiiiin jwilrn m alao 
aoniewhat increased hy the pre.^em*!* <»f the thiH 

of their disml vantages. S<)ine laher tliHnilvnnfngrM ure: flu* ven** 
tilation of the field cuils is natre ditheiih, ami ti Hraiilli*r nuio af 
pole arc to pole pitch nuist U* xm'il. Ilewevi^r, tin* iidviintag,t‘H 
gained d.)y the use of commutaling poles are siirli ihut their use 
is rapidly l)ecoining tmiversal. 

The interpole winding reiiaives the elTer! a! the tnuiHvin'se 
belts Tj T/mUivvinminitniin^ /om% !uif diw^s nut innitrnli/e their 
distorting effect undm* the iiuun polios. ifeiHe, fht* tli.Miuriiun mul 
its accompanying reductitui of the main t!u\ ate itruetienllv the 
same as without the interpoles. To mian-e this ilistiolion u mi/|. 

tmidfm/ (Fig, 44), ctinnected in serit^s %vitii t!i<* nytin cir* 
cuit of the machine, is sometiines placed on the innin poles. The 
connectionB are such that the coinjamsatiiig winding opposes the 
magnetii^ing action of the iiniiature winding, Hy properly s«4eft- 
ing the specific electric loading of the cfiuipensatirig winding i!ie 
trauBverse armature reaction under tin' pioles run l»e removed, 
either completely or in part. This wimling was invontisl inde*. 
pendently hy l)6n in Kurop<^ anil hy Hrofiwor II, J. llyait in ilnH 
country; on account of its ex{H‘nsi% it in ttseii in rare vimm 
only. 

When a compensating winding is us<'«l in addition to the inter- 
poles, the mnnbt‘r of ainjK*r(*-tunis on the iiiierpioles is eoimider- 
ably reduced, b<»cause the ecunjauisiiting winding ran Uv mnile Ux 
neutralize the larger ptwthm tu* all of the arinaitire renciion. In 
such a machine a much higher sfK'ciltc haiding mn be iillowed ihaii 
in an ordinary maclune of the same tliinensifnis. TIierefori;% smdi 
componsated machines are particidiirly welt iniiipfett for rii|iiclly 
fluctuating loads, and for sudden overloads or it?versiils of rnliitioii 
in the ease of a motor. 

Prob. 13. krom tlai fcillowdng data <!efeniiliie the 
re(luircHl on caclt commutiitlng jsde t»f a turlsi^gtiieriiOir: 11ie rtnio 
mutating poles are made of east stwl; the avemie tint iteiisity cm 
the face of the interimle is IMKMI iitiixwells per the iiole^fiieti 

area 250 sr|.cm,; the pole emw^seetion liM) s*priin: thi^ nniiiil teiigth 
of the inter|)c4c^ 27 <mi ;the limkngt* fnetor, 1.5. 11»** air-gii|i ndiieliiiiei 
is 2.7 inillircls, the tnie tcM)th density 2^1 kiioinies per «| rm ^ ihe heiglit 
of the tooth 4.5 tan., and the iirmitlun* atti|«^n‘'-iiiriis fa^r fiuie lirsil. 

Ti-. 1. mi Almiil 141100. 

FroD. 14« The rateci current of ihe miieliitie In tlie preeinilng jirohliim 
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is 1200 amp., and in addition to tho intorpolea the machine is to be 
provided with a compensating winding. Show that each interpole 
should hav(‘ at h'ust S turns, and each main polo be i)rovided with 10 
Imrs for t.la; comp('nsating winding, in order to neutrnlisie the armature 
distortion under tlxi main poles and provide the proper commutating 
field. Assuine a ratio of poh* are to pole pitch of about (it) per cent. 

Prob. 16. Maehiiu's providtal with intorpolea are very sensitive 
as to their brush position. By shifting the brushes even slightly from 
t'u* geonu'trieal innitral the UTininal voltage of siudi a generator can be 
varksl to a consahTabh* <'xtent. Iti the ease of a motor the speed (‘an 
be ('{‘gidated by this method, without adjusting the field rheostat. Give 
an explanation of this “ compounding’' elTeet of the bru.sh shift. 

66. Armature Reaction in a Rotary Converter. The actual 
eurrentH of irregular form which How in the armature winding of a 
rotary converter may he eonsidored as the resultants of the direct 
current taken from the machine and of the alternating currents 
taken in by tlu^ machine. The resultant magnetizing action upon 
t.he field is tlu^ saiim as if tlu'se twt) kinds of currents were flowing 
through two separate windings. Tlxu-eforo, the. armature reaction 
in a rotary converter can be calculated by properly combining the 
armatun^ ri'actions of a synchronovis motor and of a direct-current 
generator. 

'I’he ait<*mating-ein-rent, input into a rotary converter may be 
either at a power factor of unity, if the fiedd excitation is properly 
adjusti'd, or the input may have a lagging or a leading component, 
the same as in the ease of a synehronons motor. The armature 
reaction due to tlie energy component of the input consists chiefly 
in t he distort ion of the field, against the directum of rotation of the 
armatun'. Hut the action of the direct current is to distort the 
field in the direetion of rotation, and since the two m.m.fs. are not 
much difltn’cnt from one another, the resultant fu-ansverse arma- 
t iirii rtuudion is vtwy small. 'I'he direct reaction of the direct cur- 
rent depends upon the iJosition of the brushes, and the direct 
reaction due to the alternating currents is determined by the 
reactive (‘(tinponent of the input, which component may vary 
within wide limits. Thus, the resultant dirtict reaction of a rotary 
conv(!rter may he adjusUal to almost any desired value. 

The ohmic drop in the armature of a rotary converter has a 
diffenmt expression than in either a direct-current or a synchro- 
nous machine, because the loss must be calculated for the actual 
shape of the superimposed currents. Rotary converters are some- 
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iirnoH proviclcMl witli inh*ri)Hh*s, iu unlw i«i iinprovr fh<* 
tation and in une a higlim’ sjH‘ritir t‘l«‘t'!rir luudini^^ 

*E(>r furtbrr cFtailn in ii'Kitni fu th«’ lirimiftirr rr^ninfi in ,.| rc^tfiry atm- 
varter Haa Arnaicl, Wrvhsthtrtmittrhmk, Vol. -l il'Hiii, i'li-ip, iVhal- 
mayor, Dttmimobau (HHIS). p. 27*1; StttminrtI ittimilnuik, undt^r *MW 

vartar, HynahnmouH, t*fTaativa animturt* n-farsf j-»arr- ", P.’irHiyill A Halnirt 
Electric Machine Denign p. ii77; Iwiiuiui* ninl NruJinry, liifarptilaM in 

SyaahronouH ('anvariarn, Tram. Amt-r. inni. EUrir. Engr-i , 211 (Itlio) 

p. 1625. * 
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ELECTROMAGNETIC ENERGY AND INDUCTANCE 

66. The Energy Stored in an Electromagnetic Field. Experi- 
nu^nt .shows that no supply of onorgy is required to maintain a 
eons! ant nuigru'tic hi^ld. The power input into the exciting coil or 
{‘oils is ill t his cas(' (‘xaclly (Ufual to that converted into the %^r heat 
in t.h(‘ (‘omluctors, and tliis power is the same whether a magnetic 
held is produc(‘d or not. Anotheu' familiar example is that of a 
pennamad. magnet, whicdi maintains a magnetic field without any 
supply of <*n<*rgy from th(‘ outHid(‘, and apparently without any 
(U'enaiHc* In its inUnaial energy. Nevertheless, every magnetic field 
luiH a e(U‘iain atnount of emu’gy stored within it, though in a form 
ycd unknown. This is proved by the fact that an expenditure of 
t'iu‘rgy is rcajuiriHl to in(U‘c‘as(^ the field, and, on the other hand, 
wlum tiu^ fltiK is rcHhnu'd, some energy is returned into the 
exeiting elecd.rie eireuit. 

TIh'! eonv(n*Hi(m of cTsdric*. into magnetic energy and vice 
mrm Is aecaunjiHslual tlirongh the (mn.f. induced by the vary- 
ing flux, I/ct a inagmdie flux be excited by a coil CC (Fig. 45) 
HupplitHl with eurnuit from a source of constant voltage /tf, and let 
th<'n‘ be* a rhc'ostat r in sende's with the coil. Lot part of the resiat- 
ama* in the* rheamtat be siuldc'nly cut out in order to increase the 
eurremt in the* eoih It will be* found that the current rises to its 
final value* not instantly; namely, when the current increases, the 
flux also inere*aH(‘H, and in so doing it induces in the electric circuit 
an (Mui., say c, whieth teaids to oppose the current. This a, 
teigeth<*r witli Mu* Hi dreip, halances the voltage it?, bo that for a 
tittle the iHwv(*r Ki supplital by tlie source is larger than the power 
lost in tht* total n'Histance of the circuit. The difference, 
is Htorc‘d in the mugtietic field created by the coil and by 
the otlier parts of the eireuit. The energy eidt supplied by the 
electric circuit during the element of time dt is converted into the 
magtietic imvrgy of the field, liy the law of the conservation of 
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energy, while the amount {E -e)idt=i^Rdt is converted into 
heat. 

If now the same resistance is suddenly introduced into 
the circuit, the current gradually returns to its former value, and 
during this variable period the i^R loss is larger than the power Ei 
supplied by the source. The applied voltage is in this case assisted 
by the voltage e induced by the decreasing field, the e.m.f . e sup- 
plying part of the i^R loss. 

To make the matter more concrete let the source of electric 
energy be a constant-voltage, direct-current generator, driven by 



Fig. 45. — ^The magnetic field produced by a coil, showing complete and 

partial linkages. 

a steam turbine. Let the load consist of coils of variable resist- 
ance R, and let the coils produce a considerable magnetic field. 
As long as the load current is constant, the rate of the steam con- 
sumption is determined by the i^R loss in the circuit. < When the 
current increases, the steam is consumed at each instant at a 
higher rate than it would be with a constant current of the same 
instantaneous value. The energy of steam is thus partly stored 
in the magnetic field of the coils. When the current is returned 
to its former value, the steam consumption during the transitional 
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jK'.riod in than tluU, whic.h c.oi-roHjxindH to the lows in the 
einniil', ho tliat practically (.ho Haiuc amount of steam is saved 
whi<di waH (‘xpoiuU'd hoforo in in(!r('asinf>: the magnetic, field. 

T1i('K(' phenomena may la^ <n\])lained, or at least e.xpressed in 
nunv familiar tm-ms, l)y assuming the magnetic field to he due to 
some kind of motion in a mediiim j)ossessed of inertia (Art. 3). 
When the field st rength is increastal it becomes nocessury to accel- 
eraU' the parts in motion, overcoming tludr inertia. When the 
field is reduced, the; kinetic' energy of motion is returned to the 
ek'clric circuit . One can also conceive' of the energy of the mag- 
netic field to l»e static and in the. form of some elastic stress. 
Under tliis liypotlu'sis, vvlu'n a current iiu'rea.ses, the magnetic 
stress also increase's at. the e.Kpe'nsc! of the electric energy. In 
('ither cast*, when tlu' ceirrent is constant no energy is required 
to maint ain t he (it'kl, any mort; than to maintain a constant rota- 
tion in a (Iy-wlu>(‘l or a constant stress in an elastic body. 

It seems the more probable that the magnetic energy of a 
circuit is stored in some kinetic form, because the current which 
aceitmpanies t he flux is itself a kitu'tic phenomenon. On the other 
haiul, it apiM'ai'S inert' likely that ('kictrostatic. energy is due to some 
elas|,ie stri*sseH and dis|)Iaee.in('ntH in the medium, and thus it 
may bt' said to be potential (*n(*rgy. JOletdriti oscillations and 
wavt's consist, tlu'n, in periodic transformations of electrostatic into 
('k'ctronuignetic eiu'rgy, or potential into kinetic energy, and vice 
vfrm, similar to the nu'clianical oscillations and waves in an 
elastic body. In tlus familiar cast' of current or voltage resonance 
t.he total ('lu'rgy of the circuit at a certain instant is stored in the 
form of electrostatic energy in the condenser (permittor) con- 
neet.(‘d into the cireuit, or in the natural permittimcc of the circuit;- 
the eurr<*nt ami the magnetic energy at this instant arc equal 
to zero. At another instant, when the current and the magnetic 
field are at their maximum, the energy stored is all in the form 
of inagnetii' (‘nergy, and the voltage across the condenser and 
t.h<! HtresM in the dielectric are equal to zero. An oscillating 
p(*ml 111 urn offers a close analogy to such a system . The resistance 
of the electric circuit, and the magnetic and dielectric hysteresis, 
are analogous to the friction and windage which accompanies 
the motion of the pendulum. 

As it is of importance in mechanical machine desigji to know 
the inertia of the moving parts of a machine, so it is often necessary 



180 


THE MAGNETIC CIRCUIT 


[Art. 57 


in the design and operation of electrical apparatus and circuits to 
know the amount of energy stored in the magnetic field, or the 
electro-magnetic inertia. This inertia modifies the current and 
voltage relations in the electric circuit in somewhat the same way 
in which the inertia of the reciprocating parts in an engine modi- 
fies the useful effort. In mechanical design a revolving part is 
characterized by its moment of inertia from which the stored 
energy can be calculated for any desired speed. So in electrical 
engineering a circuit or an apparatus is characterized by its electro- 
magnetic inertia or inductance^ from which it is possible to calculate 
the magnetic energy stored in it at any desired value of the cur- 
rent. In this and in the two next chapters expressions are deduced 
for the inductance of some of the principal types of apparatus 
used in electrical engineering. 

Prob. 1. A stationary electromagnet attracts and lifts its armature 
with a weight attached to it. Explain how the energy necessary for 
the lifting of the weight is supplied by the electric circuit. 

Prob. 2. A direct-current generator driven by a water-wheel is 
subjected to very large and sudden fluctuations of the load, which 
the governor and the gate mechanism are unable to follow properly. 
A heavy fly-wheel on the generator shaft would improve the operating 
conditions. Would a reactance coil in series with the main circuit 
achieve the same result, if it could be made large enough ? 

Prob. 3. What experimental evidence could be offered to support 
the contention that the energy of an electric circuit is contained in the 
magnetic field linked with the current, and not in the current itself ? 
The flow of current is usually compared to that of water in a pipe; 
is not all the kinetic energy stored in the moving water itself and not 
in the surrounding medium, and if so, is a current of electricity really 
like a current of water ? 

Prob. 4. Describe in detail current and voltage resonance ^ and 
free electrical oscillations, from the point of view of the periodic conversion 
of electromagnetic into electrostatic energy and vice versa, taking account 
of the dissipation of energy in the resistance of the circuit. 

67. Electromagnetic Energy Expressed through the Linkages 
of Current and Flux. In order to obtain a general expression for 
the energy stored in the magnetic field of an electric circuit, con- 
sider first a single loop of wireaa (Fig. 11) through which a steady 
electric current i is flowing. Let the cross-section of the wire be 
small as compared to the dimensions of the loop, so that the flux 

^ See the author's Experimental Electrical Engineering, Vol. 2, pp. 17 to 25* 
The Electric Circuit, Art. 67. ^ ^ 
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insidt‘ t h(‘ win' niny be disregiinled. Tlie oloc.tromagiietio energy 
poHses.sed by (iie loop in (Mpial to the eleetrical energy spent in 
establishing the {’urrent. I in t,he loo|) against the induced eani. 
J,{d. it and (Pt be the instantaneous values of the eiirrent in 
aniper(\s and the tlux in webers at a nioinent /.during the period of 
Imihling tip the flux, and let- be the instantaiuaniH applied 
voltage, bet. the flux increase by (I<Pt during an infinitesimal 
interval dl; then the eleetrical energy (in joules) supplied from 
th<^ source of pow<*r t(^ the nuignetie held is 

</ir /gy// it(<l(PtAiOdt-H^^ 

whiTe Vi- (l0t/dt is tlie instantaneous e.m.f. necessary to apply to 
the loop in onler to (’ouuierhalanee that induced by the changing 
flux. Tile t<ital eiiergy supplied from the eleetrical source during 
iht* period of building U|) the field to its final value 0 is 

lb Citd^t (98) 

In a inetlium of eoiiHiunt pennealiility the integration can be 
easily performed, because the flux is proportional to the current, 
or, aceorditig to eti. (2) in Art. 5, 0^ ^ fPih where /P is the permeance 
of the magnidii’ eirenit, in lienrys. Hliminating by means of this 
relation either it or 0t from e<}. (its) we can obtain any one of the 
following three expnwions for the electromagnetic energy stored 
in the l<HJp: 

ir ii0; ] 

ir |PfP; (99) 

ir k0y(p, I 

In tin' first form, ecp (iPJ) i^xpresses the fact that the magnetic 
energy sionHl in a l«Hip is ecptal to one-half the product of the cur- 
nmt iiy the flux; in ilu' necond form, it shows that the stored 
energy is proportional to the sf|uare of the current and to the per- 
meance of ttie magnetic lurcuit. Both forms are of importance in 
practical applicHlions. 

dhke now tla^ more* giaiend case* of a coil of n tiinis (Fig. 45); 
the flux which linkH with a part of the turns is now of a magnitude 
comimrable with that of the flux which links with all the turns of 
tlu^ coil. We shall consider the contpleie linkageH and the partial 
linkage separately, (lonsitler first the energy due to the flux 
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which links with all the turns of the coil. The e.m.f. induced in 
the coil by this flux, when the current changes, is = - n{d0t/ dt ) , 
and the relation between the current and the flux is <Pi = (R<.u.-£t, 
where (P^ is the permeance of the path of the complete linkages. 
By repeating the reasoning given above in the case of a single loop 
we find that 

( 100 ) 

or 

(100a) 

where the subcript c signifies that the quantities refer to the com- 
plete linkages only (Fig. 45). Two forms only are retained, being 
those that are of the most practical importance. 

The energy of the partial linkages is calculated in a similar 
manner. Let be a small annular flux (Fig. 45) which links 
with np turns of the coil, where Up may be an integer or a fraction. 
For these turns the linkage with is a complete linkage, while 
for the external {n—rip) turns it is no linkage at all and represents 
no energy, because no e.m.f. is induced by in the turns external 
to it. Thus, the energy due to the flux J^p, according to eqs. 
(100) and (100a), is equal to ^UpiA^p, or to ^UpH^ACPp. The 
total energy of the partial linkages is the sum of such expressions, 
over the whole flux ^p, or 


Wp=izSnpJ(Pp, ( 101 ) 

or 

Wp=ii^Ilnp^J(Pp (101a) 

The total energy of the coil is 

W==ii[n0, + SnpJ(Ppl (102) 

or 

W=ii^[n2(P,-{-Snp2A(Ppl .... (102a) 

where the first term on the right-hand side refers to the complete 

linkages and the second to the partial linkages of the flux and the 
current. In these expressions the current is in amperes, the fluxes 
in webers, the permeances in henrys, and the energy in joules 
(watt-seconds) . If other units are used the corresponding numeri- 
cal conversion factors must be introduced. 
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S()nu‘ IH‘\V lifjjil is thrown upon tlu^sc n'hitions by using the 
in.in.f, .1/ instiMul of tiie niuptnv-tuniH n/. Namely, ecps. (102) and 
( 102 ^/) l>(M’unic‘: 

11' .... (103) 
or 

li' . . . (i()3a) 

Th(‘H<* e\|u’(‘Hsions art' analogous tot.host' for the energy stored in 
an ('h'etrostntie eireuit, vi/.,, hh'Q, and U^PC (see The Electric Cir- 
cuit), 'Vhv muni. M,. is analogous to the e.m.f. E; the magnetic 
flux 0,^ is analogouH to tlu* (»U‘et rtjstatie (lux Q, and the permeance 
(f\, is unalogouH to tiu' pt'nnittauce C, 

\\v can assmut* as a fundamental law of nature the fact that 
wit h a givtm stt^ady currtmt tlu' magntdic held is distributed in such 
a way that tht' total ('h*ctromagnetie energy of the system is a 
maximum. All kmnvn (it'lds obey this law, and, in addition, it can 
be prov(‘d by IIh' higlu'r mathematics. Mcp (I02a) shows that this 
law is fulhlltnl wluui tin* sum f is a maximum. When 

tlu* partial linkage's are' c*oinpnrativ(‘ly small, the energy stored is a 
nuiximum wlum t ht‘ p(*rnu'anc(' (f\. of the paths of the total linkages 
is a maxinuum ilus fact is jundt* use of in the graphical method 
(i mai^ping end a magtietic held, in Art. dl above. 

Prob. 5. TUi^ iHJ loud saturntion curve of an 8-pole electric gon- 
erab^r Is a straight litii' HtU’h that when the useful (lux is 10 niegaliues 
|)(»r p<de flu* ixxeitntlon Is 72(K) amp.-turns per pole; the leakage factor 
is 1,2. Show tlint at this excitation is enough energy stored 

In tile ficitl to supply a small incmidescent lamp witli power for a few 
mluutim. 

Prob. 0. iCxplain thc^ fuiadlon ami the diagram of connections of 
a fickbilistdinrge switch. 

Prob. 7. Provti tliat the magm'th’ (Mu*rgy stored in an apparatus 
cimiidnlitg Iron Is proportimial to tin* nu'a laiween the saturation curve 
and thc' axis of tirdlnatCH. d'ht^ Huturation cnirve is understood to give 
the total (lux plotted against the exciting amjiere-turns m abscissie. 
Hint: Hee Art. HI. 

Prob. 8. I>edue«^ expression {102a) dlreetly, by writing down an 
exprt^sskai for tin* total irmtimtamsms e.m.f. induced in a coil (Fig. 45). 

Prob. 9. Explain thereimon for whkduin thc^ formulae deduced above, 
it k permlssiblf^ consider n to be ii fractional number, 

58. Inductance as the Coefficient of Stored Energy, or the 
Electrical Inertia of a Circuit. iOtp (l()2a) shows that in a mag- 
netic ci remit of coristiint jMirmeability the stored energy is proper- 
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tional to the square of the current which excites the field. The 

coefficient of proportionality, which depends only upon the form 
of the circuit and the position of the exciting m.m.f., is defined 
as the inductance of the electric circuit. The older name for 
inductance is the coefficient of self-induction. It is assumed 
here that the magnetic circuit is excited by only one electric cir- 
cuit, so that there is no mutual inductance. Thus, by definition 

= (104) 

where the inductance is 

L=n2^p,+ S7^p2J^Pp, (105) 

or, replacing the summation by an integration, 

( 100 ) 

Since the permeances in eq. (102a) are expressed in henrys, and 
the numbers of turns are numerics, the inductance L in the defin- 
ing eqs. (105), or (106), is also in henrys. If the permeances are 
measured in millihenrys or in perms, the inductance L is measured 
in the same units. As a matter of fact, the henry was originally 
adopted as a unit of inductance, and only later on was applied to 
permeance.^ 

In some cases it is convenient to replace the actual coil (Fig. 45) 
by a fictitious coil of an equal inductance, and of the same number of 
turns, but without partial linkages. Let (Pgg be the permeance of 
the complete linkages of this fictitious coil; then, by definition, 
eqs. (105) and (106) become 


L^n^(Peq (106a) 

This expression is used when the permeance of the paths is calcu- 
lated from the results of experimental measurements of inductance, 
because in this case it is not possible to separate the partial 
linkages. Use is made of formula (106a) in chapter XII, in cal- 
culating the inductance of armature windings. 

^ The use of the henry as a unit of permeance was proposed by Professor 
Giorgi. See Trans, Intern. Elec. Congress at St. Louis (1904), Vol. 1, p. 136. 
The connection between inductance and permeance seems to have been first 
established by Oliver Heaviside; see his Electromagnetic Theory (1894), Vol, 
1, p. 31. 
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11h‘ iiuluctimp(‘ Ij is n‘luU‘d in u Hiinpln nia,riner io the eleetro- 
n<)liv(‘ lor(*t* iinhuMnl in t,he <‘xcitin^ (*l(‘<‘tri(‘ circuit wlien the cur- 
'(Hit vnri(\s in it. Namely, th(‘ (‘l<‘ctnc power supplied to the cir- 
•uit or nh unuai from th(‘ circuit to tlie soun'e is equal to the rate 
if chang(‘ of t !u‘ st onnl (hhhxv, so that we have from eq. (104) 

d\V/til i{-v) Li(<li/(lt), 

nr, ean(‘(‘Iing /, 

c -L{di/dt), (107) 

'rh(' sii^n minus is us('d IsMaiust^ v is understood to he the induced 
(MU.f. uud not that upphed at (lu^ teianinals of the circuit. There- 
fon\, wlum dWjdt is positive^ tluit is, when the stored energy 
incr(‘as(*H with t h(‘ tiin(% v isinduccMl in the dina'tion opposite to tliat 
of the* flow of tlH‘ curnmt, and Ihuhh' hy convention is considered 
m*gu{iv(u Inductanc(’ is HonH‘tinu*H (hdined hy eep (107), and then 
v(\H. (104) and (105) an* d(‘duc('d from it. The definition of L by 
the t*xpr(*HHion for tin* elt*c( romagmd.ic energy Heeins to l)c a more 
logic’al om* hu’ the purpose* of this tnaitise*, wliile the other defini- 
tion in t(*rmH of the* induc(*d (Mu.f. is proper from the point of 
vic*w of tin* <*h*(*tnc* cireuit. 

lAKiking lipon tiu* Htor<‘d magnetic en<‘rgy as due to some kind 
of a motiem in the* nu*diuin, eep (104) HUggests the familiar exprCwS- 
sions kmv^ and 4 /Car for the* kine*tic (*nergy of a mechanical system. 
Taking the* current he analogous to the velocity of motion, the 
indmhanre* he*c’onH‘H analogous to nmchanical mass and moment of 
in(*rtia, The* larger the* e*lectromagm*tic inertia L the more energy 
is stored with the* same* curr(*nt. ICeiuation (107) also has its 
atudogm* in nu*chnni(»s, namely in the familiar expressionB mdv/dt 
and Ktlw/di fen’ tlat acce*lerating for(*e and toreiue respectively. 
The* vjnJ. c n*pr(*He*ntH the reaedion of tlie circuit upon the source 
of power wlie*n the* lait(*r Umln to ine’reasc* i the rate of flow of elec- 
t ric’ity, Wldh* the*sc* analogies should not he (*arried too far, they 
are? lielpful in forming a clearer picture of the electromagnetic 
pliencnnenii. 

The role of iiuluctance, L, in tlic current and voltage relations of 
alternatiiig-cnirrent circuits is treated in detail in the author’s 
Elnirie CireuiL In this hook inductance is considered from the 
point of view of the nmgnetic circuit, i.e„ as expressed by eqs. (104) 
to (100). In the next two chapters the values of inductance are 
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calculated for some important practical cases, from the forms and 
the dimensions of the magnetic circuits, using the fundamental 
equations (104), (105) and (106). The reader will see that the 
problem is reduced to the determination of various permeances and 
fluxes; hence, it presents the same difficulties with which he is 
already familiar from the study of Chapters V and VI. 

Inductance of electric circuits in the 'presence of iron. When 
iron is present in the magnetic circuit, three cases may be distin- 
guished : 

(1) The reluctance of the iron parts is negligible as compared 
to that of the rest of the circuit; 

(2) The reluctance of the iron parts is constant within the 
range of the flux densities used; 

(3) The reluctance of the iron parts is considerable, and is 
variable. 

In the first two cases, eqs. (104), (105) and (106) hold true, and 
the inductance can be calculated from the constant permeances of 
the magnetic circuit. In the third case, inductance, if used at all, 
must be separately defined, because eq. (102a) does not hold when 
the permeance of the circuit varies with the current. The equa- 
tion of energy is in this case 

W ^nC\id0tc-^^ C\pitd{A^tv)- • - (108) 

Jo Jo 

This equation is deduced by the same reasoning as eq. (98). 

The following three definitions of inductance are used by differ- 
ent authors when the reluctance of a magnetic circuit is variable : 
(a) the expressions (104) and (108) are equated to each other, and 
L is calculated separately for each final value i of the current. 
Thus L is variable, and neither eq. (105) nor (107) hold true. (6) 
L is defined from eq. (107) ; in this case neither eq. (104) nor (105) 
are fulfilled, (c) L is defined at a given current by eq. (105) so 
that lA represents the sum of the linkages of the flux and the cur- 
rent. Therefore eq. (107) becomes e= —d{Li)/dt, and dW =id(Li). 
With each of the three definitions L is variable, and therefore is not 
very useful in applications. The author's opinion is that when the 
permeance of the circuit is variable, L should not be introduced at 
all, but the original equation of energy (108) be used directly. Or 
else in approximate calculations, a constant value of L can be 
used, calculated for some average value of f or (P. 
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Prob. 10. It. is (l<\sir(Hl t.o !nak(‘ a Htaiularcl of indiictanc'e of one 
nnllilunu-y by wituling tinilurmly on(‘ laycT of thin hat (^oiuliK^tor upon 
a toroidal woodtai ring of circular cr(>H.S"-.s(‘ctioii. How many turns are 
ncHHlcd if th(‘ diainchin' of th(‘ (‘ross-acction of the ring is 10 cm. and 
th(^ mmu diainctnr of the ring itst'lf is 50 <‘in.? Ans, 400. 

Prob. 11. An iron ring of ciivtilar cross-s(‘ction is uniformly wound 
with n turns of win\ (h<* total thickness of the winding being t] the 
nu'un diani(4<‘r of tin* ring is I> and th(‘ radius of its cross-section r. 
Wliat is tlie iinhictains' of tin' apparat.us, assuming the permeability 
of thc' iron to Ih' constant and to 1500 times that of the air? 

Hint: (h\'p -}t2K{r \.r)(lx/rJ); tip n{t’--x}/L 

Ans. l,25(aV/>) (I500r^4 /('jr HOlXUH henry. 

Prob. 12. A ring is made of non-inagnetic material, and has a 
rectangular (’roHH.»K(‘ction of dimensions h and //; the mean diameter 
of ilu^ ring is />. It. is \miformly wound with n turns of wire, the total 
thlckmw of th(^ winding laang t. What is the induetanee of the winding? 

Ans. 0 'Ua''*, /Hl/i//4“ !!/(/>+// +0.7800) 10”*^ millihenry. 

Prob. 13. ring in tlu' preceding problem has the following 

dimensioiiH: />-50 cm.; 10 cm.; it is to be wound with a con- 

ductor d mm, thick (iimulattHl). How many turns are re(iiiired in order 
^ to g('t an induednmn* of 0.43 of a henry? Hint: Solve by trials, assum- 
ing n»as(Hinhle vahn^s for /; the number of turns per layer decreases as 
the thickmw of the winding iiau'eases. Ans. About 5600. 

Prob. 14. It is deHir(‘(l to d<»sign a choke coil which will cause a 
reac‘tiv(» tln^p of 250 V(flt s at 10 amp. and 50 cy(;l(‘,s. M’he gross cross-sec- 
tion of the*, eon* (Mg. 12| is 120 wpem., and the meam length of the path 
130 cm.; the maximum flux density in the iron must be not over 7 
kb |)er H(|. <’m. What is the recjuirtul number of turns and the length 
of the air-gap In the* cotv?^ Ans. 149; 3.7 mm. 

Prob. 15. An clt*ctri('Hl circuit, which (‘onsists of a Leyden jar 
hatt<*ry of O.Ol mf. (aipueity and of a coil having an inductance of 10 
millihenrys, undt*rgoes fr(*e electri(‘al OHcillations in Hindi a way that the 
maxinuun limtantan<*ous voltage across the condenser is 10,000 volts. 
What is the cnirrent through tlu^ inductance one-c|uarter of a cycle 
latter, negltictlng any lorn of energy during the interval ? 

Ans. 10 amp. 

Prob. 16. Huggtmi a practical experiment which would prove directly 
that the storf*<l c4ec*tromagnt4.lc energy is proportional to the square 
of the current. 

Prob. 17. Prove that the indu<‘tanco of a coil of given external 
dimensions Is |)roportionnI to the H(iuare of the number of turns, taking 
into ac*canmt the c^omplcde ami the partial linkages. Bhow that the 
ohmic rt*«iHtattca of tiie coil Is also pro|K)rtional to the square of the 
number of turns, provided tliat the space factor is constant. 

Notk I. Tim ihetjndical calculation of the inductance of short 

' For a mmpMm dmm a reactive coil sec G. Kapp, TramformerB (1908), 
p. HIS, 
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Htrai|j;ht roils and knjps of wiro in tin* air i^ raihor t'o!u|i|is*jito4|, hi'fnnHa 
of the matlununtirnl tiiHirtdlifs in tin* |'t‘iiiii*aiita*s (jf 

padis. Tliost* inlcrt'stod in Iho will find nmplc* inforiiiutinfi 

in Hosa and ('olirns Funfuti^i ttfai in^tifs j.n fh.t- i niVidn/iini mf 
and Svlf-hidmiamr, in tin* litilli'litiH t>l flu* iUn»-itj <»! Sfntidards, Vy|, 
r> (HK)S), No. 1. Thv nrtirh* 4’tiiit;dnM ai*^n .pntr a rMjn|4flt* l»ihliti|n'a|»hv 
on tlu^ HohjcTt, S(H» also (trladn umi hitiiHiinttti t, 

p. 74 d Hvq. 

Note 2, In thr fonuula* tliHith-rti in fluM and in fhi* tu«> f«4low!ng 
rhajdnrs, it is prrsupposcti that thn rurrmt m di-f rihntrti uniftninly 
oven* (h(M‘ross-s<H*t ion t>f tin* roiHhntor*^. 8in li ihr r.iMr in <'t»nduftom 
of in(nh*rat(* sizo and at i»rdiinirv {-oinnifirial Iir»pn*f3rir i, iirdt's^ piTi’liaiira 
tlu' mat (‘rial is itsi'lf a mngnotii* ^wlmtnuvr. Wiih ln|,fh iiftpitnannH, 
or with rondurtoi's t»f unusindly lar^r tran?^\rtHi* duori'^ntni^n nn nlsu with 
condutdors <4 a magnotto material, tin* furmid lint di’4ril»ut<*d uni- 
formly over tho (*roHs-so<di«»n of llv fho riinrnf d«nisitv 

Iming high(‘r mnir tho poripluTV. d'ln* ir^uli that, as thi’ fnapiruirV 
inrmiHCH, tlio iiuhictauro hiH-omt^s loworiua! thr ohmir rrMiwtjinrn highok 
This is kn(»wu as thr .sAn'a rjhrL I'ornn rxplanainMi. fora tMatlnnimtic’nl 
troatruont in a snnpio (’asi*. and for ii’fe^ronn-M f4ri* Hidnlo*. Utimihudi 
dtr Elrkir(tMtnik\ Vol. I (HHH)pnrt 2, |ip, J2fHn 1 2d, lalilfM an*! ftir 
inuhr will Im found itt tljo Shindnrd UmidUmk. aitd in |‘«wlrr‘s i*iitkrF 
Hook, Sou ulHt> W Stfinilli't -Mtrrnoiui^i i^urrm! i*hrH*»MrUH fItIUHi, 
pf). 2(KI-20H, and his Trotiaimi FMdru' Vhtiwmnm l SitIIou IU, 

(liapttT VII; Anif4«h WirhnrtMirifmtn’hnik, \ of t |i. A. 

B. Fu4d, Kddy ('urrnntH in Largo Slot wiuind Londtirforn, trom, dmrr, 
Imt. Elodr, K/jf/ra., VoL 24 |j. 7iU. 
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MISSION LINES. 


59. The Inductance of a Single-phase Concentric Cable. Lot 
n'proHoiit. Iho (‘nhs.s-Hc^otion of u coiK^oniric cubk^, which 
consist H of an iniua* con* .1 and of an <*xt(*rnal annular conductor 
/), with HiUiu* insulation (* Ind.wcMUi tluun. Lot the radii of the 
condtictors in* o, />, and r, n*Hpoctiv(‘Iy. The insulation outside of 
I> aiul the* sluaithing an* not shovvin. Let a direct current of i 
ainjH'n'H lltnv through tin* inu(‘r 
conthic’tor away from the* nauh'r 
and n*turn through tlu* out(*r 
conductor, Ha* niagiu'tic* fiedd 
[>roduc(*d hy this curnait links 
with the* ctu'n*nt,nnd for reasons 
of synunetry th<* Hues of forc(^ 
are cotu’ent ric circh*s. 'Hu* lit*ld 
rs cMUdined within the enhh*, 
lH*eaus(* outsiti«* the e\t(*rnul con- 
duc'tor /) the* nuin.f. is / / (). 

In the space lH‘twc‘(*n the* two 
c<aiduc*tors tin* lines of hare* am 
linked with tla* wludt* curnuit, 
and since there is htit oiu* turn, 
the* in. mi. is <*<|Ual t(» /, The U*ngth of a line of force of a radius x 
cm. is 2,T,rsotiint themugm*tic int<*nHityiH// amp. turns per 

cm., the corresi>onding flux (h’usity H maxwells per sq.cm. 

TliUH, the flux flensity deenuiscm invemely as the distance from the 
cc‘ntc*r; it is re|)n*si‘iited hy t lu* ordinat(*H of tlie part qr of a hyper- 
bola. 

In the Htatce wit hin the inner conduetor .4, a line of force of 



Fig. 4(1 The magnetic field within 
a eonceutrie cable. 
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Unit the current Is distrilnKeil imifi>rin!\ uv.t ih.- itoms of 

the conductor, d'he huifith <>f tin* line lU Juici' ir. 2.”.r. .mo tlmt 

H and H nxi IIiuh. iti thw jijyt 

of th(^ fieltl the* Ihix titiinity an fltr iii.siaiirp fnini tin* 

center aiul is n^pre^Henttni by tlio ^truiabt lini* n»/, 

In the HpH(’<‘ iiiside the rundutiur iK a iiut* uf t^f ^ 

racliuH r is linked with the tnirrenf ir- Irb of tlje 

external cotuluctor and witli the enrnnH * i t»f iho tnleriial ron™ 
ductor, or altng(‘tla‘r with the current in- x-i {r» //i), 
ConHequcaitly, here tie* flux deiinity repn-Henteil by the 
hypeni)ola the ta|UHtiott of which is 

■■ fuU'^ x 

The curve Of/r^ given a cliatr phyatcul jiictiire of the field dis- 
tribution in th(* cable, and helps otit* to unttenHiaint th*‘ linkagt*H 
which enter into the ralculatitut the inductance of the cable. 

The inductance of the cable is calculated nceordiiig to the 
fundamental forintfia (lOfi), the roinpleie linkages i»eiiig in the 
space l)etween the two condtielt^rs, and the parlial linkages being 
within the Hpac(‘ cH*cupied In* the rondmiors thefiiselves, (*on- 
sider a piece of the cabk* mie c«*ntiineter haig. 1‘he js‘riiit»nncf» a 
tube of force of a radius x and of a thickness iii is /iilj,, 2^r/, so that 
the permeance of tlu' complete linkages is, 

r fi 

f(iix'2?:x (ft 2^'i Ltiid til iHuiu/vm.^ (Hil)} 

" «# 

where Ln is the sytnbol for natural li*garitliiiis, In this ciisf* the 
permeance is equal to the induetaiiee beeatisi'* tln^ t>f turns 

n^U The sign |uinie imUentes thnt tin* t|Uiiiiliiies L/ and 
refer to a unit length of the cable. 

For the npiice inside the inner eondueior - (i uF, this being 
the fraction of tlje cumuii with whieli the lint* of furre of rttdiiM^ 
is linked. Henccb the part of the indiirliiiire of the eiible due to 
the field inside tlie conductor A m 

L/ * (/i/2?r)J^ (x/«)^(dx/jr) iM^rni/eiin (1 10) 

This formula shows that the {uirt of the iiicliietmire due In ih© 
field witlu'n tin* inner conductor m iiicleinuiiJerit of llm riidiiti of th# 
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conduct, or, and in ahvayn cajual to 0.05 perm, por cm., or 0.05 milli- 
henry per kilometer lengl-li of the cable. 

The exact expn'H.sion for the part of (fie inductance of the cable 
^■'i) liukage within the outer conductor ia given in 

problem 10 below. 'The formula ia rather complicated for prac- 
tical uae, eapecially in view of the fact that thia part of the induct- 
ance ia comparatively small, becaviae the Ilux density on the part 
rx of th<' curv(‘ ia amall. It ia more convenient, therefore, to make 
aimplifying aaaumiitiona, when the thicknesa t of the outer con- 
duc(.or ia amall aa compared to b. Namely, the length of all the 
patha within tin* outer conductor may bo asaumed to be equal 
to '2,kI>, ao that tlu' la'rnu'ance of an infinitesimal path of a radius x 
and thickm'sa dx nearly ('<iuala luix/'Znb. Furthermore, the volume 
of the cunx'iit in the outer conductor, between the radii b and x 
may be aaaumed to be proiiortional to the distance x—h, and 
h(‘nc(‘ {'<iual to i (x ~-b)/{c —b). A line of force of a radius x is linked 
therefore wit h tfa* whole curnuit i in the inner conductor and with 
the above-atated part, of the current in the outer conductor, and, 
since the currmita flow in opposite directiona, this lino of 
force is linked altog('ther with the current i{c—x)/(fi—b). Hence, 
it is link(‘d with w,. ■ ■((•— x)/((' —5) turns. Thu8,the inductance of 
tlu' cable, due to t he outt'r part,ial linkages, is, in the first approxi- 
mation, 

A// •■•/«/ (2;:/)/=') — x)^dx ponn/cm. . (Ill) 

'h 

If a clos(*r ai)proxiination is desired, it is convenient to expand 
<‘(j. (1 14) in ascending powers of t/b, as is explained in problem 11. 
The result is 

~ + • • ■] perm/cm. . (112) 

It will thus be H(‘en that e<j. (Ill) is an accurate approximation, 
becauHti eq, (1 12) contains in the parentheses no term with the 
first pow(>r of the ratio t/b. 

Thus, the total imluetance of a concentric cable, I kilometers 
long, is 

Aas[0.4() l()f 5 ,o (5/«)+().0r) + A;/]f millihenrys, . (113) 

where Lp is given by cqs. (Ill), (112), or (114), according to the 
accuracy desired. Expressions (1 10) and (114) are correct only at 
low frequencies, such as are used for power transmission. With 
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very high frequencies, the skin effect becomes noticeable, that is, 
the current in the inner conductor is forced outward and that in 
the outer conductor inward. In the limit, when the frequency 
is infinite, the currents are concentrated on the opposing surfaces 
of the conductors, and the partial linkages are equal to zero. 
Thus, each of the expressions in question must be multiplied by a 
variable coefficient k which, for a given cable, is a function of 
the frequency. At ordinary frequencies A; = l, and gradually 
approaches zero as the frequency increases to infinity.^ 

Prob. 1. A concentric cable is to be designed for 750 amperes, the 
current density to be about 2,2 amp. per gross sq.mm., and the thickness 
of the insulation between the conductors to be 6 mm. What are the 
dimensions of the conductors assuming them to be solid, that is, not 
stranded? The fact that they are in reality stranded is taken care of 
in the permissible current density. 

Ans. a = 10.5; 6 = 16.5; c = 19.6 mm. 

Prob. 2. Plot the curve Oqrs of distribution of the flux density 
in the cable given in the preceding problem. 

Ans. At x—a, R= 143; at a; = 6, jB=91 maxwells per sq.cm. 

Prob. 3. What is the total flux in megalines per kilometer of the 
cable specified in the two preceding problems? Ans. 1 5.1. 

Prob. 4. Show how to plot the curve of the distribution of flux density 
in a three-phase concentric cable, at some given instantaneous values 
of the three currents. 

Prob. 6. What is the inductance of a 25-km. cable in which the 
diameter of the inner conductor is 12 mm., the thickness of insulation 
is 3 mm., and the dimension c is such that the current density in the 
outer conductor is 10 per cent higher than in the inner one ? 

Ans. 25 [0.0810 + 0.050 4-0.0122] =3.58 millihenry. 

Prob. 6. A cable consists of three concentric cylinders of negligible 
thickness; the radii of the cylinders are ri, rj, and rs, beginning with 
the inner one. What is the inductance in millihenrys per kilometer, 
when a current flows through the inner cylinder and returns equally 
divided through the two others? 

Ans. 0.46 [log +0.25 log (r 3 /r 2 ) .] 

Prob. 7. In the cable given in the preceding problem the total 
current i flows through the middle cylinder, the part mi returns through 
the inner cylinder, and the rest, nij returns through the outer one. What 
is the total inductance per kilometer of length? 

Ans. 0.46 [w^ log (rg/rO +n^ log (ra/r^)]. 

^ For the field distribution in and the inductance of non-concentric cables 
see Alex. Russell, Alternating Currents ^ Vol. 1 (1904), Chap. XV; for the 
reactance of armored cables see J. B. Whitehead, '' The Resistance and React- 
ance of Armored Cables, Trans, Amer. Inst Blectr. Engrs., Vol. 28 (1909) 
p. 737. 
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Prob. 8. At what, ratio of h to a in Fig. 46 is the magnetic energy 
st.onul within th(‘ iinua- condin-tor e<iual to that stored between the 

two coiKhictorH ? 128. 

Prob. 9. It. is naiuinnl to replace the solid inner con<luc.tor A in 
Fig. 46 by an infiiut(4y thin shell of such a radius a' that the total 
inductance^ of ih<‘ cabl(‘ shall reitmin the same. What is the radius of 
th(‘ sh(4l? Hint: ( /</2?r) I ai (a/u') /i/Htt, 

Ans. -0.779. 

Prob. 10, Ih’ovt* that, tlu' part of the indu(‘tan(‘e due to the linkages 
within tlu' ouitu’ coiuluctor in Fig. 46 is expressetl by 

. . (114) 

Hint: -/f//.r/2.7.r; Nj, I ;r(,r^ — //-sj. 

Prob. 11. Ihnhice c(|. (112) from formula (114), assuming the 
ratio t/h to In* Hinall as compared to unity. Hint: Put c +?y) 
wh(*re y-t/h is a small fraction. K.Kfuind Ln(l -|/) into an infinite 
stu'it's, ami omit in th<‘ niumu'ator of c(|. (114) all the terms above t/®; 
expnml (r^ fp) in the (haumunator in ascending powers of t/, and divide 
the numeratiu* by this polynomial. 

60. The Magnetic Field Created by a Loop of Two Parallel 

Wires. U^i 47 rc»pr(‘H(‘nt. the erosH-sectioii of a single-phase 
or direet-rurniit t rniisnuHsion line, the wires being denoted fiy 
.4 and IL With tin* din'etions of tlu^ currents in the wires shown 
by tht^ <hdi and tlu* <*roHH, the nuignetic field has the directions 
shown by tlu* urrow-heuds, one-half of the (lux linking with each 
wire. !i<‘f(U’i* (udeulat ing the induetance of the loop it is instruct- 
ive* U) ged. a eh'ur juctun*, (|uuntitative as well as qualitative, of the 
fi(4tl itwdf. 

Tlu* fieltl distribution is syinmetrical with respect to the line 
A H and t lu* lixis (H)\ Tlu* wholes flux passtis in the space between 
tlu* wires, HO as to 1 h* link<*d witli the m.mi, which produces it, and 
tlu*ii ext4*ndH tc^ infinity on all sith^s. The flux density is at its 
maxinmni near tlut wirc*H and gradually decreases toward OO' 
and toward I as is shown by the curve pqdH'(/p\ The ordi- 
nntt*s this curve reprewnt the flux densitieH at the various points 
of tlu* line* paHsirug tlrnmgh tlu^ c(*nt(*rB of the wires. The reason 
for which tlie flux di*nHity is larger near the wires is that the path 
thi*re is shorku*, although the tn.ini. acting along all the paths 
is the same. T!u« ru.mi. is numerically equal to the current i in 
the wires, thenumlmrof turns being equal to one. 

It is provtal below that the magnetic patlis outside the conduc- 
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torn theniiS(4v(\s an^ ern^ntrit* with thrir rentt^rH on tlia 

line AB extended. Tlu‘ (H|uipot(nitinl aurfiiec’M art' eireiilar 
cylinderH, wliicdi are nhown in Fiji*:. 4 7 an eireies passing tlirnugh the 
centera A and B of tlu^ <‘ond\i(*tora. W ithin the etauluetom them- 
selvcH there are no e([uil>ot(‘ntial aurfata^H. 

For purpones of analysia it is eonvtmitmt to n*gard the fiekl in 
Fig. 47 aa th(i n^sult of %ho mpxa'posit ion <»f t wo .simpler fitdda, nimi- 
lar to thoae of the eomamtrie eubh* t>f tlu' j>n‘eeding artiehx ('on- 


0' 



6 

Fio. 47.— Th(^ inaiau^ic field pnainml hy a xiitgle-plaiHit imnHiiit»ieri line. 


Bider the conductor /I, together with a eoneentric cylinder <if an 
infinitely large radiun, m one conducting ayateiii. la^t the curnmt 
flow through A toward the reader, and rtdurn thniiigli the infinite 
cylinder. 1x4. the condintior B with a airnilar eoneentric cylinder 
form anotlier independent Hyatcim The ctintuiifi in the condue- 
tore A and B are to be the aame m the iictiiid ciirit^nia flowing 
through them, but each infinite cylinder i« to »rve m a miurn for 
the corrcBponding conductor, as if there wem no electricfd connec- 
tion between A and B. The mmmiB in the two cylindera are 
flowing in opposite clircictionB and the cylinderm theniKiIws 
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coincide at infinity, because the distance AB between their axes is 
infinitely small as compared to their radii. Hence, the two cur- 
rents in the cylinders cancel each other, and the combination of 
the two component systems is magnetically identical with the 
given loop. 

In a medium of constant permeability, the resultant magnetic 
intensity produced at a point by the combined action of several 
independent m.m.fs., is equal to the geometric sum of the intensi- 
ties produced at the same point by the separate m.m.fs.^ This 
being true of the intensities, the component flux densities at any 
point are also combined according to the parallelogram law 
because they are proportional to the intensities. Hence, the 
resultant flux can be regarded as the result of the superposition 
of the fluxes created by the component systems. 

The field produced by the system A consists of concentric cir- 
cles, the flux density outside the conductor A being inversely pro- 
portional to the distance from the center of A (curve qr in Fig. 46). 
The field created by the system B consists of similar circles around 
B, and the field shown in Fig. 47 is a superposition of these two 
fields. Thus the resultant field intensity H at a point P is a 
geometric sum of 

Hi=^il27tri, (115) 

and 

(116) 

Ux and being perpendicular to the corresponding radii vectors 
ri and from the centers of the conductors to the point P. The 
directions of Hi and H 2 are determined by the right-hand screw 
rule. Since Hi and Hs are known in magnitude and direction at 
each point of the field, the resultant intensity E may also be deter- 
mined. 

To deduce the equation of the lines of force in the resultant 
field, we shall express analytically the condition that the total flux 
which crosses the surface CF is equal to zero, provided that C and 
P lie on the same line of force. This total flux may be considered 

^ This principle of superposition can be considered (a) as an experimental 
fact; (5) as an immediate consequence of the fact that in a medium of constant 
permeability the effects are proportional to the causes; (c) as a consequence 
of Laplace’s law dH ^Oomt.Xids sin /9/10r^ according to which the total 
field intensity is regarded as the sum of those produced by the infinitesimal 
elements of the current, or currents. 
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n.H tlu' r(‘Hult.iint. of the fiuwsduo to I lie .sy.stciiiH .1 niui li. Accord- 
ing to (HI. (llfi), th(‘ flux density dtie to .1. ut ji di, stance .r from 4 
ia Hi ■ ■ id/'lr.x, so that the ihix dta* to .1 wliieh cro.s.ai'.s ('/’ f.) 

<l>i' (/((V2-) Ln(c, .If 'imaxwells cm. . ( 117 ) 

This flnx ia directi'd /<> tlir hft, looking frotn (' to /'. Hy nnalogv 
the flu.x dne to the ayafmii li i.s 

(/(iV2-") lititr-g 7 ff ')nm.\\vell.H cm (llS) 

and ia din'cU'd to the riijht, looking from (' to /’. 'ria* condition 
that no fiu.x croaai'a ( 7 ' i.a, that (P^' ia (Hinnl to </>./, or 

Ln(rt/*lf ') hn((H. lU'), 
or 

ri, /'a (’oust (110) 

Thi.a ia th(' (Hiuation of a line of force in "di-polar” eo-ordinatea; 
th(( (uirve iaauch that the ratio of r, to r , remains constant, How- 
over, thia conalant iadilTcrenl for each line of force, ltccans(> each 
line haa ita own poitd 

hkl. (1 It)) may be proved to represent a circle, by stdccting an 
origin, aay at A, and atd)slituting for r, and r,. their values in terma 
of the ivctnngular co-ordinates x ami //. 'I'ln- following jiroof hy 
ohmmntary gc'omclry leads to the same resnli. I’ro<lncc .t/’anil 
lay off PI) PH r^. Acconiing to eq. (M'.t), UD is parallel to 
CP, and conaetinently PC bisects the angle A PH Uq the 

point C lie on the same line tif force with C; then no Ihi.x passes 
through PC', and hy analogy with eq. ( 1 1*)) we have 

ri/T’j • AC', HP' (’onsl (120) 

By plotting PlY r. (not almwn in figure) along PA, in the oppo- 
site direction from PI), and connecting /)' to H, one can show as 
before that PC' hiseefs the angle HPD hst)® «<. Hut the 
biscetorH of two supplenumtary nngh-s are laTfamdicular to each 
other; consecpietitly, CPC' is a right angle, and the point P lies 
on a Homicirc.le enaded on the diameter CC". 'rids semicircle ia the 
line of force itstdf, because all the j»ointa, such as P, which are deter- 
mined by C and C' must In* on it. A«(»th«’r semicircle !>elow the 
line AB close's the line of force. 
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Fromeqs. (119) and (120) the following expressions are obtained 
for the radius R of the line of force : 


l-(,BC/AC) ’ 
or 

^^i+BC'/AC'’ 

SO that the line of force can be easily drawn for a given C or C\ 

To prove that the equipotential lines are also circles we proceed 
as follows. The line AB is evidently an equipotential line, because 
it is perpendicular to all the lines of force. The difference of mag- 
netic potential or the m.m.f. between AB and P, contributed by 
the system A, is equal to i{6i/2n) ampere-turns, where the angle 
BAP is denoted by di. This is because the m.m.f. due to the sys- 
tem Aj taken around a complete circle concentric with A, is equal 
to ij and is distributed uniformly along the circle, for reasons of 
symmetry. Or else it follows directly from eq. (115). By 
analogy, the difference of magnetic potential between AB and P, 
due to the system P, is t’(6*2/27r). Thus the total difference of 
potential between AB and P is 

^cp (^1 + 62) = ii/ 27 r) (tt—oj). . . (123) 

This shows that the m.m.f. between any two points in the field is 
proportional to the difference in the angles oj at which the line AB 
is visible from these points. For any two points on the same 
equipotential line is the same, so that the equation of such a 
line is 

CO = const (124) 

This represents the arc of a circle passing through A and B, and 
corresponding to the inscribed angle w. 

Prob. 12. A single-phase transmission line consists of two conductors 
1 cm. in diameter, and spaced 100 cm. between the centers. Draw 
the curve of flux density distribution (pqst in Fig. 47) for an instantaneous 
value of the current equal to 100 amp. 

Ans. a; =*50.0 25.0 0.5 -^0.5 —50.0 —00 cm.; 

P= 0.80 1.07 40.20 -39.80 -0.26 0 maxw./sq. cm. 

Prob. 13. For the transmission line in problem 12 draw the lines 


( 121 ) 

( 122 ) 
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of forc.o which divide the total tiux between the wires into ten equal 
parts (not counting the tluK within the wiren). 

Ans. Tlie circles nearcKt io (Xy er<»as AH at ii dinfance of 48,4 
cm. from each <dher. 

Prob. 14. Heferring to the two pnaanling pnihlems, draw ten 
equipotential circles which divide? tin* whtdt* in. mi. of l(K) ampere-turns 
into ten e(|ual parts. 

Ann. The arcs nearest to AH intersect (HX at a diHtance of 
82.5 cm. from eaeh other. 

Prob, 15. A t<‘l(q>hone lint* runs parallel to a singlt^-plnwe power 
transmission lint?, d'lu* position of out* of tht* tidephone wires is fixtHl; 
show how to determine the positum of the tJthor win* ho as to have a 
minimum of induetive disturhams? in tht* telephone eireiiit. Hint: 
The cc?nter lines of the two ttd(‘plione wires must interseet tht? same line 
of fort'.e due to the power Hm?. 

Prob. 16. A telephone line runs paralhd t<» a 25-eyele, Hingleqihase 
transmission line. The distanees from one of the telephone wires to 
the power wires an? 8.5 m. anti 2.7 m.; the tUsianct^H from the other 
telephone wire to the |K)wer wires are mu\ 2,5 m. (in the mine order). 
What voltage is imlu<*ed in the telephone line per kihuneter of its length, 
when the current in the power line is lit) eiTertlve am|H?res? 

Notb: In practice, this %adtHge is neutraUraHi by trauHiHming 
either lino after a (;c?rtain number of spans. Ans. 0.33 volt. 

61 . The Inductance of a Single-phase Lina. Tim inductance of 
a singlc-phaBo lino (Fig. 47) can he calculated according to the fun- 
damental formulm (105) or (100), providtal that the perniaiuiceH 
of the elementary paths \m expn*HHiHi analyticidly. However, in 
this case it is much simpler to use* the principle of HU{H*rpositlcin 
employed in the pmceding nrtieh*, ami to eonsitler the actuiii flux 
as the resultant of two fluxi^s each summmiing concentriciilly one 
of the wires and extending to intinity. Hie fluxes producecl l.>y 
the two component systmnd art* ec|unl and syrninetrical with 
respect to the wires. It is fhertdtire sutlirieni to ciilcmliite tlm 
linkages of the loop AB with the Hux prcHhuaai by one of the «ys- 
tarns, say that corresponding to A, and to multiply tlici result by 
two. 

The flux produced by A, and having A m a renter, links with 
the current in the loop AB. These? linkages may divided into 
the following: 

(а) Linkages within the wire A ; that in, from x to * -o; 

(б) linkages between the wires A and II, that is, from 


X to X a; 
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(c) Linkages outside the loop, that is, from x=b-^a to x = 
infinity, 

(d) Linkages within the wire B, that is, from 

X =b‘—a to x^b-ha. 

The linkages (a), (b) and (c) are the same as in a concentric 
cable (Fig. 46), because the shape of the lines of force and the 
number of turns with which they are linked are the same. The 
partial linkages (d) are somewhat difficult to express analytically. 
When the distance b between the wires is large as compared to 
their diameters, the whole current in B may be assumed to be con- 
centrated along the axis of the wire B, instead of being spread over 
the cross-section. With this assumption, the partial linkages (d) 
are done away with, the linkages (6) are extended to x=b, and the 
linkages (c) begin from x =6. The expressions for the linkages (a) 
and (6) are given by eqs. (110) and (109) respectively. The link- 
ages (c) are equal to zero, because in this region the lines of force 
produced by A are linked with both A and Bj and therefore 
with i — i==0 ampere -turns. Thus, the inductance in question is 

U =0.46 logio(6/a) +0.05 (125) 

This gives the inductance of a single-phase line in perms per centi- 
meter length, or in millihenry s per kilometer length of the wire.^ 
To obtain the inductance per unit length of the line this expression 
must be multiplied by two, because the linkages due to the flux 
produced by the system B are not taken into account in eq. (125). 
However, for the purposes of the next two articles it is more con- 
venient to use expression (125), and to consider separately the 
inductance of each wire, remembering that the two wires of a loop 
are in series, and that therefore their inductances are added.^ 

Prob. 17 . Check by means of formula (125) some of the values for 
the inductance and reactance of transmission lines tabulated in the 
various pocketbooks and handbooks. 

^ It is of interest to note that the exact integration over the partial linkages 
(d) leads to the same Eq. (125), so that this formula is correct even when 
the wires are close to each other. See A. Russell, Alternating Currents^ Vol. 
1 (1904), pp. 59-~60. 

^ The inductance of two or more parallel cylinders of any cross-section can 
be expressed through the so-called “ geometric mean distance,” introduced 
by Maxwell. For details see Orlich, Kapazitat und Induktivitat (1909), 
pp. 63-74. 
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Prob. 18. Slnw Ivy mt'nn.s tvi' <vr rurvt^^i flint iiuiurfaure 

of a t.rauHiniHsion lino varu‘H iniit’h mIuwIv tliaii (a) tlio i^iiiicing 

with a giv(‘n of win*, {h) fhi* nisii* tvf wirt* wifli a giviai 

Prob. 19. Wlu*u tho diatoott*ra «»f tho tw<i I luni if aro dilTonnii, 
prove that the iiuhirtaiUM^ of the eoiii|ih*te inop in the m if tlie 

diameter of each wire waa e<|UHl to the gwioetrie mtaiii of tlw actual 
diam(d.erH. 

Prob. 20. Sluvw that the iialuctaitre of a Hiogle plima* Im* with a 
ground ndurn can he cah*tilatiHl from etp iJ2o1 hy luftting h- 2/i where 
h Ls th(‘ (*h‘vatiou (vf tht* wire above iIh* grtntial. flint : In l‘*ig. 47 tin* 
plane (>(y may h(* e<mHid(*nMi to he tlie mirface of thv earth, aMHtina*^! 
to hi* a pi'rfect conduettvr, If the earth he retnovi^il, an image” eiiu- 
dueior li inuat lv{' adiled in onler in |»r«»%t<h^ a return |»ath for tlu* 
eurr(‘nt, au(‘h that the field Hurnamtling .1 would retnain the Haim\ 

Prob, 21. Two Hitighvphnae lint'a are plared m% two eroMa ariiw of 
the Haine tower, <me direcdly above the other, iit ii vertieal dintjuiee 
of a cm apart. What in iht‘ total induetanee of the romhlnatlftn, when 
the two liiu'H are eount'etiHi in imrnllel hihI earli line iairrii^i^ tmedudf 
of the total current? 

Solution: ('onHid(*r the hnir wiren aa forming ffutr fletitiouH ayatetrw, 
with eylimlerH at infinity hk returna. 1^4 h the wiiaeing iti each 
loop, and let h lav lnrg(*r than e. Ihmote th«* wirea in one Ifwip by \ 
ami 2, in the other by I' and 2^ and let d be the diagonal dintaiiee 
hetweei\ ! and 2'. AKHume all the wireHe\ee|ii | to land nn iidinltealnial 
croHH-Heetiou, Tlien, the linkagea of the Ihi^ priHturi'il hy the ayatem 
1 wil.h the (‘urrentH in iht* four wlnn are 

* « 0.05 ( J 0 ^ f 0.2 ( 5 i) ^ I ai (r M) i O.'ii 1 1 1 1 Ln t h /«*) 

LnCd/ld liiillijimlea/km. 

ThuH, allowittg the name amount for the linkiigeii due to the eur-* 
rent in. the wire 1', w(* g(*itlmt the tniluetance of lltei^|4il line, each way, 

IH 

// -’^2/// "" il,0,40 t th05) iidl!ih«airy?^./kirt,, 

inatead of the eKpr-t^anbu (125) for Iht' alngle llnin 11ie siime rewult 
in obtained when h in Himdler than e. Henee, liy aplltliiig a line In 
two the imha'tanee m eonalderfihly nahnaal, inirllid linkfigm are 

Bubatitutetl for wntie of the eomplete Uiibigi*^. If rl were equal to e 
the reduction would he 50 |H^r cent; but ainre d k itlwiiyit larger Itian 
c tl\e gaiti in kvan than 50 per cent. Ibiwever, W'lien the Iwn tinea tire 
very far apart the Having in very nearly 50 per eent. 

Prob, 22, A (‘ert4iin Hingk^»pham' traiiaiiiiiwion line fiiifi lieeii depigiiwl 
to couHint of Nc). (KK) Ii. & 8. eoialuetiir with a Hpiirtfig of iSCI rrii. It 
in dcBired to reduce the reactlvd <!f«»p by per rent, wlttaHil 

iuereaHing the weight of eopper, liy lining two liiiiw In iiftriitlel, with 
the same apaciug. What Is the hIsmi of the rondiiekir anil the dintamai 
between the loopn? Am, Nm 1 li 1 H. ; iikiiil M em. 

Prob, 23, Holve problem 21 when the bial k uriiH|utdly 
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between the two loops, the currents being mi and ni respectively, where 
m+n = l. 

Ans. Z/' = 0.46[{m^+n^) log (c/a) 4 - log {b/c)-\~2mn log (d/6)]4' 
0.05 when 6 >c, and L'=0.46[(m^ + n^) log (b /a) 4- 
2 mnlog (d/c)] 4-0.05(m^4*n2), when h<c. 

Prob. 24. A single-phase line consists of three conductors, the 
total current flowing through conductor 1 , and returning through con- 
ductors 2 and 3 in parallel. If the current in one return conductor is 
mij and in the other m, where m 4 -n==l, prove that the inductance of 
the line per kilometer of its length is, in millihenrys, 

L'=0.46 [log (feu/aO +m^ log ( 623 M) log (b 23 /« 3 ) +m log (b^^/h^^) 

+m log (bia/M +nlog (big/bja)] 4-0.05(1 when bi2>bi3>b23. 

In the particular case when bi 2 =b 23 = bi 3 , ai = a^ = asj and m==n==i, the 
inductance is reduced by 25 per cent as compared to that of a single loop.^ 

62. The Inductance of a Three-phase Line with Symmetrical 
and Semi-symmetrical Spacing. The magnetic field which sur- 
rounds a single-phase line varies in its intensity from instant to 
instant, as the current changes, but the direction of the magnetic 
intensity and of the flux density at each point remains the same. 
In other words, the flux is a pulsating one. The field created by 
three-phase currents in a transmission line varies at each point in 
both its magnitude and direction. At the end of each cycle, the 
field assumes its original magnitude and direction. If the spacing 
of the wires is symmetrical, the field at the end of each third of a 
cycle has the same magnitude and position with respect the next 
wire. The field may therefore be said to be revolving in space. 

This revolving flux, like that in an induction motor, induces 
e.m.fs. in the three phases. The problem is to determine these 
counter-e.m.fs. in the transmission line, knowing the size of the 
wires, the spacing, and the load. In transmission line calculations, 
especially in determining the voltage drop and regulation, it is 
convenient to consider each wire separately, and to determine the 
voltage drop in phase and in quadrature with the current. Thus, 
having expressed the e.m.fs. induced by the revolving flux in terms 
of the constants of the line, each wire is then considered as if it 
were brought outside the inductive action of the two other wires. 

We shall consider first the case of an equidistant spacing of the 
three wires, because in most practical calculations of voltage drop 

^The splitting of conductors discussed in problems 21 to 24 has been 
proposed for extremely long transmission lines, in order to reduce their induct- 
ance and at the same time increase their electrostatic permittance (capacity). 
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an unyyinnietricnl spacing- is n*plact‘ti l>y au rcpmalfiit rtputiiatani 
spacing. The oxat'i si»lu! ion for an nnsy nunoi rical sparing is given 
in the next artieh*. hvi the instantaneous values tif the three* eur- 
rents in the wires .1, H and i' t>f a thn*e-]>!inse tnuismission line he 
•ij, H and hn The sum <»f (lit* tlina* currents at i*n<*h instant is 
zero, or 

/i f i- I I'a 0 (PiO) 

Let he the etpiivulent flux whieh links at any instant witli tlie 
wire A. The instantaiH‘ou.s (*.in.f. iinluet*d in this wire is 

ej df ( 127 ) 

The ecpiivalent fhix eonsistH of the achunl flux nutsitie the wire plus 
the HUin of the Ihixes inside* tin* wire. t*ueh inlinifevsinud tube flues 
being reduced in tin* proper ratio, according the frartiun tvf the 
croBS-Bcetion of the win* with which it is iink<‘«i. <h\ wtiut is the 
Hiune thing, eueli win* is n*plHeed hy an ef|uivnlent hollow <*ylinder 
of infinitesinnil thickness, wit Inmt partial litikagi’s. ns in pn»hlem 
9 in Art. 50 (consult also tin* tlt*li)!iiitioii td iM|uivnlent permeance 
given in Art. 5S). 

In order to d(*tennine 0^,f we replan* tin* three-pham* system 
by two HUperiniposed singh*-phHH<* systems, 'the eurn*nt / j in the 
wire A may he thought of as tin* sum of tlie (*mi'eiUs and 
each flowing in a st'purutt* fictitious wire, and hotli of tliesi* wires 
coinciding with d. O'ln* curn*nts I i * in H and I'-i in .I form 
one Hingle-plmst* loop, while tin* curretits I /.j in t* lynf in 
form tin* otlu*r loop. Tin* fhix #*.,^wliieh surrountls d is the sum 
of the fluxes produced hy tliese two loops. T!ie flux |H*r unit 
length of the line, due to the first loojn is «*qual to since 

the number of turns is f*{|ual to one. For the same rt*iisori 
1/ where // is iletermimnl hy (M|. (125). Hence, the flux per 
unit length of the line, du«» to tht* lio4t loop, Hiiiiiliirly, 

the flux du(^ to the w*cond loop and linked with d is eciiinl to 
—//Li, the same value of // being usial beciium.* the splicing line] 
the sizcH of all of the wir«‘H an* the same. Thus, 

.... (128) 

the last result being obtained hy suhstituliinig the vfiliie of 13 + 11 
from eq. (126). Thus, eq. (127) becomes sirni’ily 

C| ^ “-//c/i'i/rfi, . . . , . • (129) 
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the induced e.m.f . is the same as in a single-phase line carry- 
5 current ii . Thus, the inductance of a three-phase line with 
Irical spacing, per wire, is the same as the inductance of a 
ohase line, per wire, with the same size of wire and the same 
u The total e.m.f. induced in each wire is in quadrature 
le current in the wire. 

reaching this conclusion the following facts were made use 
The current in each wire at any instant is equal to the sum 
currents in the two other wires; (6) the fluxes due to sepa- 
.m.fs. can be superimposed in a medium of constant perme- 
; (c) The inductance of the loop A-B equal to that of A-C 
2 of the same spacing. No other suppositions in regard to 
iracter of the load or the voltages between the wires were 
Therefore, the conclusion arrived at holds true : 

For balanced as well as unbalanced loads; 

For balanced or unbalanced line voltages; 

For a three-wire two-phase system, three-wire single- 
lystem, monocyclic system, etc. 

For sinusoidal voltages as well as for those departing from 
■m. 

li-symmetrical Spacing. When two out of the three distances 
n the wires in a three-phase line are equal to each other, the 
jment is called semi-symmetrical. Two common cases of 
id are : (a) When the wires are placed at the vertices of an 
IS triangle ; (&) when they are placed at equal distances in 
le plane, for instance on the same cross-arm, or are fastened 
ension insulators, one above the other. In such cases the 
ve drop in the symmetrically situated wire is the same as if 
e belonged to a single-phase loop, carrying the same current, 
bh a spacing equal to the distance of this wire to either of 
er two wires. Let, for instance, the distance A-B be equal 
and let the distance A-C be different from the two. The 
:iven above can be repeated for the wire B, and the same 
ion will be reached because the spacing A-C is not used 
leduction. But, of course, the proof does not hold true for 
vire A or C. 

en the three wires are in the same plane, the inductance of 
: the outside wires is larger than that of the middle wire, 
n be shown as follows : Let the three wires be in a horizontal 
and let them be denoted from left to right hy A, B, C. Let 
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the distance between A and be (M|unl to h and the distance 
between A and C be e(|nul to 2/>. If tlu' win^ li W(‘re moved to 
coincide with C, the iruhictanee of A would b(» the same as if it 
belonged to a single-phas(‘ loop witli a spacing 26. If (/ were 
moved to coincide with the inductance^ of .1 would lu^ that of a 
wire in a single-phase loo|) with a spacing 6, dims, tlu^ inductance 
of A corresponds in reality to a spacing itit(‘rm(uliat(‘ betw(Hvn b and 
2b. The inductance of the middle win* B is tln‘ sanu» as t.hat of a 
wire in a single-phase loop with the spacing b, as is provtal above. 
Thus, the inductance of either A or (' is largcu* than that of B. 

An inspection oba table of tlu^ indu(‘tanc(‘s or naictances of 
transmission lines will show that the in(luetam‘(‘ inci*eas(‘s much 
more slowly than the spacing. For instan<H% according to the 
Stmidard llandbookj the nuictiince per mik' of No. ODOO win^, at 
25 cycles, is 0.303 ohm with a spacing of 72 inch, and is 0.340 ohm 
with a spacing of 150 inch. Th(u*(don% in practical calculations, 
when the spacing is semi-symmetricail, t lu' valiU's of inductance are 
taken the same for all the three wiix^s, for an average spacing 
between the three, or, in ortku* to be on the sah^ side, for the maxi- 
mum spacing. In the most \iufuvorable cast\ even if an error of 
say 10 per cent be made in the estimated value of the inductance, 
and if the indiKdlve drop is say 20 pen* cmi of the load voltage, the 
error in the calculatcal value of voltage droj> is ouly 2 percent of 
the load voltage, and that at /.ero pow(u* fador. At power factors 
nearer unity, wluui th(‘ vecd.or of the inductivt^ drop is added at 
an angle to the line voltage, tlu* error is much smallcT. 

Prob- 26 . Show that the iimtantmHHnw fdcH’tnunaguetie energy 
stored per kilouicter of a threv-phase line with symmc'tncal spacing is 
equal to nullijoules per kilonaqer, wln^re // has the 

value given by eq. (125). If this is true, th<ui wire may l)e c‘on- 
eidored as if it were subjected to nt) inductive^ action from the other 
wires and had an inductance // expn'sscMl by e<|. (125). This is another 
way of proving e<i. (120), and the stntemcait printed in italies above. 
Solution: (V)nsider each wire, with a (‘oncentric eylinder at infinity, 
as a component sysbun. Deb^rmine the liiikag(‘a <»f the field created 
by the system A with tlu* currents in A, H, and f', as hi Art. ill. The 
result is ecjual to i//id. Similar exprc^sHioiis arc then written !)y analogy 
for the fluxes due to the sysbutm H and (\ 

Prob. 26 . Show graphically that, wlans tlie distanceg A-B- and 
A-C arc expial, the e<}uival(mt fhix linking with A is lnde|)endent of 
the spacing /M/, and is the same as if H and (' coiiuddc^L Tluit is, 
prove that the inductance of A is the same as If It bek>uge<l to a sitigle- 
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phase loop. Solution: Let A, I 2 , and (Fig. 48), represent the vectors 
of the three currents at an unbalanced load. The current /i in A is 
replaced by —h and — /g, and the system is split into two single-phase 
loops, A-B and A-C, The fluxes due to these systems and linked with 
A are denoted by and (^ 13 . They are in phase with the corresponding 
currents, and are proportional to the magnitudes of these currents, 
because of the equal spacing. Hence, the triangles of the currents and 
of the fluxes are similar, and the resultant flux linking with A is 
in phase with Ii. If 0i2 = i(Ph, and i 03 = i(Pls, where (P is the equivalent 
permeance of each single-phase loop, then the result shows that 0i = ^(pli. 
If the wires B and C coincided the equivalent permeance (P would be 
the same, and hence the proposition is proved. The voltage drop, Fi, 
due to the flux 0^ is shown by a vector leading 1^ by 90 degrees. 

63. The Equivalent Reactance and Resistance of a Three- 
phase Line with an Unequal Spacing of the Wires. In the case 
of an unequal spacing of the wires eqs. (126) and (127) still hold 
true, because they do not depend upon the spacing; but eq. (128) 
becomes 

0Qq = — L'l2^2 (130) 

where L '12 is the value of the inductance per unit length, calcu- 
lated by eq. (125) for the spacing between A and jB, and L '13 is 
the value of the inductance per unit 
length, for the spacing A-C. Substi- 
tuting the valueof 0eq from eq. (130) 
into eq. (127) we get 

ei ~L\2d'i2/dt-]- (131) 

This shows that with an unequal 
spacing the effect of the mutual 
induction of the phases cannot be 
replaced by an equivalent inductance 
in each phase, because, generally 
speaking, the currents i 2 and iz cannot 
be eliminated from this equation by 
means of eq. (126). 

Let us apply now eq. (131) to 
the case of sinusoidal currents and 
voltages. Let the current in the wire B be 12=^^^! 2 sin 27zft, 
where 1 2 is the effective value of the current; then the first term 
on the right-hand side of eq. (131) becomes 27r/L'i2'^l2 cos 27tft, 


Xi 



Fig. 48. — ^The currents and 
fluxes in a three-phase line 
with a symmetrical spacing. 
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In the symbolic uotati(w» this is rojiresenUHl as where Xi 2 

=2%fLyz is the reactance eorrespoiuiiiif^ to Ly/ , I-j is the vector 
of the effective value of tlu* eurnuit in th(' wire li, ami j signifies 
that the vector 2 is i'>^ leading (luadralure with the vcictor 72 . 
Consequently, the voltage di-op A'l in the wire A, ecpial and 
opposite to the induced c.in.f., is 

Ifi - -jxy/y-Uv/h (132) 

When the currents are givivi, I-, and (a can be exprc'ssrnl in the 
usual way through their components, and tlu> dro|) A', is then 
expressed through its eompoiumts as ci f jV'i. 'I'he n'aetances 
xyi and 2 ;i;/ are taken from the availalih' tables, for the specified 
frequency and the appro})riat.(^ spacings, or elH(> tla^y can be 
calculated using the value of // from tap (rio). 

The voltage drop Ei m e<i. (132) can he n'presc'nted as if it were 
due to an equivalent reactance xi and an ('(pavah'nt resistance r/ 
in the phase A (the latter in addition to the actual ohmic resistance 
of the wire). 'Phis is possible when ! > and /a can Ik' expressed in 
terms of /i, and is especially convenirmt whenever the phase differ- 
ence between these curnuits and their ratio is constant. Namely, 
let the current Iz lead the current /i in phawi by <Piz electrical 
degrees (Fig. d 9). Then 

/2-(/2//i)(i(«)s<^,2+ysin<^,2), . . . (133) 

where ih/h) is the ratio of llu^ eiTeetivt' values of tlu^ eummts, 
apart from their phase relation. Multiplying the vector Ii by 
(iz/h) changes its magnitvide to that of Iz, while multiplying it by 
(cos 4>rz+i sin <f>y 2 ) turns it counter-clm-kwise by ^12 degrees. By 
analogy we also have that 

/3“=(/3//i)|i(uo8^i3 4 y sin ^la). . . . (134) 

Both <pi 2 aud <f>i 3 are measured countor-clockwistu Substituting 
these values into erp (132) and separating the real from the 
imaginary part we get 

Ei=Ii[il 2 /h)^i'/ sin ^ia+(Js/h)xi3' siii 

-jli[(h/h)xv/ CQS(^i3 + (h/h)xi3 coH^ia]. . . (136) 

Thus, the drop Ei is the same as if it were caused by a fictitious 
reactance 

a:i'“-(72/7i)a:i2'co8 9S,2-(/3//,)2fi3'co8^6i3, • 036) 
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and a fictitious resistance 

^i' = ( 7 2/71)^12' sin ^12 +(73/71)0:13' sin ^13. . ( 137 ) 

Both 0:1' and ri' may be either positive or negative, depending 
upon the constants of the circuit and of the load. The resistance 
ri does not involve any loss of 
power, converted into heat; it 
merely shows that energy is trans- 
ferred inductively from phase A 
into B or C, at a rate h^ri, due to 
a lack of symmetry in the resultant 
field. 

Prob. 27. Show that with a 
balanced three-phase load 

0:1' = 0.5 (0:12' + a:i30; 1 

0.866 (xn'-iCsO.i J ^ 

Fig. 49. — ^The currents and fluxes 
Prob. 28. When the three wires in a three-phase line with an 
are in the same plane, the spacings unsymmetrical spacing, 
being equal, and the three-phase load 

balanced, show that the equivalent reactance of each outside wire 

a:o'=a:m' + 0.435/X10'’^ ohm/km., .... (139) 

where Xm^ is the reactance of the middle wire per kilometer, in ohms. 
The equivalent resistance of the middle wire is zero, and that of the 
two outside wires is 

To' = ± 0.753/X 10~3 ohm/km., (140) 

where the sign plus refers to the wire in which the current leads that in 
the middle wire. 

Prob. 29. Compare the vector diagram in Fig. 49 with that in Fig. 
48, and shown that with an unsymmetrical spacing the induced voltage 
El is not in quadrature with the corresponding current 7i, so that the 
action of the other two wires cannot be replaced by an equivalent 
inductance alone, but only by an inductance and a resistance. Show 
graphically that the latter may be either positive or negative. 




CHAPTER XII 


THE INDUCTANCE OF THE WINDINGS OP 
ELECTRICAL MACHINERY. 

64. The Inductance of Transformer Windings. When a 
transformer is operated at no load, i.e., with its secondary cir- 
cuit open, practically the whole flux is concentrated within 
the iron core. When, however, the transformer is loaded, so that 
considerable currents flow in both windings, appreciable leakage 
fluxes are formed (Fig. 50), which are linked partly with the 
primary winding, and partly with the secondary winding. When 
the load current is considerable, the primary and the sec^ondary 
ampere-turns are large as compared to the exciting amp(U’e- 
turns, so that at each instant the secondary ampere-turns arc 
practically equal and opposite to the primary ampere-tunm. 
An inspection of Fig. 50 will show that the m.m.f. acting upon 
the useful path in the iron is equal to the diffe^rence between tlu‘ 
m.mis. of the primary and secondary windings, while the in. mi. 
acting upon leakage paths is equal to the sum of the m.mis. 
of both windings. 

Take, for instance, the line of force fghk; with rcmpect to tlic 
part fg of its path, the secondary coil Si and the adjacent half 
Pi of the primary coil form together a fictitious annular coil 
(leakage coil). The m.m.f. of this coil is equal to where 

is the primary current, and Ux is the number of turns in the 
whole primary coil P. Similarly, the coil and the part 
of the primary coil may be said to form another fictitious coil 
linking with the part hk of the path of the lines of force. 

It will be seen from the dots and eroeaes that the m.mis. 
of the two fictitious coils assist each other, and that the paths 
of the leakage flux arc as indicated by the arrow heads. Some 
lines of force are linked with the total m.m.f. of the fictitious 
coils, others are linked with only part of the turns. Although 
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the reluctance of the leakage paths is very high as compared 
to that of the useful path in iron, yet the m.m.f, acting upon 



Fig. 60. — The leakage field in a transformer with cylindrical coils. 


the leakage paths is also many times greater than that acting 
upon the path in iron. As a consequence, the leakage fluxes 
reach appreciable magnitudes. 







210 


THE MACiNKTU^ (’HU'Ul'r 


IAut. 1)4 


The leakage Iluxes iiuluee e.in.fs. ’m tlu‘ windiugH in lagging 
quadrature with the r(‘s}K‘(‘tiv<‘ <’urnuits, ami tlum aflVet the 
voltage regulation of t.iu' transh>rnu‘r. linit part of tlu' applied 
voltage which l)alan(H\s tlu'si^ tMu.fs. in known as tlu' reactance 
drop in the transfornu'r. It is custoniary to sptnik about the 
primary naictama^ ami th<‘ s(a*omlary n*aetance, also about the 
primary and tlu^ s<‘(*ondary l(‘akag(‘ nux<‘s, us it tlu‘y had a 
separate and indc'pemk'nt <‘xist(‘n(‘<\ Ilowc^vtu;, it must b(‘ under- 
stood that each l(‘akng(‘ ilux is productal by (*oml)im‘d action 
of both windings, as is (‘xplaiiual above*. Mor(‘ov(‘r, wluu’e the 
leakage fluxes enhu* tln^ iron th(*y (‘ombim* with the* main flux 
in the proper dirc'ction, so that tluw form tluu'c* only a com- 
ponent of the n'Hultant flux. 

In reality, the* primary amj)(*re-t\u-ns art* not txxactly equal 
and opposite to tlu^ secondary amp(*rc*-turns, so that, in addition 
to the leakage fluxes shown in Kig. oO, tiunx* is a haikage flux 
due to the magneti/dng ampen*-turns. How(‘vt*r, this <H)rre(*tion 
is negligible, when tlie load is considt^rablt*, amt tiu* calculation 
of the leakage flux is greatly simplified by assuming the primary 
ampere-turns to be exactly etjual and opposiU^ to the H(*condary 
ampere-turns. 

The effet^t of the knikagt' rtnudanct' \ipon tht* pt'rformanco 
of a transformer is treated in The hJledric (Urcuii; tlu*re the 
value of the reactance is suppos(*d to lx* giv(m. Hen* the problem 
is to show how to calculate the h*akngt' imhudanct* from tlie given 
dimensions of a transforim'i*. The two typ(*s of wiruUng to be 
considered an^ the one with cylin<lri<*ail coils (I‘'ig. 50) and the 
one with flat coils (Eig.r)l). Both typ(*H of wimling can be used 
with any of thethn*e kinds of mngncdic (’ircuii which are used 
with transformers (Figs. 12, 12, and M). 

The probknn of cal(nilating tin* I(*akag(* induetanca*, acamrding 
to the fundanumtal formula (Idh), is r{*<lue(*d to that of finding 
the permeances of the individual paths of tin* Ic*akage flux. It 
would out of the (iu(*Htion h(*r(* to (iet(*niune the a(*tual paths 
and to express th<*ir p(*rm(*ane(‘H matlH*matieally. TfK*n*h>re, in 
accordance with Dr. Kupp's proposal,* simplified paths are 
assumed, shown in Fig. 50 to tin* right. The* induetance so 
calculated is corrected by an empirical findor, obtaim*d from 
experiments on tranHf(>rmt*rH of similar type and proportions* 

^ G. Kapp, Tramf(mrm$ (1908), p. 177, 
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The simplifying assumptions are (a) that the paths within and 
between the coils are straight lines, and (b) that the reluctance 
of the paths in the space outside the coils is negligible, because 
the cross-section of these paths is practically unlimited. 

(1) Cylindrical Coils. We shall calculate first the primary 
inductance of a transformer having cylindrical coils, i.e., the 
inductance due to the linkages of the leakage flux with the 
primary winding. The permeance of the path of the complete 
linkages is (Pci == perms, where 0^, is the mean length 
of a turn in the coil P, and ai is the radial thickness of the flux. 
The notation is shown in the detail drawing, at the bottom of Fig. 
50. In this expression aiOm is the mean cross-section of the 
path, being an average between the cross-sections within the 
spaces Pi-Si and P 2 ~S 2 . The length of the paths within the 
coils is 21, and the reluctance of the paths outside the coils is 
neglected. This path is linked with turns. 

Similarly, the permeance of an infinitesimal annular path 
within the primary coil, at a distance x from its center, and 
of a width dx, is d(P-pi == p.Om.dx/21 perms. This path is linked 
with npi — ni{2x/hi) turns. Substituting these values into eq. 
(106) we obtain 

Li = [ai + £''\2x/\)Hx'\ , 

or 

Li = {imi^Om/21) (ai -1- |6i) perms (141) 

By a somewhat similar reasoning we should find for the com- 
bination of the two secondary coils, assuming them to be connected 
electrically in series, 

= {im^O^I2l) (a2 + ^62) perms (142) 

In the operation of a transformer it is the total equivalent 
inductance of the two windings reduced to one of the circuits 
that is of importance. Since resistances and reactances can be 
transferred from the primary circuit to the secondary or vice 
versa, when multiplied by the square of the ratio of the numbers 
of turns (Art. 446), the equivalent inductance, reduced to the 
primary circuit, and per leg of the core, is 

L^q^Li + {711/712)^12 

= h{fxn^^0J2l) [a+l(bi +62)]10“8 henrys. . (143) 
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All the leiigtliH heir iiiv (‘xprcsscd in (•fnliincl.>r.s, and /«= 1.257, 
alao a=a, 1 «2 ^ tin- spacing- between the coils, which is a kiio-wn 
quantity. Thus, tin' uiduiuwn distaiwes (q and <i-j which enter 
into tlu^ ex])resHions for Li and elinunut('d from the 

fonmda for tlu' ecjuivalent induct ane*'. 

The coellich'nt k corrects for tlie dilTerc'uce Ix't.wec'n the 
acdaial liidcagc's shown in h'ig. ">0 at the left, and the assumed 
linkagi's shown at the right . 'I'he vnhu's of k, found from experi- 
ments, vary within (piite wide limits, depending upon the pro- 
portions of the coils. For good nnxlern transformers Arnold 
gives tlu^ limits of k Ix'tween O.ho and I.Do.i See also c'<i. (147) 
below. Formula (I Id) gives the induct aiu'e of one leg only; 
the e(iuival(mt inductanee of the whole transfornu'r depends 
upon the electrical eonin'ctions betwi-en the coils. 

In designing a transformer the coils an* usually arranged 
in such a wa.y as to reduc<' the h'akuge react anci' to the least 
possible amount.- Mp (1 Id) shows that in order to achieve 
this result, a comparatively small numls'i- of turns must be used, 
and the coils must thin and long, 'rhe spac<' a between the 
coils must be k('pt as small as is compatilde with tlu* reejuire- 
monts for insulation ami cooling. 

The usual arrangc'iiu'nt of coils shown in I*'ig. .oO giv('s a 
considerably smaller leakage induetanci* than the simpler arrange- 
ment shown in Fig. 12. .N’anu'ly, with tlu* arrangement shown 
in Fig. 12, the permeance of the path of the completi' linkages 
in tlui space between tlm coils is /aq f >,„//. 'I’his <>xpre.ssion 
dilTers from that used before in that / stands in tin* (h'liominator 
in plac(i of 21. For the partial linkages * «i (j/lq), where 
.r is measuix'd now from the edg<^ of the primary coil, furthest 
from tlui setiondary coil. Thus, the primary inductance ia in 
this case 

Lt - (/ai^O^/l) [a. 

or 

Li - (at + J/q). 

By symmetry wo can write the expri^ssion for La, and hence, 

*E. Arnold Wechmkiramlecknik (2d edition), Veil. L, p. 561. 

^ In some CfweH a considomhlo Icmkago neiaotanoo i« m a protaction 

agninHt. violc'nt short cireoitfi. 
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after combining, 

+ + &2)]10“^, . . . (144) 

This value is between two and four times as large as the 
value given by eq. (143) . For this reason, in most transformers, 
the low-tension coil is split into two sections; compare also with 
Fig. 14. 

Formula (143) and the values of k given above have been 
deduced for the core-type transformer. It is clear, however, 
that the same formulse will apply to the shell-type and the cruci- 
form type transformers with cylindrical coils, though the coeffi- 
cient k may have different values in each case. Until more 
reliable and numerous experimental data are available the same 
values of k will have to be used for these types as for the core- 
type.i 

(2) Flat Coils. With flat coils (Fig. 51) the inductance of 
a part of the winding between AB and CD can be calculated 
in precisely the same way as in Fig. 50. If the primary winding 
is split into q sections^ the inductance per section, by analogy 
with eq. (143), is 

+ henrys, . (145) 

where the dimension I is again measured in the direction of 
the lines of force and Om is the mean length of a turn. The 
dimensions a, &i, and 62 are indicated in Fig. 51. The inductance 
of the whole winding is 

D,g=/fc(/4VOm/2gZ)[a-l-|(6i+62)]10~8 henrys, . . (146) 

where all the lengths are expressed in centimeters, and 1.257. 

This formula presupposes that the m.m.fs. are balanced, or 
in other words, that there are two half-sections of the same 
winding at the ends; such is usually the case in order to reduce 
the leakage reactance. (See also Fig. 13.) 

Eq. (146) shows that the leakage reactance is considerably 
reduced, and consequently the voltage regulation improved, by 
subdividing the windings and placing the primary and the 

^ See also the Standard Handbook for Electrical Engineers under Trans- 
former, leakage reactance. 
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scoonilary wiiulings on th(' vow alU^-iiately. At a given voltage, 
and with a given ty})(^ of con.struetion, th(‘ spjunug a between 
the coils may 1)(^ (H)nsi(lt‘r(Hl an constant and indc^pcaidcmt of the 
nurubor of sections. In t-ransfomun’s for (‘xtra-high voItag(‘s a 
is large as compared to \ l^ 2 )f I(*akag(‘ r(‘a(d;ancc 

is almost inv(‘rsely proportional to tlu‘ numlxa* of s<‘(d.ions q. 
In low-voltage transfornu^rs a is small as (R>mt)ar{Hl to hi and 
(> 2 ; h(mc(^, Lai almost inv(‘rs(4y proportional to becauise 
bi and are tlunnscdves inv(n\s<4y proportional to q. Thus, 



Fig . 51 .—The leakage field in a transf tinner with flat coils. 


in gcmeral, tlu^ inductances of a transformer* is invtu'stdy pro- 
portional to when^ n has a valuta htd^wcam 1 and 2.^ 

Dr. W. Rogowski has givtm an t‘xa(‘t matlunnatimd solution 
for the flux distribution in the cast^ of flat transfornKU* coils, 
assuming the coils and the core to be indtdinitely long in the 
direction pc^rpcndicular to the cross-scadion shown in Bdg. 51,^ 

^ For experimental data in rtigard to the t^ffect of the Hnlnlivision and 
arrangtanent of transformer wintlingH upon the leakage reactance see Dr. W. 
Ilogowski, Mitteilungen Uehvr ForachungmtrheMm^ Heft 71 (Springer, 1909), 
p. 18, also his article Ueherdie Stnmung dea Transfonnators, ElekiroteeJmuche 
Zeitschrift, Vol 31 (1910), pp. 1035 and 1009; also Faceioli, Ileactance of 
Shell-type Transformers, Electrmd World, Vol. 55 (1910), p. 94L 
®Dr. W. Rogowski, toe, ciL 
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With certain simplifying assumptions he arrived at the same 
formula for inductance as eq. (146) in which approximately 

A;=l-(6iH-62+2a)/(27r0. 

Because of the simplifying assumptions made in the deduc- 
tion of this formula, the values of k calculated from the results 
of tests on actual transformers differ slightly from those given 
by the formula. Let k' be an empirical correction coefficient, 
then 

k^k'[l --(6i+62 + 2a)/(2;rZ)] (147) 

In Dr. Rogowski^s experiments the actually measured induct- 
ance was on the average 6 per cent higher than the calculated 
one. Until more experimental data are available it is therefore 
advisable to use in eq. (147) the value of A;'=1.06. Eq. (147) 
is applicable to transformers of all the three types (Figs. 12 to 
14), though in the case of a shell-type or cruciform transformer, 
the presence of iron outside the coils tends to increase the value 
of k'. However, Dr. Rogowski states, that with the space usually 
allowed for insulation between the coils and the iron, the influence 
of the iron in increasing the leakage reactance is negligible. Eq. 
(147) holds approximately true for cylindrical coils also, though 
there are as yet no conclusive tests for the value of the cor- 
rection factor to be used with such coils. 

The general similarity between the equations for leakage induct- 
ance given above raises the question, as to what element they 
possess in common. This is found in the conception of a leakage 
coil, which is the “ fictitious coil spoken of above. An inspec- 
tion of Figs. 50 and 51 will show that the successive lines of 
force converge upon lines which may be called the “ hearts ” 
of the flux system. These hearts are located in places where 
the net m.m.f. is zero. This is at the edge of the half-coils and 
at the center of the whole-coils, in the two figures mentioned. 
In deriving eq. (144) for the case where the coils are not split, 
the heart is assumed to be at the edge of both coils. If we 
define a leakage coil as that part of the winding between two 
successive hearts, then eq. (144) will always apply to it. In 
eq. (143) \ and 62 width of the double leakage coil, 

hence if we substitute in eq. (144) ibi and J62 for 61 and 62; 
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we get the coefficient which appears in eq. (143). In eq. 
(143) ni and Leq refer to the double leakage coil. Substituting 
in eq. (144) for ni and | Leq for Leq, we get eq. (143). Thus, 
the differences between the two equations is readily explained. 
In case the coils are divided in any unusual manner, we must 
first locate the hearts by noticing where the m.m.fs. are balanced. 
Then we should figure out the inductance by eq. (144) for each 
leakage coil separately. The only precaution to be observed is 
that the various quantities refer to the leakage coil. Finally 
(if the coils are in series) we should add the various induct- 
ances together. The arrangement with half coils on the ends 
gives the minimum of inductance for a given number of coils, 

Prob. 1. The approximate assumed dimensions of a 15-kva., 2200/110 
V., 60-cycle, cruciform-type transformer with cylindrical coils (Fig. 14) 
are: Om = 140 cm,; bi = 4.5 cm.; 62 = 3 cm.; a = 1 cm. The maximum 
useful flux is 1.03 megalines. Show that the relationship between the 
height I of the winding and the percentage reactive voltage drop is 
xl — 164. Assume k = 1.10. 

Prob. 2. Referring to the preceding problem, what is the permeance 
of the space between the outside low-tension coil and high-tension 
coil, per centimeter of the height of the coils, and what is the effective 
value of the flux density in this space, at full load? 

Ans. 197.5 perms per cm., 3420/Z lines per sq. cm. 

Prob. 3. Each leg of a core-type transformer is provided with six 
flat high-torsion coils of 530 turns each, interposed with the same 
number of low-tension coils of 40 turns each, one of the low-tension 
coils being split in two and placed at the ends. The high-tension coils 
are wound of 3 mm. round wire, 53 layers, 10 turns per layer (61 « 3 cm,) ; 
the low-tension coils are wound of 8 mm. square wire, in 20 layers, 2 
turns per layer (62 = 1.6 cm.). The distance between the coils is 20 mm. 
Taking the inductance of this transformer to be unity, calculate the 
relative inductances of the transformer when the high-tension winding 
is divided into three coils and also into two coils, assuming k, I, and a 
to be the same in all cases. Ans. 2.55; 4.66. 

Prob. 4. Solve the preceding problem, taking into account the 
change in k Ans. 2.42; 4.14. 

Prob. 6. The following results were obtained from a short-circuit 
test on a 22/2-kv., 2500-kva., 60-cycle, shell-type transformer, with 
flat coils: With the high-tension winding short-circuited, and full rated 
current flowing through the low-tension winding the voltage across 
the secondary terminals was 73.5 v., and the wattmeter reading was 
27 kw. The transformer winding consists of 12 high-tension coils of 
100 turns each, and of 11 low- tension coils interposed between the 
high-tension coils, together with 2 half-coils at the ends. The dimen- 
sions of the coils are: = 2.6m.;Z == 18cm.;5i = 16mm.;52 =10 mm.; 
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a = 12 mm. Calculate the correction factor A:' in formula (147). Hint; 
Eliminate the ir drop, using the wattmeter reading. Ans. About 1.06. 

Prob. 6. What is the greatest permissible thickness of the coils 
of a 60-cycle transformer, if the reactive drop must not be larger than 
three times the resistance drop? The ducts a are 1 cm. The space 
factor of the copper in each coil is 0.55. The primary coils and the 
whole coils of the secondary are of the same thiclmess. fc=0.98. 
Hint : Assume Om, 1, and and show that they cancel out. 

Ans. 5 = 2.3 cm. 

Prob. 7. In order to provide a better cooling, and at the same 
time save on insulation, two flat high-tension coils are frequently placed 
side by side, with a small air-space in between, and in the same way 
the low-tension coils may be subdivided. Show that no leakage flux 
passes in the space between the two adjacent coils which belong to 
the same winding, so that the inductance of the winding is not appreciably 
increased by these spaces, and can be calculated as if these spaces did 
not exist.^ 

Prob. 8. Compare the formulae given above and the numerical values 
of transformer leakage reactance obtained therefrom with the formulae 
and data given in the Standard Handbook for Electrical Engineers. Do 
this for any transformer, the dimensions of which are available. 

Prob. 9. The equivalent reactance of a transformer is reduced 
to the primary circuit, and is reduced to the secondary circuit. All 
the primary coils are connected in series, and all the secondary coils 
are also in series. Show that these equivalent reactances become 
xjcf' and 0 ^ 2 / 02 ^ respectively, when the primary winding is divided 
into Cl branches in parallel, and the secondary winding is divided into 
C 2 branches in parallel. The division is supposed to be made in such 
a way as to keep the m.m.fs. in the adjacent coils balanced. Hint: 
If the equivalent reactance of one primary branch is x/, that of Ci 
branches in series is Xx^Xicf^ and that of Ci branches in parallel is x//Ci 
no matter whether the secondary coils are connected in series or in 
parallel. 

Prob. 10. Prove that the equivalent reactance of a transformer 
is the same, whether the coils are in series or in parallel, provided that 
the total number of turns in series is the same. 

Note: Sometimes, because of the difficulty in using heavy con- 
ductors, it is desirable to multiple the coils. In such case, the parallel 
coils must have the same number of turns, and they should be sym- 
metrically arranged, so as to prevent exchange currents. 

65. The Equivalent Leakage Permeance of Armature Windings. 

In certain problems relating to the design and operation of 
electrical machinery it is necessary to calculate the inductance 

^ This fact has been verified experimentally; see Arnold, Wechselstrom- 
technik, Vol. 2 (1910), p. 29. 
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of the armature windings. This indtu*tan(‘<^ afTcH'ts the per- 
formance of the machine, I>(‘causc‘ llu' h‘aka,g(‘ fliix(\s created 
by the armature currents induct' tMu.fs. in tlu' macliine. Such 
leakage fluxcB art' shown in Figs, 23 and 3d, iu an induction 
machine and a syntdironous inaehiiu' r(*sj)t‘ct ivt'ly. Id>r purposes 
of theory and (‘om|)utaii<)n iht'st^ It'akagt' fluxt's im\ usually 
subdivided into thrtH' parts, nanu'ly: 

(a) Leakage fluxt's liukt'd with tlu' jjarts of tlu' windings 
(‘inhedded in tlu' armature iron (Figs. 3d and o f). These' paths 
are tdost'd partly through tlu* slots, and partly tlirough tht' tooth- 
tips (slot leakage and tooth-tip It'akagt*). 

(b) Leakagt^ fluxt's linkt'd with tlu* parts of tlu* armature 
windings in the air-duets. 
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Fio, 52.— Undivided end-connectionH. Fui. 53. — Dividcnl cnd-cormcctions. 

«»i. 

(r) Leakages fluxes linkt'tl with tlm t*iul-connectiot)iH of the 
armature windings (Figs. 52 and 53). 

Usually the fluxes (a) and (5) are mm’tdy ilistoriional com- 
ponents of the main flux of the machine, ami only the fluxes 
(r) have a real exiBte^(*(^ 

It will be readily seen that the j>aths of the tooth-tip leakap 
and of that around the cmd-coiuuH‘tionH iim too com{)Iicated 
to allow thc^ corre^sponding permeances to ciilculated theo- 
nTically. For this rcaison, various (*rnpirical ami semi-imipirical 
formulic are used in practice for (‘Stimating the leakage inductance 
of armature windings, the coefficicmts in theses formuki being 
determined from testa on similar machines. 

The moat rational procedure is to express tlia inductance 
through the equivalent permeance of the paths, as defined by 
eq. (106a) in Art. 58. Let there be Cpp conductors per pole 
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per phase, such as are indicated for instance in Fig. 16. Then the 
indnctancc of a machine, per pole per phase, is given by the 
equation 

~ C' pp^(P (148) 

where (P«, is an empirical value of the equivalent permeance per 
pole per jrhase. This formula presupposes that all the partial 
linkages an^ i-(q)lac.ed by the equivalent complete linkages embrac- 
ing all the C„p conductors. Moreover, the value of (Pet is such 
as to take int,o account the inductive action of the other phases 
upon the jihase under consideration. The total inductance of the 
nuuihine, pc^r phase, depends upon the electrical connections in 
the armature winding. If all the p poles are connected in series, 
the foregoing expression for Lpp must 1x3 multiplied by p; if there 
arc two branches in parallel, the inductance of each branch is 
}pLpp, and the combined inductance of the whole machine is 

The leakage inductance of a machine is usually determined 
by sending through it an alternating current of a known fre- 
quency, under conditions which depend upon the kind of the 
ma<thino (the field to be removed in a synchronous machine, and 
the armature to 1x3 lockcsd in an induction machine) . From the 
readings of the current of the applied voltage and the watts 
input, the reac!tanc.e x of the machine is calculated (after elim- 
inating the ohmic drop) . Then, knowing the frequency / of the 
supply and the number of poles of the machine, the inductance 
hpp—x/{‘Zvfp) per pole is calculated. Substituting into eq. 
(148) this value of Lpp and the known number of conductors 
Cpp, the eciuivalent permeance (P«g per pole per phase is deter- 
mined. By performing such tests on machines built on the 
same punching, l)ut of different embedded lengths, the permeance 
due to the (smbedded parts of the winding is separated from 
that due to the end-connections; the values so obtained are then 
used in new designs. 

The leakage permeances in the embedded parts are pro- 
portional to the widths of these parts in the direction parallel 
to the shaft, in other words, to the length of conductors which 
are surrounded by the leakage lines. Experiment shows that 
the permeance of the paths in the air-ducts and around the 
end-connections is also approximately proportional to the lengths 
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of the (*orr(\spoudiii^ [)artH of annul ur(‘ <‘oil.s. Hin(*e all these 
permean(‘(\s an^ in parall(‘h t*(jual to tlunr auin^ or 

(K<r .... (149) 

Here the letOn* I (haiotc's t lu' haigtha in cm. of tlu^ coil, or, what 
is the saine thing, the width of tlu‘ paths of fiux. The subHcripts 
ij a, and e redevr to tlu' iron, tlu^ air-ducts, and the' emd-e'onnectiona 
rospecdavely. 'I'luis, // is tlu' ^^enn-nd h'ligth of th(‘ core, that is, 
the h'ngth exclusive of ducts but inclusive' of the' s|)a(‘e' between 
the laminations.^ The corre'sponding peu'ineaince' pe^r centimeter is 
(P/. The sign “prime ” signifie's that the^ eorre'speuuling refer 
to one centimeter width of path. 

The coefficient ev is (Hjual to 1 whe'u the end-connections 
are arranged as in t'ig. f)2, and n' 4 whem tlu'y are arranged 
according to Fig. 53. Namedy, in the' first case' the' number of 
conductors pe'r group of the emd-conne'ctions is <H|uaI to the 
number €pp in the emibe'dded part. In the^ stH'ond eutse is 
eeiual to ICpp. In the^ first (uise' the're* are' as many groups of 
end-conne(;tionH pen* phase' as the'rei are' pole's; in the second 
case tliere an^ twi(*e as many groups pe^r phases as tlu'rc' are poles, 
so that two groups (one^ pointing to the' right and one' to the left) 
must be countc'd pe'r pole'. Thus, wiili undividt'd e'nd-con- 
nections, the inductance' is while' with eiivideHl end- 

connections it is {^Cppy^(P/P2i^^^r.(!pfrA(p/l^, This accounts for 
the value of in formula (Mh), and shows that the^ inductance 
due to thc^ end-connections is re'ducenl twiee^ liy subdividing 
tiuuxx into two groiips. Whe'n estimating the; h'akage rt'actance 
it is there'fore^ nece'Hsary to know the' exact arrangement of the 
(uul-connections. 

In preliminary cak'nlations, bt'forc' the' armatures (mils are 
drawn to s(;al(% tlu^ h'ngth 4 of thc' ('nel-connections in a full- 
pitch winding is usually asHume'd to be' ('cpud to about l.r)r, where 
T is the pole pitch. For fractional~pit(*li windings, 4 varies 
roughly as the winding-pitch, or 4^^ 1.5;r (se'C' Art. 29). 

^ The «(3niii-ntU. le^ngtli in unejel in gentling thet lemkagc! |Kinneance in the 
slot, Iwc4uist3 tlu3 flux Bpwuuk UH it cenwm out of the Inm alnumt immediately. 
Thei Hiiace^s IxaweKui tlie^ laminations do not affi^ct the density in the air 
because they are^ so small as oomparod to the dimemioiw of the slot. 
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Substituting the value of from oq. (149) into cq. (148) 
we obtain 


^ henrys. . (150) 

In th(i following three; articles formula (150) is applied to 
the calculation of the leakage reactance of 

(a) Induction machines; 

(5) Synchronous machines; 

(c) Coils undergoing commutation in a direct-current machine. 

In each case somewhat diffc'.rent values of the unit permeances 
CP' arc used, because of the diversity of the magnetic paths. 

66. The Leakage Reactance in Induction Machines. It is 

explained in Art. 35 and shown in Fig. 23 that the actual flux 
in a loatled indvuition machine is the resultant of three fluxes, 
of which the UH(;fut flux (P is linked with both the primary and 
the secondary windings. The component fluxes cP, and (P.„ 
linked with the primary and secondary windings respectively, 
arc called the leakage Jluxen. They induce in the windings e.m.fs. 
in quadrature with the corresponding currents, and these e.m.fs. 
have to be balanced by a part of the t(;rminal voltage;. Con- 
sequently, that part of the appli(;d voltage which is balanced by 
the useful flux is r(;duced; in other words, the usc'ful flux and 
the useful torque are; re;eluc<;el with a given current input. As 
a matter of fact, the; maximum torque; anel the; overloael etapacity 
of an inelue;tie)n inae-hine; are; esse;ntially ele;te;rmine;el by its leuikage 
fluxe;s, or what amounts to the same; thing, its le;akage; ineluctances. 

Kne)wing the; primary anel He;conelary leakage; re'actances, the 
actual inehiction machine is replaceel by an e;quivale'nt electric 
cire;uit (e)r a circle; eliagram is elrawn for it), after which its 
perfe)rmance; e;an be; preelie;ted at any desireel load. The problem 
here; is to eletermine; the; values of these leakage reactances and 
ineluctane‘e;H, frenn the given elirnensions of a machine. The 
rest of the; pre)ble;m is treated in the Electric Circuit. 

The; le;akage;H fluxes, which are indicated schematically in 
Fig. 23, are shown more in detail in Fig. 54. The primary 
conductors in one of the phases and under one pole are marked 
with clots, and the adjacent secondary conductors are marked 
with crosses, to indicate the currents which are flowing in them. 

Assuming the rotor to bo provided with a squirrel-cage 
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winding, the distribution of the s.‘eon.lnry eurrenis is prac- 
tically an image of the primary currents. X.-glcting the mag- 
neti/dng ampere-turns necessary for estal.h.slung the mam or 
useful flux the secondary ampere-turns [ler poh' per pliase, are 
eipial and' opposite to the primary ampere-turns. A similar 
assumption is also made in the preceding articky m tlu‘ case, of 
the t,ransformer. 'I'his assumption is not as accurate in the 
casi' of an induction machine, because here the magnetimg 
current is ])roportionat(dy much larger, due to the air-gap; 
nevertlu'h'ss, th(' assumption is suflicienlly accurate for most 



practical purposes. lOvcn if the magnetizing current is equal 
to say 25 per cent of the full-load current, the difTerencc bi'twcen 
the primary and tin* sccotidary anqx're-turns slnaihl be less 
than 10 p(U’ cent, because the magnetizing curnmt is considerably 
out of phase with the secomlary current.’ 

With this assumption, the primary and the seeotnlary current 
belts shown in Fig. 51 may be eonsidm-eii as two sides of a narrow 
fictitious coil which excites the Imikage flux, enusing it to pass 
circumferentially along the active layer.'-’ N'(*gleeting the mutual 

* Sec the circle tliagmm of an intluctUm motor, for instance, in the author’s 
Experimental Electrical Etmineerin^, Vtil. 2, p. Ill', 

* Although tlio secondary fnajuency is diffiircnt fntm the primary, with 
respect to the revolving rotor it is the same as the primary froquency with 
respect to the stator. Ut » las the sUp expreamsl as a fraction of the primaiy 
frequency. Tlien the speed of the rotor is (1 - »), and the friKpiency of the 
secondary currents with resixsct to a fixed point on the stator is « f (1 -«) -1. 
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action of the consecutive phases, the length of this flux is approx- 
imately r/m, where r is the pole pitch and m is the number 
of the stator phases. Part of the flux is linked with the primary 
current belt, and part with the secondary belt. The conditions 
are essentially the same as between the transformer windings 
Pj and Nj in Fig. hO. Knowing the equivalent permeances 
of the individual paths the inductance can be calculated from 
eq. (150). 

In an indue*, tion machine with a squirrel-cage rotor the total 
leakage in tlu^ embedded part may be resolved into three com- 
ponents shown in Fig. 54, namely: 

(1) The primary slot leakage, 

(2) Tlie s('.condary slot leakage, 0^2 7 

(3) The tooth-tip or zigzag huikage, 0^. 

The fluxes 0f,i and alhumating fluxes of the frequency 

of the corresponding currents. The zigzag flux 0^ varies according 
to a mu(‘h more', complicated law, Ix^cause the permeance of its 
path (4uing(^s from instant to instant in a(u‘ordancc with the 
relatives position of the stator and rotor tecdJi; compare posi- 
tions (I) and (2) in Fig. 23. Moreover, Fig. 54 shows only the 
simplest case, which nev('r occurs in practi(a', namely; when 
the stator tooth piteli is equal to that in the rotor. In reality, 
the two pit(4u\s are always seU'cted so as to be different, in order 
to avoid tlu^ motor sticking at sub-synchronous speeds (due to the 
highevr harmonics in tlu^ fluxes and in the currents) Therefore, 
the |)aths of tlu^ zigzag h'akagx' flux are nm(‘,h more complicated 
than is shown in Fig. 54, and in calculations the average per- 
nuuince of tlu^ zigzag path is usc'd. 

In a machine with a phas(^-wound rotor the main flux is 
furtluT distorted, diu^ to the fa(*.t that the primary and secondary 
phase-belts aixi not (^xa(dly in spac^e opposition at all moments. 
While the total m.m.fs. of th(^ primary and secondary are 
balanced, tlu'rc is a local unbalancing which changes from 
instant to instant. This distortion is the same as if it were due 
to an additional hnikage, which was named by Professor C. A. 
Adams the belt leakage'.^ This part of the leakage usually 
constitutes but a small part of the total leakage, and will not 
be considered here separately. Those interested are referred to 

^ C. A. Adams, The Leakage Reactance of Induction Motors, Trans, 
Intern. Blectr. Congrms^ Bt. Louis, 1904, Vol. 1, p. 711. 
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tJ)<‘ original pa|H*r and lo tho works iiuaitionofl ut tlu* (‘tul of 
this arti(*lia 

,L(‘t tiltin' 1)(* (*(nulun(»rs por p()l<‘ pea* phase* in the stator 
winding; th(*n the* fictitious (*oil (Fig. ol) made* up of 
primary and si*condary coiuhictors has Cppi turns^ wh<*n reduced 
to th(‘ j)riniary cinmit. This is }M‘cnus<‘ the sectuidary winding 
can lx* n‘plac(*d by an <‘([tuvul(*nt winding with a ** oiu* to one 
ratio, that is, with tin* sain<* iHuniu*r of conductors as the 
pritnary winding. In this ease, tin* s<‘condary curnmt is equal 
to th(‘ primary (‘urnmt (Art, dlA). 'rherefon*, (‘(|. (loO) 
be inadt^ to give* tin* eejuivalent inductance, inchniing the pri- 
mary induct anc(‘ ami tla* s(a*ondary inductance* r(*duc(*d to the 
primaiy circuit, provi<i<‘d that tin* perna*niuH*s of the paths 
linking with tlu* s(‘(‘ondary condiu’tors an* included in the values 
of Su(‘h is naturally tin* cast* when the valm*H are deter- 

mined from a t(‘st with the* rthor Iocke«i. 

Extemh'd U'sts havt* shown tlmt in a gi vt*n line of machines 
the perm(*ance (P/ is invt*rsely pr<qa»rth»nal to tin* p(‘ripheral 
length of the (xpuvulc'nt hxikagt* lltjx, that is, invt‘rsely proportional 
to (r/m)i wh(*r(' r is the* poh* plt<*h and m is tlu' number of 
primary phas(‘H.^ This shows that the permeams* per centi- 
meter of p(‘riplu*ral hmgth of tin* uctivit layer is fairly constant, 
in Hpit(‘. of ditT(*r(‘nt ditmmsiems and |U'op«HlionH, as long as 
them* are varit*d within rc*asonnble limits. Thus 

rP/ rP/' (r/w), 

where (?■' is the* leakage ptumiennce of tin* active* layer in the 
emb(‘dded part p(*rone centiinett*r of axial length and per centi- 
nu*t(‘r of tin* p(*riph(‘ral length of tla* path. Thus, the final 
formula for tlu* (‘C|ui valent leakage indiuiance an induction 
macinne, per pole pt*r phase*, r(‘du(‘e‘d to the* primary circuit, is 

t o(P//,l!fr « he*nrys. (151) 

In this formula the* foibwing average* value*H of unit per- 
m(*ance may be* uH(*d for machineH (if usual pniporti(»ns, unless 
more accurate data an* availalih*. 

‘ IL M. Ifohart, Ekeirie Matarn (1910), tiihic on p, imi, The values 
for (P g' giv(*n ImiIovv havc^ Ishui eornpuled from this iablt*, and the results 
imiltiplicd by 2, bctciuwo the table givc^a the viiltieii of the pHrniiry per- 
incaneew only. 
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The equivalent permeance (P/' of the embedded part in perms 
per centimeter of the semi-net axial length of the machine, and 
per centinKiter of peripluiral length of the air gap, is for 

Open slots Half-open slots Completely closed slots 
11.5 14,5 18. 

The equivalent permeance around the end-connections, and 
around the parts of the conductors in the air-ducts, decreases 
with the increasing number of slots per pole per phase, for the 
same reason that the slot permeance decreased. In induction 
motors usually at least three slots are used per pole per phase, 
and under these conditions Mr. H. M. Hobart uses (5^/ = 0.8 
perm per centimeter, with phase-wound rotors, and (P/ = 0.6 
pei-m per centimeter with squirrel-cage rotors. may be 

taken in all cases equal to 0.8 perm per cm. The lengths le 
and are always understood to refer to the stator winding. 

The foregoing data refer to machines with full-pitch windings 
in the stator and in the rotor. With a fractional pitch winding 
the (Kiuivalent leakage permeances are somewhat smaller, due to 
longer phase belts and to the mutual induction of the over- 
lapping phases. Let the winding-pitch factor (Art. 29) of the 
primary winding be and that of the secondary winding 
hyj 2 - Then the leakage inductance of the machine, calculated 
for a full-pitch winding (but for Ze=1.5i;r), is multiplied by 
This is an empirical correction, which is accurate 
enough for ordinary practical purposes. In reality, of two 
macdiines designed for a given duty, one with a fractional pitch 
winding and the othcu’ not (but otherwise both alike) the first 
often has a higher inductance than the second. This is because 
more turns arc required with the fractional pitch winding, if the 
flux densities in the iron and in the air-gap are to be the same 
in both cascs,^ 

With the data given above the calculation of the leakage 
reactance of a given induction motor is quite simple, and one 
engaged regularly in the commercial design of induction-motors 
can obtain suflicicntly accurate data for their design or for the 

' For a tliooretical and experimental investigation of the effect of a 
fractional pitcli upon the leakage reactance in induction machines see 
C. A. Adams, Fractional-pitch Windings for Induction Motors, Trans. Amer. 
Inst, Elec. Engrs., VoL 26 (1907), p. 1488. 
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computation of their p('rfonnanee, provided that he adapts the 
numerical vahu's of tlu' unit permt'anees to each individual case, 
on the basis of his pn-vious (>xperienc(>. Many authors have 
given theoretical formula' for the leakage inductanc(' of induction 
machines.i These formula', curves, and nu'thods, vvhih' useful 
in accurate work, are too elaborate to be (piotf'd lu're; at any rate 
they are of iuU'rest only to a specialist in design. Two I'.xamples 
of tlu^ tlu!or('tical calculation of leakage inductance' arc' given 
below, in onh'r to show tlu' stmli'iit tiu' g('neral metliod used, 
and thus introduce him into the literatviri' on tlu' subjt'ct. 

(ft) A Thamiiml (Uilvulathm of the Slot Lr<ik<i;ir Permeance. 
Wo. shall calcvdate th(^ ('(pdvidf'nt permeanct' for the ludf closed 
slot (Fig. 55), an open slot being a speciid ease of it. With 
the notation shown in sketch, and with Spp slots ja'i' polo per 
phase, we havt! : 

and njc’^Cppx/bi. lienee 

n/d(Pp* ^ 

0 

and 

I (i/^4 I ^h' 4] AVp,,. . (152) 

The (Hjuivalc'iit p(‘rnH‘an{*c of one nlot, jht unit of the semi- 
net axial length of tlu^ inaehiut* in 

I (yKi I h/i . . . (153) 

This showH that th(‘ slot penneanre depiunlH only upon the 
proportionn of thc^ slot and not u{»on its almoIuU^ tiiinensions. 

(6) A Theortiieal ddlruldtion of the Zigzag Leakage Permeance. 
The calculation of tins scig^^ag huikagi^ pvvnwmiea i« Hiinplo only 

* Ct' A. AdaniH, 1<h*, ciL; alm> 7'mm. Amer, Imt, Eiee^, Engn,^ VoL 24 
(1905), p, 33H; M., VoL 20 {UKl7), p. MHH. ifobiirt, Eketrk Moi&rSj 
(1910), (3iap. xxi; Arnold, Wm*h»dntwmiefhnikf VoL 5, part 1 (IIKM)), pp. 
49-64; E. (loklHchnhdt, Apiwndix to hia tHK»k c»n 7Vii! AUermUing Current 
CommvMiUw Motor (1909); II. M. Helhmnid, Ilcrcchmmg des 

StrcuungHkoaffl^giciatan in Inthiktknmmnttin^n, Ekktrokrhnmehe ZmUchrifi, 
VoL 31 (1910), p. nil and I MO; W. Iiogc>w«kL Zmt Stnaaing dtw Dreh- 
strommotom, pp. 350, 1292, anti 1310. iilici an extensive series 
of articles by J. lle^ehnan in idi I^mikre Elmiriqtw^ begmomi in 1909, and in 
the (London) Ekclridan, 
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when th(?! stator tooth-pitch and the rotor tooth-pitch are equal 
to each otluu’; otlu'rwise the paths become too complicated for 
math(miati(ail analysis. Since the position of the secondary teeth 
vari(\s with r(\sp(H^t to tlu^ primary teeth, the permeance of the 
zigzag l(uikag(' also vari(‘s, and it is necessary to take its average 
value ov(M’ omvhalf of the tooth-pitch X, that is, between the posi- 
tions (1) and (2) in Fig. 23. In some intermediate position (Fig. 
55), d(d.(n’niine(l by the overlap ?/, the reluctance of the path/, 
per unit of semi-net axial length of the iron, is (i/{ixy) rels. 



Fio. 55.-— The notation iiwed in the calculation of the slot and zigzag leakage. 

The reluctance of the path g is a//i(/ 2 —'Sq —?/) rels. The com- 
binc'd reluctanct'. of / and g is o.qmxl to the sum of the foregoing 
('xpre^ssions. Tlic permeance of / and g in series, being the 
reciprocal of the combined reluctance, is 

The permeance in question varies according to this law, for the 
positions of the secondary tooth between and ^ = 0, 

the tooth moving to the left. From y«=0 to 
permeance is practically equal to zero, because the secondary tooth 
bridges over the primary slot no more. The student is advised 
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to mark the positions of tin* rotor ttu’lh on a strip of pnp(‘r and 
to pla(*(' tluan in (lifTcn'ont positions with rosp(‘ot to tlu* prinuiry 
slot in onh'r to s(s‘ tht‘ variati(»ns in (hr ovoiiap. Tlius, the 
avta*ag(‘ vaJiu' of tlu' /ajLi:/ai^’ p<*rnu*anco por (ootii pitcdi is 

, I /*hU'i fn) , 

/h/o sih’ (hf/x) ponns/rm. (154) 

h Lh) 

Prob. 11. Draw a sketch similar (<» 54. htii with the rotor 

tooth-pitch <litTerent from that in the s(attn\ aiul iiidu-ate roughly the 
general charact('r of th(‘ paths of (la* zigzag haikage. 

Prob. 12. Show tliat ificr(*asitjg the nuniher of slots pta* pole in a 
givaai inachiia* (lo(\s not alt<*r itiaterially the slot h*nkag<‘, hut reducca 
(‘onsicha'ahiy thc^ zigzag leakagt*. 

Prob. 13. (’alculntc* tiu* (apiivalent leakage inductance per phase 
of a three-phase, Hl-poh* induct hai luaehiuc*. witli 15 slots per pole in 
the stator, and a }dias<*».wotual rotor. Both wintlings have KK) per 
(tent pitch, tlu* slots an* scaui-ehKsetl on hoth punchings, tin* individual 
stator coils in (‘ach phase are eonne(‘ted in series, and tlau’e art^ 20 (*on- 
(luetors in each stator slot. Tin* hon* of tla* inachiin* is 1 10 cun, tlie gross 
length of tint eon* is 30 (’in.; tlu’n* are thna* vents of H nun. (tiu’h. The 
(auU’oniUM’tiouH an* urrangc’d aceiu’ding to Fig, 52. A ns. 78,1 mh. 

Prob. 14. 4’he d(*sign of tin* nmtdune in the |»ret*(*ding imibkmi 
has b(R‘.n inodituMl in tin* following n‘spe(’ts: 'The rotor Is provided 
with a H(iuirr(*l-<’ag(' winding, tla* winding pitch in tla* stat(u* is HliorteiUHl 
to 80 per cent, tlu* stat(H* slots an* iuad<* open, and tin* end c'onntH’tkms 
are divided, as in Mg. 53* WluO i.s tin* indw’tanta* of tin* maehincr/ 

Ans, 40.3 mh. 

Prob. 15. ('hc*ck the valu(*s of (F/' given in the te^ct above with 
those in Hobart’s tahh*. 

Prob. 10. For the usual limits of ]m»p(»rtious of slots, teeth, and 

air-gap (’nh’ulate the viduc*s of (P/' 
from ec|s. (153) and (154) niid com- 
pare the n*Hu!ts with the average 
<*\perim(*ntid valii(*s given in this 
le\t. 

Prob. 17. (‘fdeuliite the e<]ui- 
vah*iit leakage p(*rmeanee of a round 
slot (Fig, 50), aHsumiiig the con- 
ductors to completely fill it, and 
the Hues of fona* to la! straight lines. 
Hint : S«4eei |,|je angle a as the inde- 
pendent varlal.de, and integrate eq. 
(lOH) l-H*twf!<*n (t ** 0 and a » tt. 
Soo Arnold, WecJirndHimmUrJinik, Vtd, 4 CHKH), p. 44. 

Aim. d%^-/dfMI23 i li/«) perms per cm. 


H ^ h 



Fxo. 56.— 'A scani-closed round slot.. 
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67. The Leakage Reactance in Synchronous Machines. The 

physical nature of the armature reactance in a synchronous 
machine IkS explained in Art. 46; the influence of this reactance 
upon the pcu*formance of a machine is shown in Figs. 37, 38, 40, 
and 41. The problem here is to calculate the numerical value 
of this roacitance for a given machine, using eq. (150) with 
empirical coefficients 

It may also be stated here that for standard machines, partic- 
ularly in pndiminary estimates, the ix drop is sometimes taken 
a,s a (‘.ertain ix'.rcentage of the rated voltage of the machine 
instead of estimating the inductance from formula (150). In 
synchronous g(Ui(u*ators the ix drop at the rated volt-ampere 
load varies from 5 to 10 per cent of the rated terminal voltage. 
In synchronous motors, where some inductance is useful, the 
ix drop rang(\s from S to 15 per cent of the rated voltage. For 
60-cy(de machiruNs, and for machines with a comparatively large 
number of armatures ampere-turns, values must be taken nearer 
the higluu- limit. For 2r)-cyclc machines, and for machines 
with a (comparatively small number of armature ampere-turns, 
values must be takcen nearer the lower limit. A considerable 
error in estimating thcc value of ix has but little effect 'upon the 
calculatcul performaiu'e at unity power factor, because the vector 
ix is then p('rp(‘ndi(‘.ular to e (Figs. 37, 38, 40 and 41). However, a 
considerabh', m’ror may be introduc^ed at lower values of the 
power facitor if tlu^ nuuitivo drop ix has not been estimated 
with a sufficient accurac^y. 

The values of for synchronous machines are different 
from thos(^ givcm a!)ove for induction machines, because of the 
absem^e of any sec^ondary (iurrent-lxdts. Parshall and Hobart 2 
give the following valiums for (Pi : 

^ For a th(«)r( 5 tical calculation of tho coefficient (P\ see Arnold, Wechsel- 
atromtechmk, Vol. 4 (U)04), pp. U -52; Hawkins and Wallis, The Dynamo, 
Vol. 2 (1909), pp. 901 1)04. For a comi)ariHon In'twecn tho calculated and 
actually nuMiHunul valiujs ho( 5 an (‘.xtcnulod scrios of articles by J. Rezelman 
in La Lumiha HUTirlque, 1909-1911, and in The (London) Electrician, 

^ Electric Machina Denign (190()h P- 478. These values are corroborated 
by thosci ol)t.ain(Hi by Ficholinayor; s(ie his Dynnmohau, 1908, pp. 208 and 
504. Piehclmaycir's values for (P { (which ho denotes by Q are somewhat 
high because the end-connection loakage is not considered separately. 
Arnold's values, given in his WecJmMromtechnikj Vol. 4, p. 280, should be 
used with discretion, b(‘cause tluiy apply to a dihorent formula; namely, 
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Uni-(‘()il windings in o|H‘n slots .... «i to (> pc'nns per cm. 
Thoroughly distrihuttHl windings in 

open slots 1,5 to 3 

Uni-coil windings in coinphdidy 

closed slots 7 to I t 

Thoroughly distnl>ut(‘(l windings in 

completely clos<‘d slots 3 to (> 


The much larg(‘r values of rp/ for (dosc'd slots, as compared 
to those with open slots, wen* to he expeedt'd hecaust* the* bridge 
which closes the* slot oflVrs a path of high p<*rnu*ance. The 
lower valiu's for windings distriimted in several slots p(*r pole 
per phaH(*, as (*ompar(*d to uni-sloi windings, an* due to the 
fact that th(* partial linkage's hecoim* inon* ami nu>n* pronounced 
as the winding is distrihuUal int<> a lnrg(*r iuanh(*r of separate 
coils, and also hc'causc* tla* length of the paths is gn*at(*r. This 
is Bomewhat analogous to split tirig a transnussion lim* into two 
or more lines; h(*(* proh. 21 in Art. hi. Tin* great(*st reduction 
in the value of the indueianet^ nxsults when tin* number of slots 
is increased fronn one to two; a furth(*r sulHlivision is of much 
less importance. For instance*, if tin* pi*nneanc(* fP/ with a 
uni-slot coil is 7, th(*n dividing the same c(dl into two slots 
reduces the p(‘rmean(‘e to I(»sh than 5. On tin* other hand, a 
change from four to five* slots jH*r phus<* p(*r pnh* wendd hardly 
rculuce the ecpiivalent p(*nn<‘Hnc(‘ nmre than from say 3.5 to 3.4. 
The data in the tal)l(* above* give ratln*r a wide* range* frenn which 
to select a value of fP/ for a particular immhine*, ami tlu^ designer 
must exercise his jiulgm(*nt as te) whe‘the‘r his inachim* will have 
a permeance nearer the* upper or hnver limit, This judgment 
comes with experience*, by comparing the pnalicteHi p(*rformanco 
of xnaehinea with that actually observed. 

The values of cP/ and <lepe*ml upon the* numlH*r of coils 
pew group, in other words, upon the numlH*r <if shits per pole 
per phaseu Until morels acumrate and de*taile*d data are* availab^ 

he^ considcra »eipamtc!ly the equlvahmi |Kirii«mnre «l»l, foitead 

of the group of slots |Kir pole phasex Thus, his forttitilii for the leakage 
inductance per pole, with our notation, is whore Spp is 

the number of slots per pole per phaiaj, and (A k the numla^r of armature 
conductore per slot. The values of unit peniamncti, which Im* gl vei and denotes 
by A, refer to this fomula. 
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we shall assume the following values, based 

upon Mr. Hobart's experiments; ^ 

Niiml)er of slots per pole per phase .1 2 3 more than 3 

(Pj = (f\,\ in p(‘rnis per centimeter ..0.8 0.7 0.6 0.5 

With a fractional-pitch winding the inductance is some- 
what hhIucchI (see the end of the preceding article). As an 
enipiri(‘al (correction, the inductance calculated for a full-pitch 
winding may be multiplied by the winding pitch factor kw. 

The l('.akage reactance of the armature cannot be calculated 
from a sliort-circuit test, because the short-circiut current is 
('ssentially determined by the direct armature reaction. A 
difference of 50 or even 100 per cent in the armature reactance 
would change the short-circuit current by only a few per cent. 
A much closcu- approximation is obtained from the so-called 
air-characteristic,'^ Naitudy, it has been found by pumcrous experi- 
ments that the armature inductance, when the field is revol- 
ving synchronously, is nearly equal to the armature inductance 
with the field completely removed, and the armature supplied 
with alternating currents from an external source. The air- 
characteristic is the relation between the current and the voltage 
under tlu^se conditions. Eliminating the ohmic drop, the induct- 
ance of th(^ macdiine is easily calculated, and the value so found 
can be used in th(', prediction of the performance of the machine. 
Such an air-characdA'ristic is easily taken in the shop or in the 
power houses Ixffoni th(‘, machine is completely assemblcid. From 
the thn'c observ(Hl curves, namely, the no-load saturation curve, 
the short-circuit curve, and the air-characteristic, the perform- 
an(*.e of a synchronous machine at any load can be predicted 
to a consid(U'ablc d(*gree of accuracy. 

Prob. 18. What is the inductance per phase of a 6-pole, 3-phase, 
turbo-alternator, the armature of which has the following dimensions: 
Bore, 1.2 m., gross kmgth of core, 1.2 m., 20 air-du(‘ts of 1 (‘m. each, 
90 open slots? There arc 8 (‘onductors per slot, the winding is of the two- 
layer type, the winding piteh is 11/15. Assume 2.5 perms /cm. 

Ans. 24.3 mh. 

Prob. 19. The inductance of the machine specified in the preceding 
problem was determined experimentally (from an air-characteristic), 

^ Journ, Imt. Electr, Eng. (British), Vol. 31, pp. 192 ff. 

® Pichelmayer, Dynamohau (1908), p. 207. 
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and compared to that measured on a similar machine, the gross length 
of the core of which was 80 cm. and which was provided with 12 ducts 
of 1 cm. each. The equivalent leakage permeance of the shorter machine 
was found to be 30 per cent less than that of the other machine. W^hat 
are the actual values of (P/ and (Pe'(=(Pa') for both machines? 

Ans. CP/=2.46, (P/=(Pa' = 0.56 perm/cm. 

Prob. 20. An alternator has 3 slots per phase per pole, and the 
equivalent permeance is (?^'==1.8; (Pc' = 0.6. What would be the value 
of the same constants per slot? Ans. 5.4 and 1.8. 

Prob. 21. A 3-phase alternator has 4 slots per phase per pole. 
If the coils were connected up for a 2-phase machine without change 
what would be the ratio of the new L to the old? Ans. 3:2. 

68. The Reactance Voltage of Coils undergoing Commuta- 
tion. Let Fig. 57 represent a part of the armature winding 
and commutator of a direct-current machine, with two adjacent 
sets of brushes. During the interval of time when an arma- 
ture coil, such as CD, is short-circuited by a set of brushes, 
the current in the coil is reversed from its full value in one 
direction to an equal value in the opposite direction. The coil 
is then said to undergo commutation. 

Under unfavorable conditions this reversal of current is 
accompanied by sparking between one of the edges of the brushes 
and the commutator. Unless a machine is provided with inter- 
poles, its output is usually limited by this sparking at the com- 
mutator. It is of importance, therefore, to have a practical 
criterion for judging the quality of commutation to be expected 
of a given machine. Numerous formulse and methods have 
been proposed for the purpose; all rational formulie contain, 
as a factor, the inductance of the coils undergoing commutation, 
because this inductance determines essentially the law according 
to which the current is reversed with the time. For this reason, 
the subject of commutation is treated in this chapter, under the 
general topic of the inductance of windings. The method of 
calculation of the inductance and the criterion of commutation 
given below are due to Mr. H. M. Hobart.^ 

A description of the phenomenon of commutation. The phenom- 
enon of commutation may be briefly described as follows: 
Let, for the sake of explanation, the armature and the commu- 

1 See Hobart, Elementary Principles of Continuous-Current Dynamo Design 
(1906), Chap. 4; also Parshall and Hobart, Electric Machine Design (1906), 
pp. 171-194. 



Chap. XIII 


INDUCTANCE OF WINDINGS 


233 


tator be assumed to be stationary, and the brushes revolving in 
the direction of the horizontal arrow, shown in Fig. 57. Let 
the machine be provided with a multiple winding (lap winding), 
so that there are as many armature circuits and sets of brushes 
as there are poles. The current through each armature branch 
is, therefore 

h = I/p, (155) 

where / is the total armature current and p the number of poles. 



Direction of motion 
of the brushes 

Fia. 57. — Part of the armature winding, commutator, and brushes in a 
direct current machine. 

At each sot of brushes two branches of the armature winding 
are connected in parallel, so that the current through each set 
of brushes is equal to 2Zi With reference to Fig. 57, it will 
be seen that the two armature branches, X and F, which begin 
at each set of brushes, may be called, with respect to this set, 
the left-hand branch and the right-hand branch. 
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In tho poKition of tlio })ositivc hniHhos jn.st, pn'ceding that 
inark(Hl I, tho coil CD is not short-oircuitcHl, and carrioa tho full 
ournuit I\, boing th(‘ firat ooil of tho right-hand branch. The 
lead d ia idk', and tho total <-urr('nt 21 \ i.s <lotivor<'d to tin* brushes 
through tho h-ada c, m, ainl n. In tho iKi.sition of tho positive 
l)rush(i.s just after that markod 2, tho coil i'D is again not short- 
cirouitcHl, but is oarryitig tho ftdl curront /j in tho opposite; direc- 
tion, being tho first coil of tho left-hand branch. 

In tho posit.ions of tho hru.shos bol.wi'on 1 and 2 tin; coil CD 
is short-cireniif.od by tho brushi'S t.hrough the hauls c and d, 
and the' e'urre-nt in the- e-eiil e-hangos graeiually freau | /, to — /j. 
If t.ho eeul pos.se‘.sse'el lU) inelucfane-e', tho variatiem in the; eurrent 
we)uld be; prae;tically ele'tonnine'el by the- e'emtae't re'.sistance 
be'twe;e;n the' brush and tho cennnmtator, the' re'sistniu'e; of the 
coil itusolf ande)f the* h'aels be-ing negligible (with e’arbe)U hrushoB). 
Under the'so (;emditions tho curn'ut in the> she>rt-e'ircuitoel coil 
woulel vary with the; time; aeee-eerding fee the* straight-line; law, 
and the; e;urre‘nt eh'iisity uneh'r the* he-e'ls nnel the; toc's of the 
brushe'H would be; the; satne'. This is onlte'ei the- “ pure; n'sistanco" 
eeennmutation, or the- pe'ife'ct e'enmnutatem, bes'iiuse' it is ne)t iu;com- 
panie;el by sparking. Huch a eaemmutation is nppreeachoel in 
inachinoH with intorpeeh'S, whe'u the* e'lTe'e’t eef the* ineluctanoo is 
(■•orroctly coinpeaisatoel feir by the; e'onunutating flu.K (.Art. 54). 

In re;ality, the short-circuite'el cetil peisse-sse's a oemsieleerablo 
ineluetteineto, whieeh Inis the; ofloct eif ole'e'troniagne'tie; inertia, 
retarding tho neveeraal of the; ceirn'iit. Uetnse'ejue-ntly, at the 
beginning of the; oeunmutatieni jM'rioel the* le*ael d anel the; corre- 
sponding e-oimnutator se'gnu'nt ele; not e-arry the*ir pre>{K'r share 
of tho curre-nt, whie*h the-y wendei carry witli a pe-rfoct com- 
niutation. At the <>nel of (ho coinnmtation jK'rioel the curront 
must the'n be rove'rse'el (piickly, be-e-ause' the* whole; curre*nt must 
be; transfeerreel from the; le*ael e* te; the* oth<*r le*uels. If tho iruluctance 
is conHieU'ralile', the* curn*nt in tho le*aei e* is still of a cemsiderablo 
inagnituele* wlu*n the; tea; of the* brush is almut U> le*avo the 
(;orre;sponeling e;ommutate>r Ke*geue*nt. The*ri*fe>n*, the* last i>e;riod 
of the; re;v(;rHal is acceemplishe'el thre>ugh the; air Inetween the 
brush einel the; si;ginont, in the; feirtn of an etleeetric arc. This 
is known as tho sparking at the Ijrushcs. Keside®, during the 
last momenta of reversal, tho curremt density under thej t 06 
is much highe;r than the average density under the brush, wid 



Chap. Xll] 


INDUCTANCE OF WINDINGS 


235 


this high density causes a glowing at the edge of the brushes, 
making the commutation still less satisfactory. 

The average reactance e.m.f. in the coils of a full-pitch lap 
winding, For an empirical criteiion of the quality of commutation 
Mr. Hobart takes the average reactance voltage induced in the coil. 
This is a r(uisonal;)lo criterion, because the ratio of the maximum 
voltage o(;(airring when the brush leaves a segment to the average 
voltage, will be more or less the same in machines of usual 
design constants. Of course, the average reactance voltage 
is only a relative criterion, to be used with great discretion, 
and applied only for comparison with machines which proved 
in actual operation to commutate satisfactorily. 

Let the inductance of an armature coil between two adjacent 
comixuitator segments be Leq. The subscript eq (meaning equiva- 
lent) is added to indicate that the value of L includes not only the 
true indu(‘.tanco of the coil itself, but also the average inductive 
action of the coils which are undergoing commutation simultane- 
o\isly with it. Let the frequency of the current in the coil under- 
going commutation be / cycles per second. Then the current is 
reversed in a time 1/(2/). The flux changes during this time 
from “hA-r/i to --Liuih. Hence, according to the fundamental 
eep (2()), Art. 24, tlu^ average reactance voltage, which is taken 
as the criterion of commutation, is 

Cam^^fLoqU (156) 

In order to ol)tain a satisfactory commutation, the voltage 
Cave must not cxccKid a certain value, determined from actual 
experience with machines in regular operation. Mr. Hobart 
recommends values for Cavo iiot to exceed 3 to 4 volts, provided 
that one does not depend upon the fringe flux of the main poles 
or upon interpoles to facilitate commutation. 

The inductance which enters in the foregoing foimula, 
is calcxilat(Hl according to the general formula (150), as follows: 
Assume first that there is no common flux or mutual induction 
between the coil und(u consideration and the other coils which 
arc simultaneously short-circuited. Then, if q is the number 
of turns per commutator segment (in Fig. 57 1) we must put 

This will give the inductance of one side of the coil, 
say C. To obtain the inductance of both sides, C and D, the 
result must be multiplied by 2, or Leq^2Lpp. 
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In roality tlu>r(' is a oonimon flux which links with the coil 
uncku- cousidenU.ion and with th<> other coils uiuhn-going com- 
mutation at tlu^ same tim»‘. 'I'his flux is changing with the 
time, and consc'quently it inducc's adtiitional voltages in the 
coil CD. The induced <Mn.f. depends upon tlu' relative 
position of CD and the other coils (whether iti the sanu^ slot 
or in th(' adjacent slots) and upon the rate of change of the cur- 
nmt in ('ach coil of tin* group. It would Ix' t.oo <-omplicat(Hl for 
pra(diical purposes to fake all thest* factors into account with 
any d('gr<'(‘ of accuracy. Therefore, Hobart makes a further 
assumption, namely, that Ihv rurn-nt nt (ill the rotls^ ■which are 
Khorl-cirruileil at the same time, niries at the .same rate and that 
the whole leakage Jlttx ns linked with all the rails of the ijroup (Fig. 
57). 

la't s he th(^ avi'rage numlH'r of coils siimiltaneously short- 
circAiitcHl under a set of brushes (the actual numlM'r vurk's from 
instant to instant), ('onsuler a group of mutually inflm-ncing 
condu(!tors, such us an* shown at or at D. One-half of the 
(!on(lu(d.oi-s in the same group an* short -circuited by tlu* positive 
bruslu's, tlu* other half by tlu* mijac<*nt nt*gativt* brushes. The 
total numbc'r of coils in each group is 2s, ami sinct* by assumption 
th<^ (mrnmt in all of tlu'tn varies at tlu* sanu* rate, and all of 
tlu* flux is linked with all of the coils, the (*<puval(*nt inductance 
of tlui coil CD is 2.'f times larger than if this coil were alone. 
Thus for a nniltij)le-woun<l armatun* 

I,^-2/vcp.2s-4.srr'((P.7. f tPfl„ I itr>,%) X 10"« l«*nrys. (157) 

On the basis of Mr. Hobart’s tests and until mon* accurate data 
arc availabh*, t.lu* following average valut*s of the unit isirmeances 
may 1 h^ used: !ind f/',,' *.(/>/ ...(), s jM*nns {ht (•<*nttmeter. 

Th(^ fr('(iu<*ncy / which ejiters inb> formula (15(1) is calculated 
as follows: Tlu* tinu^ Is't w<‘en tlu* {S)sitionH 1 and 2 of tlu^ brushes 
corresponds to one-half of onct cycle, lK*causi* duritig this inUirval 
the current chang(*s from f /i to -/i. U>i c Is* the j«*ripheral 
v(*locity of tlu* (‘ommutator, in mek'rs jUT sec., let l> Is* the thick- 
luwH of the brush(«, and 6' the thickn«*ss of the niica insulation 
betwesin tlu* commutator t«*gments, Isjth in millimeters. The 
tinu* Isitween the positions 1 and 2 of tlu* l>rushcs is (5--6')/1000» 
seconds. Hence 


/«.500a/(f>-50 cy-M'i-- • 


. (158) 
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The number of simultaneously short-circuited coils varies 
periodically with the position of the brushes. Thus, in Fig. 57 
sometimes two and sometimes three coils are short-circuited 
by one set of brushes. On the average 

s^(b-b')/a, (159) 

where a is the width of one commutator segment including the 
mica insulation. Thus, all the values which enter into the 
formula (156) are determined, and the reactance voltage for a 
given machine can be easily calculated. 

Formula (156) is used not only as a criterion of the commuta- 
tion, but also for tlie calculation of the flux density, under the 
interpoles where such are required. Namely, this flux density must 
be such that the average voltage induced by the commutating 
flux is approximately equal and opposite to the average reactance 
voltage; see Art. 24. prob. 6. A still closer compensation for the 
influence of the inductance is achieved by properly grading the 
commutating flux, so as to compensate not only for the average 
reactance voltage, but also to some extent for the instantaneous 
induced e.m.fs. 

27i6 average reactance e.m.f. induced in some other direct cur- 
rent windings. With two-circuit wave windings two cases must 
be considcued, namely, (a) when the machine is provided with 
only two sets of brushes, (b) when there are more than two sets 
of brushes. In the first case eq. (156) is used, where 

h^ilf (160) 

and Le,; is understood to comprise the short-circuited conductors 
uiuk'.r all the poles, per commutator segment. Let there be 
again q turns per coil, that is, per unit of winding per pair of 
poles. Since the corresponding conductors under all the poles 
ar<^ in seric^s, wo have that Leq^pLpp. The influence of the 
other simultaneously short-circuited coils is expressed as before 
by the factor 2.s, where s is given by formula (159). Thus, for 
a two-circuit winding with two sets of brushes 

Leq^2psq^((Pili+(Pala + i(p€'le) X 10"« henrys. . (161) 

The frequency / is given as before by eq. (158). 

When more than two sots of brushes are used, the sets of 
equal polarity are connected in parallel by the stud connections 
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outside the armature windings, and beside there are two short- 
circuiting paths through the coils undergoing commutation: a 
long path and a short path. Thus, the problem becomes 
indefinite, because it is not possible to tell the relative amounts of 
the current through these different paths. Disregarding the short 
path, the criterion becomes the same as in the case of a machine 
with two sets of brushes only.^ This is on the safe side, and 
the commutation may be expected to be better than that cal- 
culated, or at the worst, as good. 

With multiplex windings, the expression for Cave is the 
same as that given above, provided that proper values are selected 
for Iij Sj and /. With regard to the latter quantity it must 
be remembered that h' is much larger than the actual thickness 
of mica. Namely, with respect to the component winding under 
consideration the metal of the commutator segments belonging 
to the other component windings is equivalent to insulation. 
This fact must not be lost sight of in choosing the correct value 
for to be used in the expression (158). 

With fractional-pitch windings the reactance voltage is smaller 
than with the corresponding full-pitch winding, because the 
conductors short-circuited under the adjacent sets of brushes 
(Fig. 57) are situated in part or totally in different slots, and 
have a smaller common magnetic flux, or none at all. When 
the winding pitch is reduced considerably, s instead of 2s must 
be used in the preceding formulae; otherwise a value between 
s and 2s must be chosen, according to one^s judgment.^ 

Prob. 22. The armature of a 6-pole, 600-r.p.m., multiple-wound, 
direct-current machine has the following dimensions: Diameter, 85 cm.; 
gross length, 22 cm.; three air-ducts, 1 cm. each; 1008 face conductors. 

1 For an analysis of this case see C. A. Adams, Reactance E.M.F. and 
the Design of Commutating Machines, Electrical World and Engineer ^ Vol. 
46 (1905), p. 346. 

^ For an advanced and more scientific theory of commutation, see Arnold, 
Die Gleichstromaschinej Vol. 1 (1906), pp, 354 to 513; in particular the 
approximate formula (170) on bottom of p. 498; also Vol. 2 (1907), chapter 
14. A simpler and more concise treatment will be found in Tomalen^s 
Electrical Engineering. A good practical treatment will also be found in 
Pichelmayer^s DynamohaUj pp. 86—118; it is considerably simplified as 
compared to Arnold’s treatment, and is accurate enough for practical pur- 
poses, because the numerical values of unit permeances are known only 
approximately. 
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The eoitinuiiaior diaiiu^t^er ia 52 cnu; the lumiber of segments, 252; 
the mica inaulation is I mm. thi(‘k; the brushes are 15 mm. thick. 
What ia the average rea(‘taucc voltage when the total armature current 
is 320 amp.? Ans. 4.52 volts. 

Prob. 23. Show that the ai\swer to the preceding problem would 
be nine times larger if l)y mistake the winding were assumed to be of 
the two-<dn‘uit type. 

Prob. 24. Th<^ pcTiplu^ral vekxnty of a (‘ommutator is 18 meters 
per se(^, the widt.h of each segment (without mica) is 4.5 mm.; the 
thic^kness of the inica is 0.9 mm. The commutador is to be used in con- 
nection with a duph^x winding. What is the smallest permissible 
thi(^kness of tin’! brusln^s if the fre<|uency of (U)mmiitation must not 
exceed 800 (nades per s(m*.? Ans. 17.5 mm. 

Prob. 25. 1 <'or a p(U'f(H*t commutation and for an imperfect one 
draw the following (*urves to time as ab.s(4sHa>: (a) the current in the 
short-circuibnl tmil; (5) the curretits in the leads c and d; (c) the 
current (lensities undc^r the heel and toe of the brush. Take the width 
of the brtisln^H to Ix^. ecjual to that of one commutator segment, and 
assume the mica insulatioti to he of a negligible thi(‘kness. 

Prob. 26. Show that the width of the brushes has comparatively 
little net effet^t upon the c.ommutation of a machine. 

Prob. 27. It is desired to compensate, by means of interpoles, the 
rea(d.ane(» voltages in the machin<^ speeified in j)rol). 22. Show that the 
axial length Ip of the inttirpole (in cm.) and the flux density B in its ah- 
gap (in kl./stpcm.) connected by the relation 
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THE MECHANICAL FORCE AND TORQUE DUE TO 
ELECTROMAGNETIC ENERGY. 

69. The Density of Energy in a Magnetic Field. The reader 
is already familiar with the fact that a certain amount of energy 
is required to establish the flux within a magnetic circuit, and 
that this energy remains stored in the field. This stored energy 
may be conveniently thought of as the kinetic energy of vor- 
tices around the lines of force (Art. S), Various expressions 
for the total stored electro-magnetic energy are given in Arts. 
57 and 58; the problem here is to find a relation between the ' 
distribution of the flux density and that of the energ}’* in the 
field. 

Consider first the simplest magnetic circuit (Fig. 1) con- 
sisting of a non-magnetic material. According to the last eq. 
(99), the total energy stored in such a circuit is 

W {fiA) ]o\x\eB, . . . . . (162) 

if 0 is in webers, I and A in cm., and //= 1.257X10”“® henrys 
per cm. cube. The volume of the field is V=IA cubic cm. 
Since the flux density is uniform, the energy is also uniformly 
distributed, and the density of the energy is 

W/V^i0^/{lxA^), 

Denoting the density of the energy W/V by TV', and introducing 
the flux density we get 

TV' joules per cu.cm. . . . (163) 

Either B or fi can be eliminated from this expression by means 
of the relation so that we have two other expressions 

for the density of the energy: 


(164) 

(165) 
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Two more expix^HHioiiK for th(‘ density of tine energy can be written, 
using the nductivity v instead of the permeability /a 

In a uniform fndd tlx^ pnHaaling expressions represent the 
actual amoun(.H of ('tungy aton'd per culiie centimeter. In a 
non-uniform iic'Id IT' is tlu; d<msity of energy at a point, or the 
limit of the ('.vpn'ssion J\V/JV. This is analogous to what we 
have in tin; case of a non-uniform distribution of matter, where 
the density of mat(,(!r at a point is tlu; limit of the ratio of the 
mass to tlu' volunu^. 'rims, th(^ total energy stored in a non- 
uniform field is 

(16G) 

«./() 

whon^ th(^ int('p;rati<)n in to lx* (^xkmdcul ov('r the volume of the 
whole magnetic circuit. Similarly, from eqs. (164) and (165) 
we get 

( 167 ) 

( 168 ) 

Th(is(» expniaaions are consistent with eqs. (102) and (102a) 
as is shown in proh. G below. 

When /« is variable, tb(^ preceding formula) do not hold true, 
and the density of eiu'rgy is represented by oep (19), Art. 16. 

Prob. 1. Deduce an expression for the magnetic energy stored in 
the insulation of a concentric. <'able (Fig. 46), between the radii a and b, 
the length of the cable being t cm. and the current i. Hitd: For an 
infinitesimal shell of a radius x and thickuosss we have : H’‘i/2itx, 
and dV-"2Kxi dx. Ans. W ^0.2'SIP log {b/a)lO-^ joules. 

Prob. 2. ('heck the answer to the preceding problem by means 
of oqa. (104) and (109). 

Prob. 8. In a concentric cable (h'ig. 46) o~7 mm. and h is 20 mm. 
What is the density of the energy at the inner and outer conductors, 

when i— 120 amp.? 

Am, 4.68 and 0.57 micro joules per cu.cm. 

Prob* 4 Deduce expn^sBion (110) from eq. (167). 

Prob. 6. Taking the data fmm the various problems given in this 
book as tyi>ical, show that ordinarily in pnerators and motors a large 
proportion of the total energy of the fi<'ld is stored in the air-gap. 

Prob. 6. Show that eejs. (160) to (108) are consistent with eqs. 
(102) to (103«). Solution : Take an infitiitesimal tube of partial linkages 
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(Fig. 45). Th« energy fontnined in this tulie is dll' but 

Mp’=^lldl, and dtP- lidA. Since </(/> is the sanu* through all cross- 

sections of the tube, d0 (’an bc^ intro<lu(*tHi tuuUu* tht^ int<^ji 2 ;ral sign, and 

we have d\V lldllidA h j IlHdV, the integration I >eiug extended 

over the volume of the tube. The total eauu'gy ol tlu‘ <'ircuit is found 
by extemling the integration over the volume of all tlu^ tubes of the 
field. The other e(iuations are proved in a similar maniuT. 

70. The Longitudinal Tension and the Lateral Compression 
in a Magnetic Field. Th(‘ ('xisttuiec^ of nuuduuueul for(*(‘s in a 
magnetic field is well kiiown to the studcuit, 1I(‘ n(‘(‘ds only 
to be romiiuhal of th<‘ supporting for(*(‘ <jf an (d(H*tronuignet, of 
the attraction and rt'pulsion lH‘t\v<*(ui parallel coruluetors (uirrying 
(doctric (mrnuits, of the tonpn^ of m ehairic* motor, i‘te. These 
mechanical f()re<\s must mna'Hsarily (‘xist, if tlu^ magnetic field 
is the scat of stonul (ua*rgy. 'rius is btauiuse, if wv d(Torm the 
circuit, W(^ must in gcmerul change tlu* stored (»n(‘rgy and htmee 
do mechanical work. Thc^ liiu's of forces tend to shortcui them- 
selves and to H{)read laterally^ so as to rnnkc' t.hc‘ ptuamauico of 
the field a maximum, with tlu^ comphde linkage's, Wherc^ there 
arc partial linkage's, it is th<' total stored tuau'gy t.hat temds toward 
a maximum (Art. o7). This fact is cudindy consistent with 
the hypoth(\siH of whirling tulnss of force, becuust' the centrifugal 
force of rotation product's ('xactly tiu' sanu' ('ffetd, that is, a lateral 
Hiin^ading and a U'nsion along th<' axis of rotation. A good 
analogy is affordtHl by a short pit*ee of rubln'r tul>e filled with 
water and rotab'd about its longitudinal axis. 

(a) The Longitudinal TntHion, Vom'ulvv again the simple 
magnetic circuit (Idg. I), and h't it b(» allowed to shrink, due 
to the longitudinal tension of tin* lines of f(»ret', so as to it'duce 
its averages h'ngtli by J/, without tdinnging tfu' rroHs-seetion A, 
Let at the same' tinu^ tlu' current 1 h» slightly <ic'c»reased so as to 
keep th(^ sanu^ total flux as laTore. I^d F/ la* tlie mechanical 
tension along tlu^ liiu's of forci'* jH*r square' cm. of t'ross-section 
A; then the nu'clumical work doin' against tlie extc'nial forces 
which hold tlie w'inding Htn'tedu'd is (/^V.A) i/. Tln^ density 
of energy IT' n'lnains the' sanu' lH'(*ausc* li is t!u' same, Imt the 
total stored (‘iiergy is il('c*r(*as('d hy IV^(AJl), !a*cause the vcdiime 
of the field is dec'rc'ased hy AJL Hiiu'c the cliange was made 
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in such a way as to keep the total flux constant, no e.m.f. was 
induced in the winding during the deformation, and consequently 
there was no interchange of energy between the electric and 
the magnetic circuit. Thus, the decrease in the stored energy 



Fig. 58. — A lifting electromagnet. 


is due entirely to the mechanical work performed. Equating 
the two preceding expressions, we have that 

.... (169) 

If TT' is in joules per cu.cm., F't is in joulecens per sq.cm, (see 
Appendix I) , so that in a rational system of units the mechanical 
stress per unit area is numerically equal to the density of the stored 
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energy. The physical diinensioiiH of and IT' an^ also the 
sanie. 

If Ft Ih in kg. per scpcm., B in kilolinen {H^r wpctn., and 
// in kiloainixn-ed.uriiB per cm., the pretHnling fonmila 
wh(.*n applical to air, 

«V24.7-//V^^>dl (170) 

Th(‘S(‘ fonmihe ap|)ly dire(‘tly to the* lifting inagiud. (Fig. 
58), and giv{‘ the carrying wadght p(‘r unit an*a of tlu^ contact 
betweem tlu^ con^ and its armature. The total wcaght which 
the magnet is abk^ to support is 

/^V-4/^V‘3b7-4//Vb5.0 kg., . . . (171) 

wher(^ A is th(‘ Hum of tlu^ annis d<‘not<*d by Si and F 2 . Of course, 
// is tak(‘n for th(‘ air-gap, wduch in tlu» ordy part of the circuit 
that in changing its dinumHiorm when thc» ainnaturc* is movcHi. 

(6) The Lateral (U>mpreii}iian. now tlu^ Hiinpk^ magnetic 
circuit b(^ allow^cnl to (‘xpand laterally by a Hinall kmgth Jr in 
directions pmpcnulicular to thc^ stirfac‘c‘ of tin* toroid. Let F/ 
1)0 th(^ prc\sHurt‘ (compn'ssion) (\xert('d by the liiu^s of force upon 
th(^ winding, p('r s<i. (un, of the surface* of tlu* toroid. Then 
the mechani(*al w^ork done by the inagmdic forces in c‘Xpanding 
the ring against ilie ext<‘rnal forces w*hieh hokl the winding, 
is SF/Jr, wlu*r(‘ F is tlx* surfact* of the toroid. Ix‘t again the 
current b(i slightly decnuisecl during thc‘ didonnation, so as to 
keep th(^ flux constant. No voltage* is inductHl in the winding, 
and lunu^e then* is no interchange* of em»rgy IndAvecm the ekudric 
and the magnetics circuit. Thus we can find F/, m we found 
the stress in tlui casc^ of the ttaision, by equating the work done 
to the diH*reas(^ in the. stonxi energy. The stored energy is 
expresBcal l)y eq. (152), in which A is the only variable; hence 
by diff(*rentiating IF with resi)e(!t to A we get : 

This is a negative quantity, the stowMi energy decreases. 

But UA reprc'sents the imtreaae in the voiume of tlie ring, so 
that UA^SAr, and consequently 

F; - Wm (172) 

In other words, the lat&reJ, compreBmon w mnmrimily equal to 
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the longitudinal tension ^ and both are numerically equal to the 
density of the stored energy. 

As an application of the lateral action, consider a constant- 
current or floating-coil transformer (Fig. 59), used in series 
arc-lighting. The leakage flux is similar in its character to that 
shown in Figs. 50 and 51. The lateral pressure of the leakage 
lines between the coils tends to separate them, acting against 
the weight of the floating coil. A part of this weight has to be 
balanced by a counter-weight Q because the electro-magnetic 
forces under normal operation are comparatively small. 

Since the currents are alternating, the force is pulsating, 



Fig. 59. — A floating-coil constant-current transformer. 

but is always in the same direction, tending to separate the coils. 
The average force depends upon the average value of in 
other words, upon the effective value of the current. According 
to eqs. (170) and (172), we have 

. . (173) 

where S is the area of the floating coil in contact with the flux. 
With the assumed paths for the lines of force, and neglecting 
the reluctance of the iron core, we have that 

F«//=?i/e///1000? kiloamp.-turns/cm., . . (174) 

where I is the length of the lines of force in the air, in cm., and 
is the m.m.f. of either coil. The force of repulsion is pro- 
portional to the square of the current, and is independent of the 
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(ILstaiiee h Ix^twoen ihv chuIh. Ilcnire, a constant weight Q 
regulatcH for a constant (‘nrrcnit. Wluni the coils are further 
from each other, the indurtHl siM*ondary voltage^ is I<\sh, on account 
of a much lugluu- lea.kag<^ Ilux. Whtm tlu* curnuit increases 
mouumtarily, due to a decrtxisirig line n^sistniUH^, the coil is 
ov(‘rhalanced and risers till tlu* iiuiuctHi vuliugt* and curnmt fall 
to tlu^ prop('r value. Thus, t lu‘ coil always floats at the proper 
height to induce the voltugt^ necahnl 011 ihv line. 

Formulae (17H) aiul (174) apply als{> to tiu» nuadianical forces 
betwtH'n the primary and t!u‘ st*condary coils of a (snistant- 
potoutiul transfornun* (Figs. Ui and 51). Idultu’ normal con- 
ditions tlu‘S(‘ forces mv iu‘gligil>h% but in a violcmt slmrt-circuit 
the end-coils are soincvtimc's Inmt away and damagtHi, unless 
th(‘y an^ propc*rly securcal ti> tln^ rest of the wimling. Such 
short.-eireiutH an^ ]>articularly thdrinientiil in large transformers, 
liaving a clost^ ri'gulation, that is, having a v<‘ry small internal 
inipcslanec^ drop, and whitdi are eonneticHl to systems of practically 
uidimikHl power and eoiiBtant pobmtial. As Dr. Stcuhimet^? puts 
it, th(^. cdow^Ht approa(‘h to iht^ appc*arance of such a transformer 
after a shcjri-eireuit is the way two ex|)n*HH trains must look 
after a head-on collision at high spt*ed. 

Another iniiuvsting ('xamph^ t>f iht^ effis*t of iht> mechanical 
forct‘H protluced by a magiuiit^ field is the .so-called pinch phe- 
nomvnm} The lines of forces which surrountl a cylindrical con- 
du(‘.tor may Ix^ compared to rublx^r hands, whifdi ttmd to com- 
press it. With a licpad coiuhn*tor and large* currc*ntH, such 
for instance as are carricxl by a molten mc*tal in soim^ elc*ctro- 
nuvtallurgi(*al proc(*SHt‘H, the pressure^ of ilu' magnetic! field is 
Hunici(!nt to modify ami tt> reduce the eroHs-Heetion of the* liquid 
conduc’.tor. This was first olmt^rvcHl l)y Mr. Carl Hering and 
eall(!d by him the pinch plK*noim*ii(m. In passing a relatively 
large! alternating eurr(*nt through a non-ideetrcdytic lii|uid con- 
ductor (!0Utain(*d in a trough, lu* found that the licpiid contracted 
in eroHS“H(‘etion and (lowc‘d up-hill lengthwnm! in the trough, 
(’limiting up on the c!lc!etrc>des. With a further inercaw* of 

^ E. F. Nerllirup, Berne Newly Olim'rvtxi Mimifestatioiw of Forces in the 
Irit(!rior of an Electric Ckmduetor, Phydcid RrmmCf VoL 24 (l'IK)7), p. 
474. Thin article contairrs m>rne cleverly deviniHl escia^riments illustrating 
the piradi ph('norni*non, and alifo a mathematical theory of the forces which 
come into play. 
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current, this contraction of cross-section became so great at 
one point that a deep depression was formed in the liquid, with 
steeply inclined sides, like the letter V. 

In most cases of mechanical forces in a magnetic field, these 
forces and the I'csulting movements are due to the combined 



support. 

action of longitudinal tensions and transverse compressions and 
not to one of these actions alone. For instance, a loop of flexible 
wire, through which a large current is flowing, tends to stretch 
itself so as to assume a maximum opening, that is, a maximum 
permeance of the magnetic field linked wifh it. This action 
is due to both the longitudinal tension and the lateral pressure. 
In such cases the mechanical forces are best computed by the 
principle of virtual displacements explained in the next article. 
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Prob. 7. Show that lh<^ nMiuinnl tlu\ deiisity in tlu‘ uir-ja;ap of a 
lifting eltHitroinagnot (Fig. o8) can Ik* iroin the exprension 

/^ ir).7\ AtFAF in kl/Hti.crn., when* F in th<* rahni Hupporting foreo, 
in inetri<! tonn, A in the area of eontaet in atp (hn., ami rr Ls th<^ fa(‘tor 
of .safe^ty. 

Proi). 8. Show that in an arnional tract ivt* magnet (Fig. (>()) the 
tractive elTort F varies with the air-gap h a<‘conling to the* law Fh^ ;F08 
kg-cin.^ wluai the excitation is 2(MK) am[>.~ttirn.s ami the* croHS-.se(‘tiou 
of the plunger ami of tin* stop is I2s(pcm. Assunu* tin* haikage and the 
reluctance of th<* st(*<*l parts to be m»gligibh*, 

Prob. 9. H(‘f(‘rring to the pn'ceding probh*m, what is the true 
av(*rage pull b(*tw(H*n the* value's .s I and a 4 cm. ami what is the 
arithmetical mean pull? Ans. 0,77 and L()3 kg. 

Prob. 10. Indicate roughly tin* principal paths td magnetic leakage 
in Fig. (K), and explain tin* influ(*m*e of the h*akage upon the tractive 
elTort, with a small ami a large air-gap. 

Prob. 11. Tin* flux l>(*tw(KMi two thin ami high htis-hara, placed at 
a short distance from (*aeh other, has the gemu’al ehura(*ter shown in 
Fig. (H. (kleulate tin* force p(*r nu*t(*r h*ngth that push(‘H the hua-bars 
apart when, during a shtmi-eireuit. the (‘aiiinatetl current is 50 kilo- 
ampercB. Aim. About 8(K1 kg. per meter. 

Prob. 12. l>odu(‘e au expnwion fur the mngueth* pull duo to the 
(KK^ontric position of tlu^ annature in an el{*etrii' maeldno (Fig. 62). 
A certain allowanee is usually nnnle for this pull In addition to the 
weight of the revolving part, in d(d(*nnining the saft' sir.o of the shaft. 

Solution: Sim»e the pull is proportional 
to the B(|uun* (d the tlux density, we 
r<*plnee tlm actual variable air-gap 
dmmity by a constant radial density 
acting u|)on the wholt^ periphery of the 
arnmture ami equal U> the c|uadratic 
avi*rage (the* (‘tlecdh'f! value) of the 
aetual tlux density ilistrihution. Let 
this value l>e khper mp em. when 
the annature is properly centered. 
Let the imiginal uniform air-gap be a, 
nml the ereentricity be f. Binceaand 
s nw nmnll as eompaml to the diameter 
of the armatun*, the fictual air-gap 
at an angli^ a from the vertical is 
apiiroximately e«|ual to a ~ ccos«, N^- 
leeting the* nduidiince of the iron parte 
of the machine, the flux ilensity is invemely ns the length of th© air- 
gap, 80 that we have 

i?« “ B^ffa/{a - i cos a) - * (f /a) cos a]. 

A be the total air-gap area to whl<‘h B refam; then, according 



Fio. 62.“-An eccentric armatim^, 
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to eq. (171), the vertical componerit of the pull upon the strip of the 
width da is 

- (i5« V24.7) {A /2it)dcc - cos a. 

The horizontal component of the pull is balanced by the corresponding 
component on the other half of the armature. The total pull downward is 

ife*=[2A/(2*X24.7)]j^’'s„*cos a da. 

Putting tan Ja == 2 : and integrating we get the so-called Sumec formula 
for the eccentric pull, in kg, : 

Fea: = (ARe//V24.7)(£/a)[l-(£/a)^~i-5. . . . (175) 

The integration is simplified if, before integrating, the difference is 
taken between the vertical forces at the points corresponding to 
a and to — a. The limits of integration are then 0 and 

Prob. 13. The average flux density under the poles of a direct- 
current machine is 6.5 kl/sq.cm.; the poles cover 68 per cent of the 
periphery. The diameter of the armature is 1.52 m.; the effective 
length is 56 cm. What is the magnetic pull when the eccentricity is 
10 per cent and when it is 50 per cent of the original air-gap? 

Ans. 3.2 and 24 metric tons. 

Prob. 14. The 22/2-kv., 2500-kva., transformer specified in prob. 
5, Art. 64, had a total impedance drop of 73.5 volts at full load current 
on the low-tension side. What average force is exerted on each coil- 
face during a short-circuit, provided that the line voltage remains 
constant? The transformer winding consists of 12 high-tension coils of 
100 turns each, and of 11 low-tension coils interposed between the high- 
tension coils, together with 2 half-coils at the ends. Two of the dimen- 
sions of the coils are repeated here: 0,n~2.6 m.; ^=^18 cm. Hint: The 
short-circuit current is equal to 2000/73.5=27.2 times the rated current. 

Ans. About 22 metric tons. 

Prob. 16. What is the mechanical pressure on the surface of the 
conductors in prob. 3? 

Ans. 47.6 and 5.8 milligrams per sq.cm. 

71. The Determination of the Mechanical Forces by Means 
of the Principle of Virtual Displacements. In order to determine 
the mechanical force or torque between two parts of a mag- 
netic circuit the general method consists in giving these parts 
an infinitesimal relative displacement and applying the law of 

^ J, K. Sumec, Berechnung des einseitigen magnetischen Zuges bei Excen- 
tiizitat, fur Mlektrotechnik (Vienna), Vol. 22 (1904), p. 727. This 

periodical is continued now under the name of Electrotechnik und Maschin^ 
enhau. 
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the connervation of energy to this {liHplaeenunit. I^'roin tlu' 
('.quation so obtained the eoinpoiu^ut tlH‘ fore<‘ in tlu‘ (lir(a*tioii 
of the (liHpIacenunit ean be ealcuIat<Hl. ‘Paking oilun* dLsplare- 
nients in diffenuit dir('ctions» a Hutii(‘i(‘nt numlx'r of tlu^ com- 
ponents of the forc(\s are di^tm-inimal to enahl<^ ouc' to calculate 
the forces theinselvtns. Binc<‘ th<‘ forc(‘H in a givcm |)osition of 
the system are perfe(‘.tly thdiniUs th<‘ n*sult is t he sunu^ no matter 
what displa(‘em(Xits an^ assunualj provi<lc‘(l that thes(‘ displa(‘c- 
mcmts are pomMvj that is, (*onsist,(‘nt with the given (‘onditiona 
of the problem. Tluu’c^fon* dis|)lac(*nH‘nts are s(*h‘<’t(‘d which 
give the simplest formuhe for tiu* (*n(U‘gies involved. \\V have 
had two applications of this principle* in the* pre*c‘(Hling article, 
in deriving the* exprc'ssions for the^ tc'nsiem and the ('ompresssion 
in the field, by giving the* simple* magnetie* cire’uit the {)r()pe*r 
** virtuaP^ elisplaenuneuits. In applying this nudhoel, not only 
the mechanie*al eliHplaex'meuit has to be* sp<*e‘ifie*d, but also the 
electric and the magnetic^ (*onelitions of the* e‘ircuit, in order to 
make the eaiergy re*lationH e^ntiredy ele‘finite‘. d'hus, in the pro- 
cenling artiede^, the^ ed(‘ctromagne*tic e’ondition was eamstd 

First let us take* the^ e'ase* when the* partial linkag<‘s are neg- 
ligible; them acce)rding to the third (*(p the* Htor(*d e*nergy is 

\V, ( 176 ) 

whores (R is the re^luctunea* of the* eireuit, Ud F be* tin* unknown 
mechanical for(*e be*twe*e*n twe) parts of the* mugn(*tie circuit at 
a distance ,s, and I(*t one |)art e)f the* system be* giv<*n an infini- 
te^simal diHplac(mu‘nt ds. Let F be* (*onHide*r{Hl positive* in the 
direction in whiedi the* displae<*m(*nt ds is positive*. Tlu* m(»chan- 
ical work elone is the*n ecpial to Fds, As in tin* pre*ce*{ling article, 
l(‘t this elisplae*e*me*nt take* place* with a c*onstant flux, so thgt 
there is no inten^change* of e*ne*rgy b(‘twe*c*n the* magnetie* circuit 
under consideration and tlu^ ele*etnc cire*uit l)y whi<*h it is excited. 
Them the work is done* {*niirely at the* <*xpe*nsi* of the stored energy 
of the magnetic^ circuit, and we* have*: 

FdH^dW,,^ -^dW,, ..... ( 177 ) 

where is the mtH*hanical work dtme^ The sign minus Ixdore 

* The princij)Ie of virtual elinplae^ernents m much used nowadays in the 
theory of chesticity and in the^ emlculation of tha iniHdmnieal stresses in the 
so-called Btatically-indeterminate enginoaring structures. 
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dW^ is necessary because the stored energy decreases. From 
eqs. (176) and (177) we get 

-^0^.d(R/ds (178) 


In some cases it is more convenient to express F through M 
and CP- We have 

or 

F==+^M^dP/d8 (179) 

In the preceding formulae F is in joulecens, M is in ampere- 
turns, is in webers, P is in henrys, and (R in yrnehs. With 
other units the formulae contain an additional numerical factor. 
It is to be noted that the mechanical forces are in such a direc- 
tion that they tend to increase the permeance and decrease the 
reluctance of the circuit. This agrees with previous statements. 
See Arts. 41 and 57. 

If the partial linkages are of importance, it is convenient 
to express the stored energy in the form TF«= because the 
inductance L takes account of the partial linkages; see eqs. 
(105) and (106), Art. 58. The energy equation, according to 
eq. (177), is then 

—^1^8= —^dij^L) (180) 

and the condition that there is no interchange of energy with 
the line is 

d(tL) = 0 (181) 

The latter equation becomes clear by reference to eq. (106a), 
because Li=n0eqj where 0eq is the equivalent flux under the 
supposition of no partial linkages. The condition that there 
shall be no e.m.f. induced in the winding during the displace- 
ment, is d(n(Peq)/dt=Oj whence eq. (181) follows directly. 

Performing the differentiations in eqs. (180) and (181), and 
substituting the value of Ldi from the second equation into the 
first, we get that 

F^+i'PdL/ds (182) 

When there are no partial linkages, L=n^P, and eq. (182) 
becomes identical with (179). 
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Formuloe for the average force of direct current electromagnets. 
In a tractive magnet (Fig. 60) or a rotary magnet (Fig. 63) 
it is often required to know the average pull over a finite travel 
of the moving part. For the average foi'ce, the equation 
= — holds, which is analogous to eq. (177) ; 

the only difference being that finite instead of infinitesimal incre- 
ments are used. If the motion takes place at a constant flux, 
or at least the values of the flux are the same in the initial and 
the end-positions, we get from the preceding formulae ; 

Fave^i(PH(fil-di2)/iS2-Sl); . . . ( 183 ) 
M2^(P2)/(.S2 -Si) ; . . ( 184 ) 

. . . ( 185 ) 

The finite travel of the plunger often takes place at a con- 
stant current, for instance, in the regulating mechanism of a 



series arc-lamp, also approximately in a direct-current electro- 
magnet connected across a constant-potential line. Under such 
conditions the foregoing formulae are not directly appliable, 
because they have been deduced under the assumption of no 
interchange of energy between the electric and the magnetic 
circuits, so that this case has to be considered separately. 

Let the motion be in the direction of tlie magnetic attraction, 
and let the current remain constant during the motion. The 
stored energy is larger in the end-position than in the initial 
position, because the flux is larger and the current is the same. 
Therefore, during the motion, the energy supplied from the line 
must be sufficient to perform the mechanical work, and to 
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increase the energy stored in the magnetic circuit. The increase 
in the stored energy is 

and the energy supplied from the line is calculated as follows: 
The average voltage induced during the motion of the plunger 
is eave==^iiL 2 —Li)ft, where t is the duration of the motion. The 
energy supplied from the lin<e is therefore 

TV j; — (J[/2 . 

Thus, the energy supplied from the line is twice as large as the 
work performed, and we have the following important law 
(due to Lord Kelvin) : When in a singly excited magnetic circuit 
without saturation a deformation takes place at a constant current^ 
the energy supplied from the line is divided into two equal parts, 
one half increasing the stored energy of the circuit, the other half 
being converted into mechanical work. 

According to this law we have, for a constant current electro- 
magnet, that the mechanical work done is equal to the increase 
in the energy stored in the magnetic field. Hence 

Thus, 

Pave^ii^(L2 Li}/(S2 ^l) J (186) 

or, if the partial linkages are negligible, 

Fave==H^^(^ 2 -^l^(ni)/(S 2 -Si); . . . (187) 

-^iM^(P 2 -CPl)/(s 2 -s^) (188) 

When a magnet performs a rotary motion (Fig. 63), the 
preceding formulae are modified by substituting Tdd in place of 
Fds, or Tave(fi 2 —di) in place of Fave{^ 2 -'Si)^ Here T is the torque 
in joules and { 62 — 61 ) or dd is the angular displacement of the 
armature in radians. Or else, in the foregoing formulae F may 
be understood to stand for the tangential force, and the dis- 
placement to be dd, where r is the radius upon which 

the force F is acting. Then the torque is Fr, If, for instance, 
we apply eq. (179) to a rotary motion, it becomes 

T=^Fr-=^+^md(P/d», : . . . . (189) 

The other equations may be written by analogy with this one. 
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KUrfronKujnets. Tlu^ {>nM*c‘(ling formula are 
deduced imder thc^ isu|>{)ositi()i)i that th<‘ mugiu‘ti(* fielci is excited 
by a direct cunvnt. Tlu^y ar(\ howt‘V<‘r, applicable^ also to alter- 
nating-current ele(‘troniagn(*ts, Ixa’aHHi^ th(‘ puLsationa in the 
current nuuxdy caus(‘ th(‘ (UU‘rgy to Hurg(' tu and from tlu‘ magnetic 
circuit, without any n(*t (dTead, ho far an thc^ av(*rag(‘ ntonal energy 
and the mechanical work an^ (‘onceu'iUHl. The average^ ntored 
(uuu’gy corn'Hpondn to tlu' (dT(‘ctive vahu'H of th(‘ cunxait and the 
flux. 

In pra(d.i(‘e two typ<*H of albu’nafing-tmrnmt (di'ctromagnets 
are of importance, nanudy, thoH(‘ optuxiting at a (’omstant voltage 
and tluKse operating at a constant curnmt. Ah an (‘xample of 
the first claas may b(‘ nuaitiomal the (d(U‘tn}magn(d.H uh(hI for 
tlu^ operation of larg(^ switclu^H at a distance (nunott^ control); 
the windings of smdi (‘ka’tromagmdH an‘ uHually conne(*t(Hl directly 
acrosH the lin(‘. (loiiHtant-current magittd-H an^ used in the 
operating mechanism of altc'rnating-curnait Hcricia arc-lamps. In 
an A. 0. elcudiromagiud practically all of the voltage drop is 
reactive and hema^ proportional to the flux. 

In a c.onstant-potcmtial (dectromagnet the efTectivt^ value of 
the equivalent flux is the same for all positions of the plunger 
(negkwting th(^ ohmic drop in the winding). Tluuxdon^ formula 
(185) holds true. I/(d. e be the effcH’tive vahu^ of the constant 
voltage, or mor(‘ accuratedy thc^ reactive component alone, and 
let /be the frecpHUicy of the mipply. TIam, e-^27:fLiii»^27rfL2i2} 
m that th(i formula for tiu' pull iM'comes 

^^|)1 (190) 

For a constant-curnmi A.(h <d(‘ciromagnet <h|. (186) applies; 
introducing again the r(wtivt> volts and 

we get 

.... (191) 

In both cases the mcudianical work p<n*formed is proportional 
to the difference in tlu^ rc^active volt-amp«m!B consumed in the 
two extreme positions of tlu^ moving part.* 

^ For further details in regard to eleetromagiada consult C. P. Stciinmetss, 
Mechanical Forces in Magnetic Fields, Tmm, Amw. I mi. Elec. Eng$.f Vol 
30 (1911), and the diHcussion following this piifssr; also C". R. IJnderMll 
SolmoidHf EkclrmmgmUf mul EkctrmnagtmUc lFiwioip(I910), chapters '6 
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Prob. 16. Derive formula (171) for the lifting magnet by means 
of the principle of virtual displacements. Solution: The reluctance 
of the air-gap is 6 I=s/(mA), so that &Si/ds = l/{iiA), hence, according 
to eq. (178) F = = —AB'^/2ii, The minus sign indicates that 
the stress is one of tension. 

Prob. 17. Derive expression (172) from formula (179). 

Prob. 18. Derive the formula for the repulsion between the windings 
in a transformer from eq. (182). 

Prob. 19. Derive from eq. (182) the force of repulsion between two 
infinitely long, parallel, cylindrical conductors placed at a distance 
of h meters apart, and forming an electric circuit (Fig. 47) . 

Ans. 2.04z2(Z/6) X10“^ kg. for I meters of the loop. 

Prob. 20. What deformation of the wnndings may be expected 
during a severe short-circuit of a core-type or a cruciform type trans- 
former (Figs. 12 and 14) with cyfindrical coils, (a) when the centers 
of the coils are on the same horizontal line, and (b) when one of the 
windings is mounted somewhat higher than the other ? 

Prob. 21. Show that in a constant-current rotary magnet (Fig. 
63) Ta = Const. — that is, the torque in the different positions of the 
armature is inversely proportional to the air-gap at the entering pole- 
tip. Hint: dJ(? ^ ^wrdQ /a, where w is the dimension parallel to the 
shaft. 

Prob. 22. State Kelvin’s law when mechanical work is done agairkst 
the forces of the magnetic field. 

Prob. 23. A 60-cycle, 8-amp., series arc-lamp magnet has a stroke 
of 32 mm.; the reactive voltage consumed in the initial position is 9 
v., and in the final position 20 v. What is the average pull ? 

Ans. 372 grams. 

72. The Torqtte in Generators and Motors. The magnetic 
circuits considered in the preceding articles of this chapter are 
singly excited, that is, they have but one exciting electric circuit. 
From the point of view of mechanical forces this also applies 
to each air-gap in a transformer, because, neglecting the mag- 
netizing current, the primary and the secondary coils may be 
combined into equivalent leakage coils (Art. 64). On the other 
hand, a generator or a motor under load has a doubly-excited 
magnetic circuit, the useful field being linked with both the 
field and the armature windings. The two m.m.fs. not being 
in direct opposition in space, the flux is deflected from the shortest 

to 9 incL; S. P. Thompson, On the Predetermination of Plunger Electro- 
magnets, Intern. Elect. Congress, St. Louis, 1904, Vol. 1, p. 542; E. Jasse, 
Ueber Elektromagnete, Elecktrotechnik und Maschinenhau, Vol. 28 (1910), 
p. 833; R. Wikander, The Economical Design of Direct-current Electro- 
magnets; Trans. Amer. InsL Elect. Engs., Vol. 30 (1911). 
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path, niul tho torque ia due to the tendency of the tubes of force 
to shorten tluunsfdves longitudinally, and to spread laterally. 

ConsicU'r tlui simplest generator or motor, consisting of a 
very long straight (‘onchuitor whi<;h can mov(' at right angles 
to a uniform magnetic fic'ld of a density U (Fig. 64). Ixit the 
ends of the coiuhu'tor slide upon two stationary bars through 
which the curn'nt is eomhu'ted into a load circuit in the case of 
a generator action, and through which the power is supplied 
in the case of a motor action. If tlui magn<!ti(^ circuit contains 

no iron, tlu' resultant field is a 
sujMTposition of tlu^ original uniform 
field and of the circular fiehl created 
by th<^ current in the conductor. 
With the dirtjction of the current 
iiulicatcd in Fig. 64, the resultant 
fitdd is stronger on the left-hand aide 
of the conductor than it is on the 
right-hand aide, and there is a 
resultant lateral pressure exerted 
upon the conductor to the right. 
In the case of a motor action the 
direction of the motion is in the 

F,o.64.-Astr«ghtcon.i«<-tor 

in a nnifonn luagnetic fiedd. atrong<’r fu‘ld. In the case of a 

gen<Tator action the conductor is 
moved by an e.xteraal force against this pn^ssun*. Compam 
also the rule given in Art. 24. 

To find the mechanical force Iwtween the conductor and the 
fi(dd, we will apply again the principle of virtual displacements. 
I>('t the current through the conductor 1ms i, an<l let the con- 
ductor 1)0 moved against the magnetic pressure by a small amount 
(h. Assume that the stored magnetic energy of the electric 
cinmit to which the conductor iM'lonp is the same in the various 
positions of the conductor. (Such is the ease in actual machines.) 
Then the work done by the external force is entirely converted 
into electrical energy, and wo have 

Fds-^iedt, (192) 



where e is the induced e.m.f. I^et l>oth F and c refer to a length 
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I of the conductor. Substituting the value of e from eq. (27), 
Art. 24, we have 

Fds/dt = iBlVj 

or, since ds/dt^v, 

F^iBl (193) 

In this expression i is in amperes, B is in webers per sq.cm., 
I is in cm., and F is in joulecens. With other units the formula 
contains a numerical factor. 

Formula (193) maybe used also with anon-uniform field, and 
also when the direction of the conductor is not at right angles 
to that of the line of force. In such cases the formula becomes 
dF = iB dl, where dF is the force acting upon an infinitesimal 
length dl of the conductor, and B is understood to be the com- 
ponent of the actual flux density perpendicular to dl. 

As an application of formula (193), consider the attraction 
or the repulsion between two straight parallel conductors carrying 
currents ii and t 2 , and placed at a distance b from each other. 
The circuit of each conductor may be considered closed through 
a concentric cylindrical shell of infinite radius, as in Art. 60. 
It is apparent from symmetry that the field produced by each 
system gives no resultant force with the current in the same 
system. Thus, the mechanical force is due to the action of the 
field 1 upon the current 2, and vice versa. 

The flux density due to the system 2 at a distance b from 
the conductor 2 is = ix,i<il27tbj so that, according to eq. (193), 

F=^fif2^/27r6 joulecens, (194) 

where 1.257 X 10“®. In kilograms the same formula is 

F- 2.04v2(Z/fc) 10-8, (194a) 

provided that I and b are measured in the same xmits. The 
force is an attraction or a repulsion according to whether the 
two currents are flowing in the same or in the opposite directions. 
When ii^i 2 , this formula checks with that given in prob. 19 
above. 

Formula (193) applies also to the tangential force between 
the field and armature conductor in any ordinary generator or 
motor, provided that (a) the conductors are placed upon a 
smooth-body armature, and (b) the conductors are distributed 
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uniformly ov(U’ thu urnuitun* ptu-iphury, so tiuit tlu^ Htored mag- 
netic mvrgy in ihv same in all p(»sitiens of thc^ armature. It 
would be entindy wrong, how(‘V(‘r, to apply this formula to 
a slotted armatun\ using for // the a<‘ttud small flux detisity 
ill the slot within which tlH‘ comiuctor li(*s. dins would give 
the for(‘e a<‘ting upon tlu^ comiuctor itscdf, and tmuiing to jiresH 
it against the adjacauit conductor or against flu* sid(‘ of th(^ slot; 
but th(‘ actual tangential fona‘ (*\<‘rt(al upon ihv armatun^ as 
a whol(' is many tinu's gn‘at(u\ and pnictii'ally all of it is exerted 
(linadly upon the sliad laminations of thi‘ tiadh. 

At no-load, the* flux distribution in tin* ntdive laycu' of the 
machine is symmetrical with resptad to tlu* ciuittu* lim^ of each 
poh' (Fig. 24), so that the* n'sultant pull along the lines of force 
is directed radially. Th(‘ armutun^ currents distort the field 
as a whole, ami also distort it locally around <‘ach tooth, the 
g(mcral (diaracUu* of distortiim btung shown in lug. 36. The 
unbalanced pull along the limss <»f fori'i* has a tangential com- 
ponent which produe(‘s thc^ armatun* tortpuu This torque, 
although eaiised by th(‘ eurnmt in th<' armature* (»onduetor8, 
is largely exerteal dinu’tly upon the t<*<*th, bet’nust* tin* flux density 
th(U‘e is miKth high(*r. 

Thus, in ordt'r to <l(*t(‘rminc* the total <*lt*t‘tromHgm*tic torque 
in a slotted armature', it is again n(*ct‘ssury to apply the* principle 
e)f virtual disphmenu'ntH. ddu* re‘luctane’t* ed the* active* layer 
pen* peile vane*H sonu'whnt with flu* position of the* armature, 
HO that tlm <‘n(‘rgy ston'd in the* fa'ld is also slightly flue*tuating. 
It is e*onveiuent, ther(*fon*, to take a eUsplace*mt*nt which is a 
multiple of the* toeith jutch, in ord(*r to have* the* same stored 
e‘neu*gy in tin* twe> (‘Xtrt»me positions. Tliis givc's the average 
('lectromagned-ic tonpH*. 

(ri.) The Torque in a Direet-^nirreni Marhine, the virtual 
displaeaunent bei eupuil to 0 g{‘<>m<'trie! degri*e*H and be? accomplished 
in t seconds, Tlien we^ have 

( 195 ) 

where T is the torque*, % is the total armature cmrri*nt, and E is 
the^ total induced e.m.f, Kep (105) state's thc^ cH|uiiIity of the 
mechanical work elone and of tlie corre^HjKmding electrical energy 
supplic'.eL Tlu^ average indut*(Hl ejui. is ind<*iKmdent of the 
flux distribution, or of the pntsenae or absc*nce of teeth (see 
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Art. 24 and prob. 18 in Art. 26). Take d to correspond to 
two pole pitches, or 0 = 27r/(Jp); then ^=1//, where / is the 
frequency of the magnetic cycles. Substituting these values and 
using the value of E from eq. (37), Art. 31, we get, after 
reduction, 

= joules, (196) 

where 0 is in webers; or 

7’ave = 0.0325Wp<^X10-2 kg-meters, . . (196a) 
0 being in megalines. 

This formula does not contain the speed of the machine, 
the torque depending only upon the armature ampere-turns iN 
and the total flux 'p0. Consequently, the formula can be used 
for calculating the starting torque or the starting current of 
a motor. Eqs. (196) and (196a) give the total electromagnetic 
torque, part of which serves to overcome the hysteresis, eddy 
currents, friction and windage. The remainder is available on 
the shaft. When calculating the starting torque, it is necessary 
to take into account .the effort required for accelerating the 
revolving masses. 

(b) The Torque in a Synchronous Machine. The equation of 
energy is 

TaveO == miE cos <56' . i, (197) 

where m is the number of phases, i and E are the effective values 
of the armature current and the induced voltage per phase, and 

is the internal phase angle (Fig. 37). Taking again a dis- 
placement over two poles and using the value of E from eq. (3) 
Art. 26, we get 

Tave = 0.0361kimiN cos kg-meters. . (198) 

(c) The Torque in an Induction Machine. The torque being 
exerted between the primary and the secondary members of 
an induction machine, it may be considered from the point of 
view of either member. This is because the torque of reaction 
upon the stator is equal and opposite to the direct torque upon 
the rotor. For purposes of computation it is more convenient 
to consider the torque from the point of view of the primary 
winding, in order to be able to use the primary frequency and 
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the synchronoua sixsed. Thcrefori* t>(j. (198) p;ive.s the torque of 
an induction machine (inoIudinK, before, frict ion and hy-sterems), 
where the various cmantitiea nder to tlu* stator. IIow(wer, these 
quantitiim may (Xiually w('ll lx* taken in th(> secondary, hut in 
this (!as(5, since hystertisis occurs mainly in tlu' stator, the torque 
to overcome hysteresis is not included. 

Formula (198) is hardly (‘ver u.sed in practice', especially 
for tiu! computation of tlu' .starting tonpu', hecHUH(> it is didicult 
to eliminate the large leakagi' Ilux \vhi<-h gives no tonpu'. It 
is much more c.onveni('nt to determine the tonpu' from tluv circle 
diagram, or from tlu^ ('quivalent (‘lis-tric circ-uit. 

In case the torqiu' is determinetl from thf> <*(iuivul('nt t'lectric cir- 
cuit, we can write from cqs. {Hlf)) ami (197) the expreasions for the 
torque directly, by substituting for its value 2'ift- (R.P.M.)/60. 
For a direct-current machine, 

!ra«-=0.()325^^j^^^|f™~Kg. -meters. . . . (199) 


Hero the induced (xm.f. E^Kt iilta, according to whether the 
machine is a generator or a motor; K, is this terminal voltage 
and Ra tlu! r(wistance of th(‘ armature, brushes, and 8erie.8 field. 
For an alternating-current machiiu', 




0.0325 


30wj /?<;(« < 1 / 


Kg.-met<»r8. 


. . ( 200 ) 


In a synchronous nmchine A* is the ituhuxsi «?.m.f. and is 
the internal phase angltx In an indmdion machine, iE cos 
is the power per phase delivrsreKl to tlu*. rotor, that is, the input 
minus hysteresis and primary PR loss. The t(*rm (R.P.M.) is 
in all cases the synchronous spml of the machine. 

Prob. 24. Two Ringle-comiuctor cables from a <Ur«H*t-curretit machine 
are itrstallod parallel to each other at a <li8tatice of HI cm. Ijctween their 
centers, on transverse supports spacisi 80 cm. apart. The rabsi current 
through the cables Is 8.W amp. What is the fonw actitig ujjon each 
support under the normal cotulltlons, and when the current rises to 
twenty times its rate<l value during a short-circuit? 

vVns. 0.07.37 and 29.5 kg. 

Prob. 26. A 4-pole, series dlrect-ciuTent motor must develop a 
starting torque of 74 kg.-m. (itmludlng the losses). The laiigest possible 
flux per pole is about 2.5 ml. ; there are 240 turns in seriw between the 
brushes. Calculate the starting current. Ans. 96 amp. 
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Ex|)Iuiii the reason for which the compensating winding 
vvhilc removing the armature reaction, does not affect appre- 
xmdxil torc|ue of the motor. Hint: this can be shown bv 
nu^thod of virtual cliBi)Iacements; also from the fact that 
[fcitortion of the flux in the teeth is not removed. 

On the basis of Art. 15, explain the mechanism by which 
timum of hysteresis in an armature core causes an opposing 
Explain the same for eddy currents, 

jB, Demonstrate that formula (193) may be used for slotted 
provichul that B stands for the average flux density per 
li. Hint: take a virtual displacement of one tooth pitch, 
the iudiKxxl voltage through the flux per tooth 

$9. Show thfit in a single-phase synchronous motor the 
the synchronous speed pulsates at double the frequency of 
r ; also that the torque is zero at any but the synchronous 

|0. Prove that in an induction machine the torque near syn- 
la approximately proportional to the square of the voltage 
per cent slip. Hint : t ««Con8t. X (P Xslip. 
li. Describe in detail how to calculate the maximum starting 
a iriven induction motor, and how to calculate the amount 
ry resistance necessary for a prescribed torque. See the authors 
rcuit, Chap, XIL 
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the synchronous speed. Therefore (hj. (19H) Kives the torque of 
an induction machine (including, a-s before', friction and hysteresis), 
where the various quantitie's re'fer to tlie stator. Iloweever, these 
quantities may equally well be taken in the s(‘condary, but in 
this case, since hysteriisis occurs mainly in th(‘ stator, the torque 
to overcome hysteresis is not incluihid. 

Formula (1!)S) is hardly c^ver u.sfsl in pra(d.ico, especially 
for the computation of the starting tonpu', because' it is diflicult 
to eliminate the large h'akage (lux which gives no tor<iue. It 
is mu((h more convenient to determine tin* tor([U<! from tlx' circle 
diagram, or from the (Hpu valent (‘lectric circuit. 

In case the torque is determim'd from th(‘ ecjuivalent electric cir- 
cuit, we can write from (sqs. (195) ami (197) the <(xpr<!asions for the 
torqvie directly, by substituting for 0 its value 2'ic- 1 • (R.P.M.)/60. 
For a direct-current machine, 

0.0325 “Kg.-mctera . . . (199) 

Here the induced e.m.f. E^Et±ilia, according to whether the 
machine is a generator or a motor; E, is the terminal voltage 
and Ri, the nwistance of the armature, brusluw, and Bcriea field. 

F'or an alternating-current machine, 


Taw = 0.()325“~™~“^-Kg. -metiers. . . . (200) 

x(li.r.M.) 


In a synchronous machimii E is the induced e.m.f. and <f>' is 
the internal phase angle. In an induction machine, iE cos 
is the power per phasts delivered to the rotor, that is, the input 
minus hysteresis and primary PR loss. The tenn (R.P.M.) is 
in all cases the synchronous speed of the machine. 


Prob. 24. Two single-conductor cablw from n direct-cumsnt machine 
are installed parallel to each other at a distance of Hi cm. iHstween their 
centers, on transverse supports spju’tsl HO cm. apart. The rated current 
through the (tables is 850 amp. What is the force acting upon each 
support under the normal conditions, an<l when the current rises to 
twenty times its rated value during a short-circuit? 

Ans. 0.0737 and 29.5 kg. 

Prob. 26. A 4-pole, series dirw't-current motor must develop a 
starting torque of 74 kg.-m. (including the losses). The largest possible 
flux per pole is about 2.5 ml. ; there are 240 turns in seriM between the 
brushes. Calculate the starting omrent. Ans. 96 amp. 
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Prob. 26. Explain the reason for which the compensating winding 
(Art. 54), while removing the armature reaction, does not affect appre- 
ciably the useful torque of the motor. Hint: this can be shown by 
applying the method of virtual displacements; also from the fact that 
the local distortion of the flux in the teeth is not removed. 

Prob. 27. On the basis of Art. 15, explain the mechanism' by which 
the phenomenon of hysteresis in an armature core causes an opposing 
torque. Explain the same for eddy currents. 

Prob. 28. Demonstrate that formula (193) may be used for slotted 
armatures, provided that B stands for the average flux density per 
tooth pitch. Hint: take a virtual displacement of one tooth pitch, 
and express the induced voltage through the flux per tooth 

pitch. 

Prob. 29. Show that in a single-phase synchronous motor the 
torque at the synchronous speed pulsates at double the frequency of 
the supply; also that the torque is zero at any but the synchronous 
speed. 

Prob. 30. Prove that in an induction machine the torque near syn- 
chronism is approximately proportional to the square of the voltage 
and to the per cent slip. Hint: t —Const. X 0 Xslip. 

Prob. 31. Describe in detail how to calculate the maximum starting 
torque of a given induction motor, and how to calculate the amount 
of secondary resistance necessary for a prescribed torque. See the author^s 
Electric Circuity Chap. XII. 
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AMPERE-TURN vs. GILBERT 

The readier has |>rol>al)ly l>c*rn tHU|i:lU that the por- 

nu^ahility of air in ccpuil to unity in tin* <*lo(*t ronuipn‘ti{* (UJ.S. 
Hyntiun; nilcnt aHsiunption was thou probably auulc^ that /(sai 
alHO in th(5 practical Hinp(‘r('«<>hm Hysttun. Mlu* tru(‘ .situation 
is, howcV(U’, an follows: In any syst^uu of units what.so(*vt‘r, the 
furulanicntal equation 0 ^ {tiA/l) .M holds true, bein|»; a matlic- 
niatical exprt^Hsiou of an observed fact. Now Ivi the (juantitu's 
be exproHsed in the ain{)er(M)hin system, and assume tlu* c(‘nti- 
rncter to be the unit of length. The flux is th(*n t‘xpr(‘SHe(l 
either in maxwells or in w<*b<‘rs, both of which arc* <amm»cted 
with the ampcvnvohm system through tin* volt. Thr natural 
(tlu)Ugh not the otdy possible) unit for thr omtjnrtotnotive force 
is one ampere-turn, Tlnundore, all tln^ ejuantities in tlu^ fore- 
going equation are d(*terminatc% and the vahu‘ of /« cannot be 
pr(^scrib(Ml or assunu'd, but must be* deti^rmincnl from an actual 
(xxpc'rimcmt, tln^ sann^ as the ehaUric (’omluciivity of a mtdal, 
or tlu^ p<‘rmittivity of a dielectric have to b<» det(‘nninc*d. 
Kxp(‘riment shows that p L2o7 when tin* maxwell is uses! as the 
unit of flux, and luaue /« I.2r)7XH) ^ if tlu^ flux is nuuisured in 

w(d)erH. 

It is possible to asHunu^ /e- I, provided that the unit of mag- 
netomotive forces is not prestu-ilHui in advamux In this easc^ 
tlu^ unit of niagnetomotivc^ f{>re<% as <li?terminisl from I'XjKnmnent, 
(U)ines out etjual to 1/1.257 of an amjau’e-turii. This unit is 
called the (filbert^ and it must Ik* un(h*rst(KKl that the |K*rmeability 
of non-magnetic mab^rials is (‘<|ual to unity <mly if the magneto- 
motive fqrco is measured in gill'HWts. To the author the lulvan- 
tages of such a system for practical urn* art* rnon* than doubtful 
In the first place, tlie gillHut is a su}M*rfluoiis unit, l:Hi<»au8a the 
results of calculations must after all for practmd purposes be 
converted into ampere-turns in order to s{M*cify the mimlier of 

a66 
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(aims and tlie exciting current of windings. Thus, one would 
have to deal with two units of magnetomotive force, the gilbert 
and the ampere-turn, one being about 0.8 of the other. In the 
second place, with the assumption 1 for non-magnetic materials 
B beciomes numerically equal to //, which is a grave inconvenience, 
because B and H arc dilhirent physical quantities. B and H 
Inwi) diffenmt physical dimensions, because pt has a definite 
])hysical dinumsion, even though the numerical value of it is 
assunuHl to be equal to unity for air. Therefore, to be sure 
that proper physical dimensions are preserved, one has to remem- 
b(M‘ wher(^ is omittcnl in formula), and for a physical interpretation 
of results it is miudi more convenient to have it there, explicitly. 

Still another objection to using the gilbert and to putting 
ft ecpial to unity for air is that the ratio of the ampere-turn 
to the gilbert is equal to a quasi-scientific constant 47r/10. 
To the author\s knowledge, there is no simple, elementary way 
of dediKiiig the value of this constant, without going over 
the whole mathematic'al theory of electricity and magnetism. 
Thus, a constant is retained in practical formulae, the significance 
of whi(jh remains a puzi^lc to the engineer all his life. It is true 
that the value of /4~ 1.257 is equal to the same 4;r/10 after all; 
but in this case there is nothing 'hibsolute,'' mysterious, or 
sac^rc'd a])out the value of 47r/10. The student is simply told 
that 1.257 happens to l)c equal to 47r/10 because the value of 
the ampc're was imfortunately so selected. It is not necessary 
to go into furth(‘r dcd-ails, because the historical reasons which 
1 (hI to tlu^ selection of the values of unit pole and unit current 
hardly hold at present. All calculations would be just as con- 
veni(*nt if /i were equal to 2.257, or any other value, instead of 
1.257. 

For these reasons the author unhesitatingly discards the 
gilbert in teaching as well as in practice and uses the ampere- 
turn as the natural unit of magnetomotive force. The value 
of permeal)ility becomes then an experimental quantity which 
depends upon the units selected for flux and length. 



APPKNDIX III 
THE SQUIRREL-CAGE ROTOR 

(To SUPPLKMKNT Paokh 134 to I3t>) 

Eqitationb (65) to (70) nn* !m mi indue 

with a phaHC'-wound rotor, and one iouhI he ('iireful i 
them to a B(|uirrel-(»ag<‘ rotor. In Hueli a rotor ther<^ i» < 
phase p(»r pair of pokns, or one (piarter of a turn {kt |K)le 
C^onsequtmtly, if (\ is thc^ total numlH»r of Heroiidary I 
is the number of pol(»s, w(* must substitute in ecp (§5) 

nh ® Ct/ilp)] “ I» * ^^* 26 * 

This gives, after redu<»tion, 

equivalent primary current fKTphast* ^ (t ( 

secondary current |)er bar l%] 

where 2pnimi « Ci is tht‘ total nundH*r of primary < 
Since there art‘ Ip rotor bars in paralh*!, the total seeoial 
per phase is etjual to Ip tinu's tin* eurnmt per bar. 
may also be deduced directly from tlie fimdimHmtti 
the m.m.fs of the actual rotor ami of the «H|uivalent 
be equal, so that hi(\it « Gai e//'4 

In ctcp ((}6), if et and €% bt» understood as thi^ vciltai 
per pole per phase, vt is the V(dtagt* induced in oni'-lwilf 
because thcTc is one I)ar p(*r pair of fades {KT plitincf. 1 
wa is again Wfual to 0.25. It is more eonvenieiit In 
to take et as tht^ voltage i>c»r bar. Thiai is the 
voltage per pair of polen; Ut is tin* number of primM^ 
phase p('r pair of poles; and ® (h50, there ladiii c 
on<vhalf of a turn, p<T pair of fades |kt phiiiii^ Om 
take e//fa to r(‘i)reHcait the ratio of voltages per phasti 
all the i>oles. In tliis rti is the total nuiiitM*r ^ 
turns in series per phase, and ri* * 0.50 ns befor<!, lieei 
BC3Condary bars are connected in pandlel Thus, 

equivalent vol tage ptT primary phfwj 

secondary voltagci per bar 0.6 
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In eqs. (67) and (68), if and be understood as the resist- 
ances per pole per phase, r<i represents that of one-half of a bar, 
augmented of course for the influence of the end-rings. In this 
case, as before, ??22 = ^2 = 0.25. If, however, it 

is desired to understand under r 2 the resistance of one whole bar, 
is the equivalent primary resistance 'per pair of poles. In some 
cases it is convenient to know the ratio between the equivalent 
resistance per phase of the primary circuit and the resistance 
Rh of one secondary bar (with the resistance of the end-rings 
taken into account). Eq. (67) becomes 

^ (67a) 

Substituting the ratio of the currents from eq. (65a) we find 
that 

equivalen t resistance per primary phase _ x 

resistance per secondary bar niiC^ 

A similar relation holds for the ratio of inductances or react- 
ances. 



APPENDIX III 
THE SQUIRREL-CAGE ROTOR 
(To SlU’l’I^KMKNT I’aOKH 1;J4 t(» 13(5) 

Equations ((55) to (70) iin* ilcduccii for an induction motor 
with a phase-wound rotor, and one must he careful in applying 
them to a s(iuirrel-eag(' rotor. In such a rotor there is one harper 
phase ptT pair of poles, or one (piarter of a turn piT pole pi'r phase. 
Consequimtly, if f j is th(' total numla'r of siaamdary bars, and p 
is the numhiT of poles, wi' must suhstituti* in eip ((If)) 

ni} = (\/{Ip )'7 A’m 1, and n* 0.25. 

This gives, after reduction, 

equivalent primary current i«*r phase* __ (\ ^ (\ 

secondary current per bar 2pnp«iA'n hi(h’ ' 

where 2pniWi ■= Ci is tim total number of primary conductors. 
Since there are Jp rotor bars in parallel, the* total secondary current 
per phase is <'qual to §p times th<* curri'iit jM'r bar. Kq, (65a) 
may also be deduci'd directly from the fumiamental eq. (64); 
the m.m.fs of the; actual rotor and of the <*quivalent rotor must 
bo equal, so that A'tif ’ifa' = or (V/4 » Cs/ihiCi). 

In e(}. (00), if cj' and cj be umlerstood ns th<‘ voltages induced 
per pole per phase, c* is the voltage induced in one-half of one bar, 
because there is one bar per pair of jxiles {H*r phase. In this case 
rh is again equal to 0.25. It is more convenient in some cases 
to take Ca as the voltage per bar. Then c»' Is the ecjuivalent 
voltage per pair of poke; in is the numlx'r of primary turns per 
phase pi'r pair of poles; anti n* * 0..5(), there Is'ing one bar, or 
ont'-half of a turn, per pair of jKiles per phase. One may also 
take et'/ci to represent the ratio of voltimes per phiWMi, including 
all the poltis. In this case rq is the total numlM*r of primary 
turns in series per phast*, and «j » 0.50 as Iiefore, because all the 
secondary bars are connected in parallel. Thus, 

equivalen t voltj^e p(*r primar y phase ^ hiptii ^ hiC i 
secondary voltage per bar 6.6 mi 

m, 
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In eqs. (67) and (68), if r 2 and r 2 be understood as the resist- 
ances per pole per phase, r 2 represents that of one-half of a bar, 
augmented of course for the influence of the end-rings. In this 
case, as before, m 2 = C 2 /(ip)j and na = 0.25. If, however, it 
is desired to understand under ra the resistance of one whole bar, 
72 is the equivalent primary resistance per pair of poles. In some 
cases it is convenient to know the ratio between the equivalent 
resistance R 2 per phase of the primary circuit and the resistance 
Rb of one secondary bar (with the resistance of the end-rings 
taken into account). Eq. (67) becomes 

C2^6^24 == mii 2 ^R 2 (67a) 

Substituting the ratio of the currents from eq. (65a) we find 
that 

equ ivalent resista nce per primary phase _ (fcbiCi)^ ^ 
resistance per secondary bar miC 2 * ^ ^ 

A similar relation holds for the ratio of inductances or react- 
ances. 
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nature of 150 
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definition of 121 
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permeance, definition of 184 
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description of 5 
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in a loaded D.C. machine 169 
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fringing, definition of 88 
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definition of 9 
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in induction machines, values of 225 
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measurement of 219,231 

of slot, formula for 226 

of windings, formula for 220 

zigzag, formula for 228 
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Phase (jharacteristics of a synchronous motor 142 

relation of m.m.fs. in an induction machine 132 

in a synchronous machine 145 

Pinch phenomenon 246 

Pole face windings, Ryan 174 

fringe permeance 94 

Poles, fictitious, assumed in synchronous machines 151 

non-salient in a synchronous machine 121, 143 

salient, definition of 142 

Pot-i^ntial, definition of 16 

Potior diagram 146 
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Ratio of transformation 134 

of voltages in a rotary converter 78 

Rayleigh, Lord, method for finding permeance of a field 116 
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